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Preface

This booklet would like to whet your appetite to immerse yourself into the world of tensors
with small bites of special tensors to take a closer look at tensor calculus. For the novice,
tensor notations and operations are somehow clumsy and uncomfortable and accompanied
by heavy calculations. Therefore here is no forbidding theory presented but instead the
focus is on praxis with selected examples - using Maxima as your computer algebraic com-
panion to unburden calculation in this field. We only cite some of the necessary underlying
mathematical definitions and facts to be able to show the corresponding implementation
of the concepts into the language of CAS Maxima and the special packages i/ctensor.

For the theory of Tensor Analysis I recommend the treatments by Pavel Grinfeld and
Peter Collier. Their books [7] resp. [5] focusses on comprehension and illuminates
mathematical concepts by well choosen worked examples and exercises. Daniel Fleisch
also offers a very understandable introduction in [6]. Levitt [1, Appendix.1] offers a very
short (25 pp.) and precise introduction to Tensors.
Looking back at my first contact with Maxima ctensor package I was very impressed
by the ingenious and sophisticated treatment of the Riemann tensor in the calculation of
the Schwarzschild metric by Viktor Toth in the suite of examples in [39]. This example’s
potpourri is an eye opener and presents convincing powerful examples of the amazing
efficiency of Maxima’s tensor packages.

The collection of 24 short Maxima example scripts and 35 exercises in this booklet to cope
with tensor operations not only want to help the reader to dive into the praxis of tensor
calculations, but also to become comfortable with the use of the CAS Maxima in this field.
It aims to be a source of help and inspiration for another round of thoughtful activity
with respect to tensors - supplementary to paper & pencil calculations, now from the
perspective of a compact CAS. So have fun on our tour from the omnipresent metric tensor
via Kronecker delta to the Christoffel symbol. My small booklet on Elementary
Differential Geometry [11] will e.g. address the Riemann tensor R in IR3.
For the inspection or running an Maxima script no installation is necessary, everything
runs directly online: a click on a link like ▷ Click here to RUN the code. in this text is
enough to invoke the corresponding script and execute it automatically.
The code lines were tested on an iMac 24”, Apple M3, Tahoe 26.3.1 using Safari.

I want to thank Viktor Toth and Michel Gosse for their friendly support with tips
and hints while writing these notes. Without Viktor’s expert help and contributions it
would not have been possible for me to present the/his smart examples using the ctensor
package.

Wolfgang Lindner
Leichlingen, Germany, May 2026

Comments? Suggestions? Critique? Email the author at dr.w.g.Lindner@gmail.com

https://net124.reltub.ca/yamwi/index.php?c=lojj10hc4zlnhocxoglcw&n=1&mode=2&max=
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1 Coordinate Systems and Transformations

The description of tensors relies largely on transformations between coordinate systems.
Therefore the reader should be familiar with the basics of linear algebra (vector spaces,
transformations) and analysis (partial derivative). Fleisch [6] offers a very understandable
introduction. We begin with some examples of coordinate systems and the switch between
different basis with transformations (linear mappings), and also introduce the terminology
and notations used in this book.

Figure 1:
left: point P(3,4) with coordinates x = 3 and y = 4 in IR2.
right: the standard basis e1 =

[
1
0

]
, e2 =

[
0
1

]
, the position vector

R =
[
3
4

]
and its decomposition ’→↑’ of R into 3· e1 +4· e2

In general, we associate to a point P ∈ IRn an n-tuple (x1
P , x

2
P , .., x

n
P ), where the superscripts

does not denote the powers of the numbers, but the i-th entry in the given coordinate system
tuple. As we will see, this habit is in harmony with the usual tensor notation.

◦ For example, Einstein wrote the usual sum a1e1+a2e2+a3e3 with superscript indices
as a1e1 + a2e2 + a3e3 and abbreviated this summation to aiei, where summation is to be
performed over indices with the same name above and below.
◦ Or: b1e1 + b2e2 ≡ biei.
◦ In general we have: a1e1 + a2e2 + ...+ anen =

∑n
k=1a

kek =: akek.
We see, that this notation is independent of the dimension of the space IRn.
This abbreviation is called the

(Einstein summation convention): A summation in a tensor expression is
implicit done, when an index appears twice, once as a subscript (’lower index’)
and once as a superscript (’upper index’).

• If one writes Ai
k · Bk

j, this is interpreted in tensor language as a hidden summation
behind the scene, e.g. we suppress the summation sign

∑n
k=1 in such tensor expressions.
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1.1 Examples

Example 1. (Same point, but different coordinates w.r.t. a basis)
We look at two coordinate systems in the 2D Euclidean vectorspace IR2 with canonical
scalar product •, i.e. we have two different basis vectors e⃗1, e⃗2 resp. b⃗1, b⃗2 written in the
physicist notation with an overline arrow .⃗. .
Let by example e⃗1=

[
1
0

]
, e⃗2:=

[
0
1

]
and b⃗1:=

[
2.5
1

]
, b⃗2:=

[−2
3

]
.

We ask: what are the coordinates of point C(3, 5)e with it’s coordinates w.r.t. basis
e = (e1, e2) in the other coordinate system b = (b1, b2), i.e C(?, ?)b ?

Figure 2:
e⃗1, e⃗2: the standard Euclidean basis in IR2.
b⃗1, b⃗2: another nonstandard basis in IR2.
C: a point in IR2 with different coordinates w.r.t. e resp. b.

First we drop the physicist notation in fig.11 and write vectors in boldface or in CAS
Maxima2 using capital letters, i.e. we write e⃗1 as e1 or E1.

1st we solve the problem using elementary (linear) algebra.
We express the point C more precise and exact by its development in the basis vectors (see
fig.1) and then do the following steps:

1. C = (3, 5) ≡ 3 · E1 + 5 · E2 = u ·B1 + v ·B2 unknown coord’s u, v of C w.r.t basis b

2. B1 = 2.5 · E1 + 1 · E2 express B1 w.r.t. basis e

B2 = −1 · E1 + 1.5 · E2 express B2 w.r.t. basis e

3. 3 · E1 + 5 · E2 = u · (2.5 · E1 + 1 · E2) + v · (−1 · E1 + 1.5 · E2) substitute 2. in 1.

1The figure is found in Roolfs, [23].
2which don’t have boldface or overline arrows
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4. 3 · E1 + 5 · E2 = 2.5u · E1 + u · E2 + (−1)v · E1 + 1.5v · E2 evaluate 3.

5. 3 · E1 + 5 · E2 = (2.5u− v) · E1 + (1u+ 1.5v) · E2 collect

6. (3, 5) = (2.5u− v, 1u+ 1.5v) write component wise

7.

[
3
5

]
=

[
2.5 −1
1 1.5

]
•
[
u
v

]
write as matrix equation

8.

[
u
v

]
=

[
6
19

4
19

−4
19

10
19

]−1

•
[
3
5

]
use inverse matrix (check!)

9.

[
u
v

]
=

[
2
2

]
read off the solution

Result: the coordinates of point C(3, 5)e in the other coordinate system b = (b1, b2) are
C(2, 2)b . This is verified by looking in fig.2.

2nd we solve the problem using Maxima following the above 9 steps.

e1 : [1, 0];

e2 : [0, 1];

b1 : [2.5, 1];

b2 : [-1, 1.5];

C : [3,5]; /* w.r.t. base e, i.e.: */

3*e1 + 5*e2 = u*b1 + v*b2;

[3,5] = [2.5*u-v,1.5*v+u];

/* we solve for u,v using function linsolve() */

linsolve ([3 = 5/2*u - v, 5 = 3/2*v + u], [u,v]);

/* alternative we solve using inverse matrix */

A : matrix([5/2, -1], [1, 3/2]);

A^^(-1);

A^^(-1) . C;

▷ Click here to RUN the code.

https://net124.reltub.ca/yamwi/index.php?c=lojj10hc4zlnhocxoglcw&n=50&mode=3&max=ZTEgOiBbMSwgMF07CmUyIDogWzAsIDFdOwpiMSA6IFsyLjUsIDFdOwpiMiA6IFstMSwgMS41XTsKCkMgOiBbMyw1XTsgICAgIC8qIHcuci50LiBiYXNlIGUsIGkuZS46ICovCgozKmUxICsgNSplMiA9IHUqYjErdipiMjsKClszLDVdID0gWzIuNSp1LXYsMS41KnYrdV07CgpsaW5zb2x2ZSAoWzM9IDUvMip1LXYsIDU9My8yKnYrdV0sIFt1LHZdKTsKJSxudW1lcjsKCkEgOiBtYXRyaXgoWzUvMiwgIC0xXSwgIFsxLCAzLzJdKTsKQV5eKC0xKTsKQV5eKC0xKSAuIEM7
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Maxima output:

3rd we generalize the problem using general values for point C and basis b.

e1 : [1, 0];

e2 : [0, 1];

C : [x, y]; /* 1 */

/* other basis vectors b1, b2 */

b1 : a11*e1 + a21*e2;

b2 : a12*e1 + a22*e2;

/* ansatz for same point C(x,y) w.r.t. e and b */

x*e1 + y*e2 = u*b1 + v*b2; /* 2 */

/* read coordinates of C w.r.t. basis b */

x : a11*u + a12*v;

y : a21*u + a22*v;

/* collect new coordinates of C as columns(!) in a matrix A */

/* i.e. A is transpose of (b1,b2) */

A : matrix([a11, a12], [ a21, a22]);

kill(x,y)$

[x,y] = A . [u,v]; /* 3 */

/* X = A . U => U = inverse(A) . X */

transpose([u,v]) = A^^(-1) . [x,y]; /* 4 */

▷ Click here to RUN the code.

Remark. In 1: we represent the point C as a list (array) inMaxima. One should correctly
represent it as a column vector C : matrix([x],[y]) - but this looks a bit costly at the

https://net124.reltub.ca/yamwi/index.php?c=lojj10hc4zlnhocxoglcw&n=11&mode=3&max=
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moment. In 2: you read the coordinates x and y of C w.r.t. e now expressed via the
new coordinates (u, v) w.r.t. b. Line 3: writes 2: in matrix form, so that we can solve
afterwards for the new coordinates (u, v) with matrix methods (inverse matrix). 4: use
transposed (u, v), so that we see both arranged in a column for better read the solution on
the right side. Surely: one should better write matrix([x],[y]) or transpose([x,y])

on the right side of 4: ... like (i12).
Nevertheless: you read off the solution formula for the new coordinates of C.

Maxima output:

Exercise 1. Use the general formula (o12) to redo the calculation in 1st or 2nd in one step.

Exercise 2. Calculate the length of C in the selected basis e resp. b, i.e.
determine |Ce| and |Cb|, where |X| :=

√
X •X,X ∈ IR2.

Exercise 3. Calculate the angle between O⃗C and the first ’axis’ e1 resp. b1, i.e. determine:
∠(Ce, e1) and ∠(Cb, b1).
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Example 2. (Coordinate change by rotation)
We look at a counterclockwise rotation e.g. by 30◦ of the standard basis in the 2D Euclidean
vectorspace IR2. We ask: how does the coordinates of a point P change? What is the
transformation rule?
Let by example e⃗1:=

[
1
0

]
, e⃗2:=

[
0
1

]
and e⃗ ∗

1 := T30◦(e⃗1), e⃗
∗
2 := T30◦(e⃗2), where Tα represents

the counterclockwise rotation with an angle of α.

Figure 3: e⃗1, e⃗2: the standard Euclidean basis in IR2.
e⃗ ∗
1 , e⃗

∗
2 : the rotated standard basis. [Picture by Roolfs].

Determine

a. the matrix of the transformation Tα, the counterclockwise rotation with an angle of
α and T30◦ .

b. the coordinates of point P (2, 3)e with it’s coordinates w.r.t. basis e⃗ = (e⃗1, e⃗2) in the
rotated coordinate system e⃗ ∗ = (e⃗ ∗

1 , e⃗
∗
2 ), i.e P ∗(?, ?) ?

c. Be warned: Not every matrix represents a tensor.

Show: Let A =
[
a11
a12

a21
a22

]
be orthogonal3 and T =

[
T 11

T 12
T 21

T 22

]
.

If T ∗ = At • T • A, then T represents a tensor
and in Einstein’s tensor notation we have T ∗

ij = akialjT
kl

3i.e. A−1 = At, which is the case for the transformation Tα from part a., where A is the invertible
matrix of a coordinate change.
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Solution:

Let’s drop again the physicist notation and write vectors simplified noted as e1 or E1 etc.

1st we solve problems a. and b. using elementary Linear Algebra.

1. Tα =

[
cos(α) − sin(α)
sin(α) cos(α)

]
known from Linear Algebra

2. T30◦ =

[
cos(π/6) − sin(π/6)
sin(π/6) cos(π/6)

]
=

[√
3
2
−1

2
1
2

√
3
2

]
3. P = (2, 3) ≡ 2 · E1 + 3 · E2 = u · E∗

1 + v · E∗
2 unknown u, v of P w.r.t. basis e∗

general approach for transformation from E to E∗:

4. E ∗
1 = a11 · E1 + a12 · E2 express e ∗

1 w.r.t. basis e

E ∗
1 = a21 · E1 + a22 · E2 express e ∗

2 w.r.t. basis e

From 1. we have a11 = cos(α), a12 = sin(α), etc., ergo

5.

[
x
y

]
= Tα(

[
u
v

]
) =

[
cos(α) − sin(α)
sin(α) cos(α)

]
·
[
u
v

]
transformation rule (u, v) 7→ (x, y)

6.

[
u
v

]
= T−1

α (

[
x
y

]
) =

[
cos(α) sin(α)
− sin(α) cos(α)

]
·
[
x
y

]
inverse transformation (x, y) 7→ (u, v)

7.

[
u
v

]
=

[√
3
2
−1

2
1
2

√
3
2

]−1

·
[
2
3

]

8.

[
u
v

]
≈

[
3.2
1.6

]
read the solution

Result: the coordinates of point P (2, 3)e= 2 · e⃗1 + 3 · e⃗2 in the other coordinate system e∗

are P ∗(3.2, 1.6), i.e. P ∗ = 3.2 · e⃗ ∗
1 + 1.6 · e⃗ ∗

2 . This is verified by looking in fig.3.

2nd we solve problems a. and b. using Maxima .

T(alpha) := matrix([cos(alpha),-sin(alpha)], [sin(alpha), cos(alpha)]);

T(%pi/6);

invert(T(alpha));

Tinv : trigsimp(invert(T(alpha)));

Tinv : trigsimp(invert(T(%pi/6)));

Tinv . [2,3];

Tinv . [2,3], numer;
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▷ Click here to RUN the code. Maxima output:

Exercise 4. Verify, that the length of P is independent of the selected basis e resp. e∗,
i.e. show: |P | = |P ∗|, where |X| :=

√
X •X,X ∈ IR2. Control in the sketch with a ruler.

Exercise 5. Verify, that the angle between O⃗P and the first ’axis’ E1 resp. E∗
1 is inde-

pendent of the selected basis e resp. e∗, i.e. show: ∠(P,E1) = ∠(P ∗, E1∗). Control in the
sketch with the protractor.

3rd we solve c. using Maxima.

A : matrix([a11, a12], [a21, a22]);

/* A^-1 = A^t, assumed A orthogonal! */

At : transpose(A);

T : matrix([T11,T12], [T21, T22]);

(At . T . A);

▷ Click here to RUN the code.
Maxima output:

Now you may gather from (%o4) the RHS of the Einstein notation T ∗
ij = akialjT

kl.

https://net124.reltub.ca/yamwi/index.php?c=lojj10hc4zlnhocxoglcw&n=8&mode=2&max=VChhbHBoYSkgOj0gbWF0cml4KFtjb3MoYWxwaGEpLC1zaW4oYWxwaGEpXSwgW3NpbihhbHBoYSksIGNvcyhhbHBoYSldKTsKVCglcGkvNik7CmludmVydChUKGFscGhhKSk7ClRpbnYgOiB0cmlnc2ltcChpbnZlcnQoVChhbHBoYSkpKTsKVGludiA6IHRyaWdzaW1wKGludmVydChUKCVwaS82KSkpOwpUaW52IC4gWzIsM107ClRpbnYgLiBbMiwzXSwgbnVtZXI7
https://net124.reltub.ca/yamwi/index.php?c=lojj10hc4zlnhocxoglcw&n=15&mode=3&max=QSA6IG1hdHJpeChbYTExLCBhMTJdLCBbYTIxLCBhMjJdKTsKLyogQV4tMSA9IEFedCwgQSBvcnRob2dvbmFsISAqLwpBdCA6IHRyYW5zcG9zZShBKTsKVCA6IG1hdHJpeChbVDExLFQxMl0sIFtUMjEsIFQyMl0pOwooQXQgLiBUIC4gQSk7IAo-
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Comment. We elaborate a little on (%i4). Suppose we have the coordinates U = [u, v]t

in basis e∗ and the corresponding coordinates X = [x, y]t w.r.t. basis e. Then (%i4)
reflects the coordinate change T ∗ · U = (At · T · A) · U , which is the composite mapping

U
At

←− X∗ T←− X
A←− U and shows, that T leaves the coordinates invariant.

Example 3. (Inertia Tensor)
We follow Roolfs [22]. We consider a system of rigidly coupled point masses of identical
mass m = 1.

Figure 4:
•left: three coupled point masses in IR3 w.r.t. standard basis.
•right: the points coordinates in the basis of the eigenvectors.

Verify the following facts about the configuration of fig.2:

a. Verify, that the inertia tensor Θ of the configuration in fig.2left can be determined as

Θ =

8 2 0
2 8 0
0 0 4


w.r.t. the Euclidian basis e1 = (1, 0, 0)t, e2 = (0, 1, 0)t, e3 = (0, 0, 1)t of IR3, see [22].

b. Verify, that the eigenvalues of matrix Θ are λ1 = 4, λ2 = 10, λ3 = 6 with correspond-
ing eigenvectors w1 = (1,−1, 0)t, w2 = (1, 1, 0)t, w3 = (0, 0, 1)t.
Calculate the normalized eigenvectors (v1, v2, v3) from (w1, w2, w3) via vi := wi/|wi|.

c. Use the matrix A := [v1, v2, v3] of the normalized eigenvectors4 to calculate the new
coordinates of the mass points w.r.t. the basis v = (v1, v2, v3). Check your result in
fig.4.right. [Tip: remember step 8. resp. formulas *3* and *4* of example.1.]

4the normalized eigenvectors vi are the columns of matrix A.
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d. Verify, that the matrix Θ is a tensor, i.e. Θ transforms via

Θ’ =

4 0 0
0 10 0
0 0 6

 = At ·Θ · A

To quote Roolfs:

“The diagonalization is not the remarkable aspect, but rather that Θ′ = At ·Θ·A
correctly describes the rotation around the new coordinate system. Therefore,
it is not simply a renaming of the coordinates.”

1st We (re)do the calculations a. . . . d. with Maxima.

Theta : matrix([8,2,0],[2,8,0],[0,0,4]);

ev : eigenvalues (Theta );

Ev : eigenvectors(Theta );

/* b: the eigenvectors of Theta */

v1 : [1, -1, 0];

v2 : [1, 1, 0];

v3 : [0, 0, 1];

/* Check if Theta . v_i = lambda_i * v_i */

Theta . v1;

Theta . v2;

Theta . v3;

v1u : unitvector (v1);

v2u : unitvector (v2);

v3u : unitvector (v3);

/* c: A is matrix of normed eigenvectors as columns */

A : transpose(matrix(v1u,v2u,v3u));

/* calculate the new coordinates U via */

/* X = A . U => U = inverse(A) . X */

A^^(-1) . [ 1,-1,-1];

A^^(-1) . [-1, 1,-1];

A^^(-1) . [ 0, 0, 2];

/* d: verify tensor property of Theta */

Theta . A;

A^^(-1) . Theta . A;

▷ Click here to RUN the code.

https://net124.reltub.ca/yamwi/index.php?c=lojj10hc4zlnhocxoglcw&n=8&mode=2&max= 
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Maxima output:

2nd We now write the tensor transformation formula Θ′ = At ·Θ ·A using index notation.

Suppose we have two matrices A = (Aij)
j=1..n
i=1..m

and B = (Bjk)
k=1..p
j=1..n

, then the ik’s element

Cik of the product of two matrices A and B is calculated/defined as

Cik = Ai,1 ·B1,k + Ai,2 ·B2,k + · · ·+ Ai,m ·Bm,k

=
n∑

k=1

Aik ·Bkj

=: Ai
k ·Bk

j ←Einstein summation convention

Remark : In the last expression we have discriminated precise between the row indices and
the column indices of a matrix using a subscript (’lower index’) for the row indices and a
superscript (’upper index’) for the column indices. Then we can apply the Einstein sum-
mation convention, see section 1.0.
◦ Ergo, summation symbols

∑
can be ’eliminated or forgotten’ by using Einstein’s con-

vention, giving very compact tensorial notations - but with the drawback to decode the terms
in your mind.

If we have a third matrix C with C = (Ckℓ)
ℓ=1..q
k=1..p

, then the triple product A · B · C5 is
calculated via

5Remember: the matrix product is associative.
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((A ·B) · C)ℓ=1..q
i=1..m =

p∑
k=1

(A ·B)ik · Ckℓ =

p∑
k=1

(
n∑

j=1

Aij ·Bjk) · Ckℓ

=

p∑
k=1

(
n∑

j=1

Aj
i ·Bk

j ) · Cℓ
k

Einstein
= Aj

i ·Bk
j · Cℓ

k

We now specialize this to our matrices Θ and A and conclude

(Θ′)ℓ=1..3
i=1..3 =

3∑
k=1

(
3∑

j=1

(At)ji ·Θk
j ) · Aℓ

k

=
3∑

k=1

3∑
j=1

((At)ji ·Θk
j ) · Aℓ

k

= (At)i
j ·Θj

k · Ak
ℓ

Therefore we get the tensor formula for the transformation rule

(Θ′)ℓi = (At)i
j ·Θj

k · Ak
ℓ

with A as invertible transformation, i.e. At = A−1.
◦ Θ is a tensor of type (1, 1), because we have one subscript and one superscript index.

3rd We formulate the tensor transformation formula Θ′ = At · Θ · A using index notation
and the tensor package itensor.

load("itensor")$

ishow( At([i],[j]) * Theta([j],[k]) * A([k],[l]) )$

indices(%);

We see: in the term A([k],[l]) the first bracket [ ] collects the subscripted indices and
the second [ ] the superscript indices. Maxima output:

▷ Click here to RUN the code.

https://net124.reltub.ca/yamwi/index.php?c=lojj10hc4zlnhocxoglcw&n=35&mode=2&max=bG9hZCgiaXRlbnNvciIpJAppc2hvdyggQXQoW2ldLFtqXSkgKiDOuChbal0sW2tdKSAqIEEoW2tdLFtsXSkgKSQKaW5kaWNlcyglKTsK 


2 WHAT IS A TANGENT VECTOR? 16

2 What is a tangent vector?

We begin with tree examples of tangent vectors to gain a visual mental image of this
concept, which plays a central role beside the position vectors. Imagine a tangent vector
as a vector that is tangent at a given point to a curve, a surface or a higher dimensional
space, i.e. a ’manifold’. Tangent vectors are examples of tensors of rank 1, type (1, 0).

Example 4. (Tangent vector on a Parabola)
Imagine a mass point that travels along a parabolic path over time at a certain speed. If the
mass point leaves the path at a certain position, it leaves the parabolic path tangentially.
We denote the path by M (’manifold’), the position vector of the point at time t by R(t)
and the velocity by v.

Figure 5:

M: parabola {(x, y) ∈ IR2|y = x2 − 1}.
R: the position vector R(1) = (0, 1).
v: the velocity vector R′(t) = (1, 2t).
T(0,1)M : tangent line at point P = R(1) on M .

Then the velocity is defined as follows:

v :=
∂R

∂t
= diff(R(t), t)

= Math Maxima

• We calculate the velocity v in Fig.5. first mathematically.

Let R : I → IR2 with t 7→ (t, t2) be differentiable on the open interval I ⊂ IR.
Then R′(t) = ∂

∂t
(t, t2 − 1) = (1, 2t) and R′(1) = (1, 2) = v is the tangential vector at the

time t = 1 alias at the point P = (0, 1).

• Then we calculate v using Maxima:
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R(t) := (t,t^2-1); /* parametrization of parabola */

v : diff(R(t),t); /* velocity */

vP : subst(t=1, v); /* velocity at t=1 */

Tp : [1,vP]; /* tangent vector at [0,1] */

▷ Click here to RUN the code.

Exercise 6. (tangent vector on a circle)
The unit circle is a 1-dimensional manifold (’curve’) in IR2.
We recommend to describe this circle S1 := {(x, y) ∈ IR2|x2+y2 = 1} via a parametrization
using the position vector R(t) := (cos(t), sin(t)).
Calculate the tangent vector at P = R(45◦).

You should reproduce the following scene:

Figure 6: R(π/4): position vector at time t = π/4 pointing on S1.
∂tR: tangent vector R′(π/4) at R(π/4) ∈ S1.

Example 5. (Tangent vector on a Sphere)
The unit sphere S2 is a 2-dimensional manifold (’surface’) in the surrounding space IR3.
Let’s describe the sphere S2 := {(x, y, z) ∈ IR3|x2+y2+z2 = 1} by means of a parametriza-
tion using the position vector R(θ, ϕ).

Let R : U → IR3 be defined by

(θ, ϕ) 7→ (cos(θ) cos(ϕ), cos(θ) sin(ϕ), sin(θ))

and differentiable on an open subset U ⊂ IR2 with (θ, ϕ) ∈ U .

https://net124.reltub.ca/yamwi/index.php?c=uvcowgiqrvdvt2qqmt0iz&n=2&mode=2&max=Uih0KSA6PSAodCx0XjItMSk7ICAgICAgICAgLyogcGFyYW1ldHJpemF0aW9uIG9mIHBhcmFib2xhICovCnYgOiBkaWZmKFIodCksdCk7ICAgICAgICAgLyogdmVsb2NpdHkgICovCnZQIDogc3Vic3QodD0xLCB2KTsgICAvKiB2ZWxvY2l0eSBhdCB0PTEgKi8KVHAgOiBbMSx2UF07ICAgICAgICAgICAgICAgLyogVGFuZ2VudCB2ZWN0b3IgYXQgWzAsMV0gKi8-
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Then we have two tangent vectors: Z1 := ∂R
∂θ

and Z2 := ∂R
∂ϕ

are the tangential vectors at

the point R(θ, ϕ) ∈ S2 with coordinates (θ, ϕ), which span the tangential plane TPM .

Task :
a. Calculate the tangent vectors at P = R(θ, ϕ).
b. Calculate the tangent vectors at P = R(45◦, 0).

Figure 7:
(E1, E2, E3): canonical Euclidian basis in IR3.
(Z1, Z2): basis of tangent plane TPS

2 at R(θ, ϕ) ∈ S2.
R: the position vector from the origin O to R(θ, ϕ).

Solution:
1st mathematically.
a:

Z1 =
∂R

∂θ

=
∂

∂θ
(cos(θ) cos(ϕ), cos(θ) sin(ϕ), sin(θ))

= (− cos(ϕ) sin(θ),− sin(ϕ) sin(θ), cos(θ))

Z2 =
∂R

∂ϕ

=
∂

∂ϕ
(cos(θ) cos(ϕ), cos(θ) sin(ϕ), sin(θ))

= (− sin(ϕ) cos(θ), cos(ϕ) cos(θ), 0))
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b:
Z1 | (π4 , 0) = (−1√

2
, 0, 1√

2
)

Z2 | (π4 , 0) = (0, 1√
2
, 0)

2nd solution with Maxima.

R(theta,phi) := [cos(theta)*cos(phi), cos(theta)*sin(phi), sin(theta)]$

Z1 : diff( R(theta,phi), theta);

Z2 : diff( R(theta,phi), phi);

subst( [theta=%pi/4, phi =0], Z1);

subst( [theta=%pi/4, phi =0], Z2);

▷ Click here to RUN the code.

Maxima output:

Remark. A tangent vector is a so-called contravariant vector and should conventionally
better written in column form, e.g.

Z1 = (− cos(ϕ) sin(θ),− sin(ϕ) sin(θ), cos(θ))t =

− cos(ϕ) sin(θ)
− sin(ϕ) sin(θ)

cos(θ)


Admittedly, we’ve been a bit lax in this regard up until now.

https://net124.reltub.ca/yamwi/index.php?c=lojj10hc4zlnhocxoglcw&n=33&mode=3&max=Uih0aGV0YSxwaGkpIDo9IFtjb3ModGhldGEpKmNvcyhwaGkpLCBjb3ModGhldGEpKnNpbihwaGkpLCAgc2luKHRoZXRhKV0kIAoKWjEgOiBkaWZmKCBSKHRoZXRhLHBoaSksIHRoZXRhKTsKWjIgOiBkaWZmKCBSKHRoZXRhLHBoaSksIHBoaSk7CgpzdWJzdCggW3RoZXRhPSVwaS80LCBwaGkgPTBdLCBaMSk7CnN1YnN0KCBbdGhldGE9JXBpLzQsIHBoaSA9MF0sIFoyKTs-
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3 Metric Tensor

The so-called metric tensor6 g (or simply metric) plays an crucial role in Differential Ge-
ometry and General Relativity. It allows defining and calculate distances and angles on
surfaces (’manifolds’) in space, just as the inner product do it on a Euclidean space IRn.

3.1 Definition: metric tensor

Let R : U → IRn be the position vector aka a ’coordinate system’ of a manifold M and
differentiable on the open subset U ⊂ IRn with coordinates (Z1, Z2, ..) ∈ U .

a. Define the tangent vectors Zi by differentiation of R w.r.t. each of the coordinates

Zi :=
∂R

∂Zi

e.g.
=

Maxima

diff (R(x, y), x) (3.1)

These tangent vectors (Z1, ..,Zn)
7 are also called the covariant basis of the n-dimensional

tangent space TPM with inner product •.

b. Then, by definition, the (covariant) metric tensor g = (gij) consists of the pairwise
dot products of the covariant basis vectors, i.e. for i, j = 1, .., n

gij := Zi • Zj (3.2)

The metric tensor is also called Gram’s matrix, therefore the notions g and gij.

c. The corresponding contravariant metric tensor ug := g−1 is defined by gij := (g−1)ij.

Remark.
◦ The metric tensor is heavily used to do so-called index juggling, cf. [7, p.88], i.e. doing
the tensor operations of raising or lowering an index. In this context is is essential to
keep track of the position of an index, i.e. if the index is superscripted (’upper index’) or
subscripted (’lower index’) in a tensor expression. For this purpose, the terms covariant
(’lower’) resp. contravariant (’upper’) index are introduced to distinguish between them
and to use the Einstein summation convention correctly.
◦ The following lexicon helps to memorize these conventions.

LEXICON Math Maxima itensor package
covariant tensor g of type (2,0): gij g([i,j],[])

contravariant tensor g of type (0,2): gij g([],[i,j])

mixed-variant tensor T of type (1,1): T j
i T([i],[j])

◦ The components of a metric tensor g in a coordinate basis is a symmetric matrix
(tensor), whose entries transform ’covariantly’ under changes of the coordinate system.
Thus a metric tensor is a ’covariant’ symmetric tensor, cf.[47].

6aka first fundamental form or fundamental tensor
7We follow the notations in [7].
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3.2 Examples

3.2.1 The Metric g in Cartesian coordinates in IR2

The most elementary example is that of the two-dimensional Euclidean geometry, the
Euclidean metric tensor g w.r.t. the canonical basis E = (E1, E2) = (

[
1
0

]
,
[
0
1

]
) with cartesian

coordinates. Calculate g.

Solution: 1st mathematically.
We have

g11 = E1 • E1 = 1, g12 = E1 • E2 = 0, g21 = E2 • E1 = 0, g22 = E2 • E2 = 1

so we get the Gram matrix alias the metric tensor g

g = (gij) =

[
1 0
0 1

]
and their inverse matrix

g−1 = (gij) =

[
1 0
0 1

]
=: ug

2nd use plain Maxima to look behind the curtain of ctensor used in 3rd.

R(x,y) := [x,y]; /* identity mapping i.e. canonical coord.sys. */

Z1 : diff(R(x,y), x);

Z2 : diff(R(x,y), y);

Z : matrix(Z1,Z2);

g11 : Z1.Z1;

g12 : Z1.Z2;

g21 : Z2.Z1;

g22 : Z2.Z2;

g : matrix([g11,g12],[g21,g22]);

ug : invert(g);

▷ Click here to RUN the code.

3rd use package ctensor and the predefined coordinate system cartesian2d.

/* basis in Euclidean vector space R^2 */

load(ctensor); /* 1 */

cframe_flag : true; /* 2 */

ct_coordsys(cartesian2d); /* 3 */

cmetric(); /* 4 */

lg; /* 5 */

ug : invert(lg); /* 6 */

lg.ug; /* 7 */

fr; /* the contravariant Cartesian coordinate components */

https://net124.reltub.ca/yamwi/index.php?c=lojj10hc4zlnhocxoglcw&n=1&mode=2&max=Uih4LHkpIDo9IFt4LHldOwpaMSA6IGRpZmYoUih4LHkpLCB4KTsKWjIgOiBkaWZmKFIoeCx5KSwgeSk7ClogOiBtYXRyaXgoWjEsWjIpOwoKZzExIDogWjEuWjE7CmcxMiA6IFoxLloyOwpnMjEgOiBaMi5aMTsKZzIyIDogWjIuWjI7CgpnIDogbWF0cml4KFtnMTEsZzEyXSxbZzIxLGcyMl0pOwp1ZyA6IGludmVydChnKTsK 
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Comment. In line 1: we load the tensor package ctensor.mac8. to do component tensor
calculations. 2: computes the frame matrix ’fr’ = g and its inverse frame metric ’ufg’= ug.
3: sets up the predefined ’cartesian2d’ coordinate system, the dim=2 and the 4: metric
tensor. 5: shows the lower metric tensor lg:= (gij) = g. 6: inverts the metric g to get the
inverse, the upper metric tensor ug:= (gij) = g−1. In 7: we verify, that the matrix product
of g and her inverse ug = g−1 gives the identity matrix E.

▷ Click here to RUN the code. Yamwi output:

4th use package ctensor and a user-defined coordinate system via ct coordsys.

load("ctensor");

cframe_flag:true;

ct_coordsys([x,y, [x,y]]); /* analog to R(x,y) := [x,y] in 1st */

ct_coords;

cmetric();

lg;

ug : invert(lg);

▷ Click here to RUN the code. Yamwi output:

8These tensor packages are enhanced, streamlined and supported by Viktor Toth, which is great work.

https://net124.reltub.ca/yamwi/index.php?c=lojj10hc4zlnhocxoglcw&n=6&mode=3&max=LyotLSBiYXNpcyBpbiBFdWNsaWRlYW4gdmVjdG9yIHNwYWNlIFJeMiAqLwpsb2FkKGN0ZW5zb3IpOyAgICAgICAgICAgICAgICAgICAvKiAxICovCmNmcmFtZV9mbGFnOnRydWU7ICAgICAgICAgICAgICAgLyogMiAqLwpjdF9jb29yZHN5cyhjYXJ0ZXNpYW4yZCk7ICAgICAgLyogMyAqLwpjbWV0cmljKCk7ICAgICAgICAgICAgICAgICAgICAvKiA0ICovCmxnOyAgICAgICAgICAgICAgICAgICAgICAgICAgLyogNSAqLwp1ZyA6IGludmVydChsZyk7ICAgICAgICAgICAgLyogNiAqLyAKbGcudWc7ICAgICAgICAgICAgICAgICAgICAgLyogNyAqLwpmcjsgIC8qIHRoZSBjb250cmF2YXJpYW50IENhcnRlc2lhbiBjb29yZGluYXRlIGNvbXBvbmVudHMgKi8K
https://net124.reltub.ca/yamwi/index.php?c=lojj10hc4zlnhocxoglcw&n=9&mode=2&max=bG9hZCgiY3RlbnNvciIpJApjZnJhbWVfZmxhZzp0cnVlOwpjdF9jb29yZHN5cyhbeCx5LCBbeCx5XV0pOwpjdF9jb29yZHM7CmNtZXRyaWMoKTsKbGc7CnVnIDogaW52ZXJ0KGxnKTsK
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3.2.2 Affine coordinates in IR2

FromGrinfeld [7, p.64]. Suppose we have affine coordinates with covariant basis Z1 =
[
2
0

]
and Z2 = (cos(π

3
), sin(π

3
))t =

[ 1
2√
3
2

]
Calculate the metric tensor and ist inverse.

Figure 8:

R(x = −1, y = 0): position vector in ambient IR2.
Z1: 1st covariant basis vector at R.
Z2: 2nd covariant basis vector at R.
///..: the coordinate grid corresponding to basis Z.

Solution.

1st mathematically using Calculus.
We have

g11 = Z1 • Z1 = |Z1|2 = 4, g12 = Z1 • Z2 = 1, g12 = Z1 • Z2 = 1, g12 = Z1 • Z2 = 1

so we get the Gram matrix g

g = (gij) =

[
4 1
1 1

]
and their inverse matrix

ug := g−1 = (gij) =

[
1
3

−1
3

−1
3

4
3

]
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BTW, hence, in anticipation of §4.1, we get the so-called contravariant basis vectors Z1,
Z2 via

Z1 :=
1

3
Z1 −

1

3
Z2 =

[ 1
2
−1
2
√
3

]
Z2 := −1

3
Z1 +

4

3
Z2 =

[
0
2√
3

]
2nd use Maxima.

/*-- we introduce affine coordinates in R^2 by */

Z1 : [2,0];

Z2 : [cos(%pi/3),sin(%pi/3)];

/*-- the covariant basis in affine coordinates is */

Z : matrix(Z1,Z2);

/*-- the GRAM matrix aka the metric tensor */

g : zeromatrix(2,2);

dim : 2;

for i thru dim do for j thru dim do g[i,j] : Z[i].Z[j];

g;

/*-- Calculate uZij, i.e. the inverse of Zij */

ug : invert(g);

/*-- the contravariant basis in affine coordinates is */

uZ1 : 1/3*Z1 -1/3*Z2; /* ug[1] . transpose(Z1); */

uZ2 : -1/3*Z1 +4/3*Z2;

/* check orthogonality: */

Z1 . uZ1; /* .. */

▷ Click here to RUN the code. Yamwi output:

https://net124.reltub.ca/yamwi/index.php?c=lojj10hc4zlnhocxoglcw&n=17&mode=2&max=-
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3.2.3 The metric tensor g for the polar coordinate system

The metric tensor g for the polar coordinate system in IR2 is calculated with Maxima as
follows:

/*-- we introduce polar coordinates in R^2 by */

define( R(r,theta) , [r*cos(theta),r*sin(theta)]);

/*-- the covariant basis in polar coordinates */

Z1 : diff( R(r,theta), r);

Z2 : diff( R(r,theta), theta);

Z : matrix(Z1, Z2);

/*-- the covariant metric tensor */

U : [r,theta];

gij(i,j) := diff(R(r,theta), U[i]) . diff(R(r,theta), U[j])$ /* 1 */

g : matrix( [gij(1,1), gij(1,2)], [gij(2,1), gij(2,2)] );

g : trigsimp(g);

/*-- Calculate ug, i.e. the inverse of g */

/* aka the contravariant metric Tensor */

ug : invert(g);

Comment. In line 1: we use the coordinates U = (r, θ) to express the scalar products of
the basis vectors. By definition of U , the numbers U [i] resp. U [j] are simply r resp. θ.

▷ Click here to RUN the code.
Yamwi output:

https://net124.reltub.ca/yamwi/index.php?c=lojj10hc4zlnhocxoglcw&n=1&mode=2&max=-
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3.2.4 The metric tensor g for the cylindrical coordinate system

The metric tensor in the cylinder coordinate systems in IR3 can be calculated as follows, cf.
[7, p.66, p.179]. Align a background Cartesian grid (x, y, z) with the cylindrical coordinates
(r, θ, z). The position vector R, pointing to a position on the cylinder, is then given by

R(r, θ, z) = (r cos(θ), r sin(θ), z)

The covariant basis vectors Zi are the tangential vectors to the three coordinate lines, i.e.
the covariant basis is obtained by partial differentiation of R with respect to r, θ and z:

Zr =
∂R

∂r
Zθ =

∂R

∂θ
Zz =

∂R

∂z

Remember: at each point R(r, θ, z) we get another ’new’ basis (Zr,Zθ,Zz)!

Figure 9:

R(r = 1, θ = π/2, z = 2): position vector in IR3.
Zr: 1st covariant basis vector at R.
Zθ: 2nd covariant basis vector at R.
Zz: 3rd covariant basis vector at R.

Task : calculate the metric tensor g and its inverse g−1 for the cylindrical coordinate system.

We skip the mathematical calculation using Calculus (left to the reader) and do the Math-
ematics directly in Maxima.
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1st We calculate the metric tensor using plain Maxima.

R(r, theta, z) := [r*cos(theta), r*sin(theta), z];

U : [r,theta,z]; /* the cylindrical coordinates */

g(i,j) := diff(R(r,theta,z), U[i]) . diff(R(r,theta,z), U[j])$ /* 1 */

g : genmatrix (lambda ([i, j], g(i,j)), 3, 3); /* 2 */

g : trigsimp(g) ;

ug : invert(g);

Comment. 1: determines the partial differentiations of R with respect to r, θ and z and
the corresponding scalar products. 2: generates the metric g represented as 3-by-3-matrix
using the term (i, j) 7→ g(i, j) to calculate the entry (i, j) of g.

▷ Click here to RUN the code.
Yamwi output:

2nd We calculate the metric tensor using ctensor.

load(ctensor);

cframe_flag : true;

ct_coordsys(polarcylindrical); /* 1 */

cmetric();

lg : trigsimp(lg); /* 2 */

ug : trigsimp(invert(lg)); /* 3 */

fr : trigsimp(fr); /* 4 */

ldisplay(dim); /* 5 */

ldisplay(ct_coords);

ldisplay(lfg);

ldisplay(fri);

Remark. 1: sets up the (polar)cylindrical coordinate system. 2: gives the ’lower’ (e.g.
g([i,j][])≡ gij) noted metric lg = g, which is inverted and then simplified with trigono-
metric formulas. 4: the ’fr’ identifier of ctensor represents the contravariant Cartesian

https://net124.reltub.ca/yamwi/index.php?c=lojj10hc4zlnhocxoglcw&n=12&mode=3&max=UihyLCB0aGV0YSwgeikgOj0gW3IqY29zKHRoZXRhKSxyKnNpbih0aGV0YSksIHpdOwpVIDogW3IsdGhldGEsel07CgpnKGksaikgOj0gZGlmZihSKHIsdGhldGEseiksIFVbaV0pIC4gZGlmZihSKHIsdGhldGEseiksIFVbal0pJApnIDogZ2VubWF0cml4IChsYW1iZGEgKFtpLCBqXSwgZyhpLGopKSwgMywgMyk7CmcgOiB0cmlnc2ltcChnKSA7Cgp1ZyA6IGludmVydChnKTs-
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coordinate components of a set of basis vectors, aligned with cylindrical coordinates in the
Euclidean plane. In 5: we list some other objects of ctensor, e.g. the dimension of the
space, the coordinates names and the inverted frame basis.

▷ Click here to RUN the code.

Yamwi output:

Exercise 7. Use the following user-defined coordinate system, which explicit sets up the
cylindrical coordinates and repeat the calculation from above:

load("ctensor");

cframe_flag : true;

ct_coordsys( [r*cos(phi), r*sin(phi), z, [r,phi,z]]);

▷ Click here to START your solution.

Compare with the code in 1st, in particular with the definition of R and U .

https://net124.reltub.ca/yamwi/index.php?c=lojj10hc4zlnhocxoglcw&n=15&mode=3&max=bG9hZChjdGVuc29yKTsgCmNmcmFtZV9mbGFnIDogdHJ1ZTsgCmN0X2Nvb3Jkc3lzKHBvbGFyY3lsaW5kcmljYWwpOyAvKiAxICovCmNtZXRyaWMoKTsgCmxnIDogdHJpZ3NpbXAobGcpOyAgICAgICAgICAgLyogMiAqLwp1ZyA6IHRyaWdzaW1wKGludmVydChsZykpOyAgICAvKiAzICovCmZyIDogdHJpZ3NpbXAoZnIpOyAgICAgICAgIC8qIDQgKi8KCmxkaXNwbGF5KGRpbSk7ICAgICAgICAgIC8qIDUgKi8KbGRpc3BsYXkoY3RfY29vcmRzKTsKbGRpc3BsYXkobGZnKTsKbGRpc3BsYXkoZnJpKTsK
https://net124.reltub.ca/yamwi/index.php?c=lojj10hc4zlnhocxoglcw&n=1&mode=2&max=bG9hZCgiY3RlbnNvciIpOwpjZnJhbWVfZmxhZyA6IHRydWU7CmN0X2Nvb3Jkc3lzKFtyKmNvcyhwaGkpLCAgcipzaW4ocGhpKSwgeiwgIFtyLHBoaSx6XV0pOyAgCg--
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4 Contravariant Basis

With the help of the tangent vectors Zi and the covariant metric tensor g = (gij) we
define the so-called contravariant basis Zi. These objects also play a major role in Tensor
Analysis and Differential Geometry.

4.1 Definition: the contravariant basis

Let R : U → IRn be the position vector of a manifold M and differentiable on the open
subset U ⊂ IRn with coordinates (Z1, Z2, ..) ∈ U .
Then we defined in §3.1
◦ the tangent vectors Zi :=

∂R
∂Zi

by differentiation of R w.r.t. each of the coordinates,
also called the covariant basis vectors of the tangent space TPM .

◦ the covariant metric tensor g by gij := Zi • Zj

◦ the contravariant metric tensor ug := g−1 by gij := (g−1)ij.

Now we define the ith contravariant basis vector Zi by the linear combination9

Zi := gij · Zi
Einstein

=
n∑

i=1

gij ∗ Zi (4.1)

Remark. Remember the Einstein summation convention: The covariant tangent vectors
Zi are written with one index as subscript, the corresponding contravariant basis vector
Zi with a superscript index. Then a summation in such a tensor expression is implicit
done, when an index appears twice, once as a subscript (’lower index’) and once as a
superscript (’upper index’).

4.2 Examples

4.2.1 The contravariant basis for polar coordinate system

We introduce polar coordinates in IR2 by the position vector

R(r, θ) := (r cos(θ), r sin(θ))

Then the covariant basis Z in polar coordinates is calculated by10

Z1 :=
∂R

∂r
= (cos(θ), sin(θ))

Z2 :=
∂R

∂θ
= (−r sin(θ), r cos(θ))

Z := (Z1,Z2)

9cf. [7, p.58]
10sometimes we write Zr or Er instead of Z1 and Zθ or Eθ for Z2, see fig. 10.
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Figure 10:
Zr: 1st covariant basis vector at R(r = 2, θ = π/3).
Zθ: 2nd covariant basis vector at R.

We determine the contravariant basis in three ways.

1st we calculate the contravariant basis uZ using Calculus.

First we calculate the metric tensor g:

g11 := Z1 • Z1 = (cos(θ), sin(θ)) • (cos(θ), sin(θ)) = cos(θ)2 + sin(θ)2 = 1

g12 := Z1 • Z2 = (cos(θ), sin(θ)) • (−r sin(θ), r cos(θ)) = 0

g21 := Z2 • Z1 = (−r sin(θ), r cos(θ)) • (cos(θ), sin(θ)) = 0

g22 := Z2 • Z2 = (−r sin(θ), r cos(θ)) • (−r sin(θ), r cos(θ)) = r2

g =

[
1 0
0 r2

]
Next we calculate the inverse metric tensor

g−1 =

[
1 0
0 1

r2

]
=

[
g11 g12

g21 g22

]
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and get the contravariant basis p.def.

Z1 = g11Z1 + g12Z2
Einstein≡ g1iZi = 1 · (cos(θ), sin(θ)) + 0 · (−r sin(θ), r cos(θ))

= (cos(θ), sin(θ))

Z2 = g21Z1 + g22Z2
Einstein≡ g2iZi = 0 · (cos(θ), sin(θ)) + 1

r2
· (−r sin(θ), r cos(θ))

= (−sin(θ)

r
),
cos(θ)

r
)

uZ := (Z1,Z2)

This calculation is a little expensive, so we
2nd calculate the contravariant basis also with plain Maxima.

R(r, theta) := [r*cos(theta),r*sin(theta)];

Z1 : diff(R(r, theta), r);

Z2 : diff(R(r, theta), theta);

Z : matrix(Z1,Z2);

g11 : trigsimp(Z1.Z1);

g12 : Z1.Z2;

g21 : Z2.Z1;

g22 : trigsimp(Z2.Z2);

g : matrix([g11,g12],[g21,g22]);

ug : invert(g);

uZ1 : ug[1,1]*Z1 + ug[1,2]*Z2;

uZ2 : ug[2,1]*Z1 + ug[2,2]*Z2;

/* or do */

uZ1 : row(ug, 1) . Z;

uZ2 : row(ug, 2) . Z;

▷ Click here to RUN the code.

Yamwi output:

https://net124.reltub.ca/yamwi/index.php?c=1d5nsyx33qzql5fvc06lr&n=2&mode=2&max=UihyLCB0aGV0YSkgOj0gW3IqY29zKHRoZXRhKSxyKnNpbih0aGV0YSldOwpaMSA6IGRpZmYoUihyLCB0aGV0YSksIHIpOwpaMiA6IGRpZmYoUihyLCB0aGV0YSksIHRoZXRhKTsKWiA6IG1hdHJpeChaMSxaMik7CgpnMTEgOiB0cmlnc2ltcChaMS5aMSk7CmcxMiA6IFoxLloyOwpnMjEgOiBaMi5aMTsKZzIyIDogdHJpZ3NpbXAoWjIuWjIpOwoKZyA6IG1hdHJpeChbZzExLGcxMl0sW2cyMSxnMjJdKTsKdWcgOiBpbnZlcnQoZyk7Cgp1WjEgOiB1Z1sxLDFdKloxICsgdWdbMSwyXSpaMjsKdVoyIDogdWdbMiwxXSpaMSArIHVnWzIsMl0qWjI7Cgp1WjEgOiByb3codWcsIDEpIC4gWjsKdVoyIDogcm93KHVnLCAyKSAuIFo7 
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3rd We now calculate the contravariant basis alternatively using ctensor package.

• Remark. To discriminate between the covariant resp. contravariant basis we used the

words ’co..’ resp. ’contra..’ and subscript resp. superscript indices in the mathematical

notation. Using plain Maxima we used the attributes ’l..’ resp. ’u..’ for lower resp.

upper position of the indices. But this is cumbersome. Therefore one use special packages

like ctensor or itensor to reflect that logic by means of index notation in brackets:

[covariant][contravariant], i.e. in the first [..] we collect all covariant indices and in the

second [..] we collect all contravariant inidces.

• To sum up using the metric tensor as example:

LEXICON Math Maxima i/c/tensor syntax
covariant

covariant metric gij g([i,j],[])

contravariant metric gij g([],[i,j])

contravariant

Therefore, using the indicial tensor package itensor we have

load(itensor);

("tensors are _i_ndexed objects. To show a tensor use ishow()")$

ishow(g([a,b],[]))$

ishow(g([],[i,j]))$

Yamwi output:

▷ Click here to RUN the code.

◦We now calculate the contravariant basis using the component tensor package ctensor.

load(ctensor); /* 1 */

cframe_flag : true; /* 2 */

ct_coordsys(polar); /* 3 */

cmetric(); /* 4 */

lg; /* 5 */

trigsimp(lg); /* 6 */

ug : trigsimp(invert(lg)); /* 7 */

fr; /* 8 */

trigsimp(fr); /* 9 */

https://net124.reltub.ca/yamwi/index.php?c=lojj10hc4zlnhocxoglcw&n=3&mode=2&max=bG9hZChpdGVuc29yKTsKKCJUZW5zb3JzIGFyZSBpbmRleGVkIG9iamVjdHMuIFRvIHNob3cgYSB0ZW5zb3IgdXNlIGlzaG93KCkiKSQKaXNob3coZyhbYSxiXSxbXSkpJAppc2hvdyhnKFtdLFtpLGpdKSkkCg--
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Comment. To get used to the tensor package ctensor, we’ll comment once again. In
line 1: we load the tensor package ctensor.mac to do component tensor calculations. 2:
computes the frame matrix ’fr’ = g and its inverse frame metric ’ufg’= ug. 3: sets up the
predefined ’polar’ coordinate system and its 4: metric tensor. 5: gives the lower metric
tensor g = (gij), which is simplified in 6: using trigonometric formulas. In 7: we invert
the covariant metric g = (gij) and get her inverse ug = (gij). In 8: we calculate the
contravariant basis vectors, which we pick as columns of this matrix representation.

▷ Click here to RUN the code.

Yamwi output:

Remark. The 1st contravariant basis vector Z1 in polar coordinates equals the first co-
variant basis vector Z1, whereas the 2nd contravariant basis vector Z2 is collinear with the
second covariant basis vector and has length |Z2| = 1/r, see fig.10.

https://net124.reltub.ca/yamwi/index.php?c=lojj10hc4zlnhocxoglcw&n=1&mode=2&max=bG9hZChjdGVuc29yKTsKY2ZyYW1lX2ZsYWcgOiB0cnVlOwpjdF9jb29yZHN5cyhwb2xhcik7CmNtZXRyaWMoKTsKbGc7CnRyaWdzaW1wKGxnKTsKdWcgOiB0cmlnc2ltcChpbnZlcnQobGcpKTsKZnI7ICAvKiByZXByZXNlbnRzIHRoZSBjb250cmF2YXJpYW50IENhcnRlc2lhbiBjb29yZGluYXRlIGNvbXBvbmVudHMgKi8KdHJpZ3NpbXAoZnIpOwo-
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4.2.2 The contravariant basis on a sphere

The sphere S2
r with radius r is described by means of a parametrization using the position

vector R : U → IR3 defined by

(r, θ, ϕ) 7→ (r sin(θ) cos(ϕ), r sin(θ) sin(ϕ), r cos(θ))

which is differentiable on an open subset U ⊂ IR2 with (r, θ, ϕ) ∈ U .

Task :

◦ Use the tensor package ctensor to calculate the covariant basis (Z1,Z2,Z3) and the
contravariant basis (Z1,Z2,Z3)11 :
a. at a general position P = R(r, θ, ϕ).
b. at the special position P = R(2, 45◦, 0).

Solution: Because the calculation is very laborious, we use right away the tensor package
ctensor.

a. We formulate the position vectorR as transformation rule using function ct coordsys().

load("ctensor");

cframe_flag : true;

ct_coordsys([r*sin(theta)*cos(phi),

r*sin(theta)*sin(phi),

r*cos(theta), [r,theta,phi]]);

ct_coords;

fri;

Z1 : col(fri, 1);

Z2 : col(fri, 2);

Z3 : col(fri, 3);

cmetric();

lg : trigsimp(lg); /* _l_ower g = g_{ij} = g([i,j],[]) */

ug : invert(lg); /* _u_pper g = g^{ij} = g([],[i,j]) */

uZ1 : ug[1,1]*col(fri,1) + ug[1,2]*col(fri,2) + ug[1,3]*col(fri,3);

uZ2 : ug[2,1]*col(fri,1) + ug[2,2]*col(fri,2) + ug[2,3]*col(fri,3);

uZ3 : ug[3,1]*col(fri,1) + ug[3,2]*col(fri,2) + ug[3,3]*col(fri,3);

▷ Click here to RUN the code.

11the latter is denoted (uZ1,uZ2,uZ3) in Maxima script below, ’u’ means ’upper’ index.

https://net124.reltub.ca/yamwi/index.php?c=lojj10hc4zlnhocxoglcw&n=13&mode=3&max=
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Yamwi output:

b. Substituting the concrete values of R = (2, 45◦, 0) = (2, π
4
, 0) into Z1, Z2, Z3 we get the

following figure:

Figure 11:
R: the position vector at R(r = 2, θ = π/4, ϕ = 0).
Z1, Z2, Z3: the covariant basis vectors at R.

◦ If you want to change the viewpoint or make other changes to the sketch, you find the
source code here: ▷ Click here to RUN the code.12

12I am very grateful to Michael Gosse for fixing my code.

https://net124.reltub.ca/yamwi/index.php?c=lojj10hc4zlnhocxoglcw&n=23&mode=2&max=
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5 What is a tensor?

From wikipedia: ▷ Tensor. ’Each type of tensor comes equipped with a transfor-
mation law that details how the components of the tensor respond to a change of
basis. The components of a vector can respond in two distinct ways to a change of
a basis, see covariance and contravariance of vectors.’

A very understandable decription is by V. Toth.

Here is the correct and precise mathematical Wikipedia definition of a tensor, in case you
want to be shocked and will feel incomprehensible - we therefore cite this definition in tiny
print, you may skip it:

5.1 Definition: Tensor
◦ (Wikipedia, ibid.)A tensor of type (p, q) is an assignment of a multidimensional array T

i1...ip
j1...jq

[f ] to each basis f = (e1, ..., en)

of an n-dimensional vector space such that,

if we apply the change of basis f 7→ f · R =
(
eiR

i
1, . . . , eiR

i
n

)
then the multidimensional array obeys the transformation law

T
i′1...i′p
j′1...j′q

[f · R] =
(
R

−1
)i′1
i1

· · ·
(
R

−1
)i′p
ip

T
i1,...,ip
j1,...,jq

[f ] R
j1
j′1

· · ·Rjq

j′q
.

Instead, we cite Peter Collier’s description [5, p.140] to get a feeling what a tensor ’is’:

• a mathematical object represented by a collection of components that transform a
certain way.

• a linear machine that produces numbers when fed with covariant and contravariant
vectors. Each lower index represent a slot that can be fed by a covariant vector, each
upper index represents a slot that can be fed by a contravariant vector.
When all the slots are filled, out pops a number.

Remark.
◦ V. Toth13 gives the following overview for the representation of tensors:

13in a private communication

https://en.wikipedia.org/wiki/Tensor
https://qr.ae/pFI575
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◦ Toth distinguish three ways of looking at tensors: in terms of its representation (i.e.
a matrix), in terms of the algebraic rules of matrix manipulation and third with focus on
the purely algebraic properties of tensors, see ▷ Tensors.

◦ We often denote an Euclidean vector v = (a1, ..., an) ∈ IRn simply as a list of entries,
e.g. v = (3, 2) ∈ IR2. In the language of tensors we should precise discriminate between a
covariant vector v = [3 2] = [v1 v2] i.e. a tensor of type (1, 0) with one lower index vs. a

contravariant vector v =
[
v1

v2

]
=

[
3
2

]
i.e. a tensor of type (0, 1) with one upper index and

reflect this distinction as far as possible in the description in the CAS.

◦ So we may say: a tensor with respect to a basis is represented by a multidimensional
array. In a figurative rough sense, tensors ’are’ ’multidimensional’ matrices.

To make this complicated definition §5.1 more grounded, we will show some simple cases.

5.2 Example: This is not a tensor!

We define and test an indexed object T , cf. the example by Grinfeld [7, p.94].

Tijk := i2jk

First we represent T with the CAS EigenMath, because the output is easy to interpret:

## EIGENMATH

i = quote(i) -- clear ’i’, the imaginary unit ..

-- define and calculate elements of T as function values

Tijk(i,j,k) = i^2*j*k -- would be -jk, if ’i’ wasn’t cleared

Tijk --(1)

Tijk(1,2,1) --(2) 1st matrix, 2nd row, 1st entry

-- T as multidimensional array

Tijk = zero(2, 2,2) -- empty container for object T

for(i,1,2, -- three loops to fill container Tijk

for(j,1,2,

for(k,1,2, Tijk[i,j,k] = i^2*j*k)))

Tijk -- (3)

Tijk[1,2,1] -- (4) 1st matrix, 2nd row, 1st entry

▷ Click here to Run the script in EigenMath.

https://spinor.info/weblog/?page_id=99
https://lindnerdrwg.github.io/tensor30.html
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EigenMath output:

Figure 12:
1: T defined as function Tijk := i2jk.
2: value of T at index triple (i, j, k) = (1, 2, 1) is 2.
3: T displayed as multidimensional array [(::), (::)].

Comment. We define object T in two ways. First T is defined by computing each indi-
vidual value by the term i2jk in (1). Here you have to address the value via Tijk (..)

for the function call. Alternatively T is defined in (2) as a multidimensional array whose
values are read in with matrix-access brackets Tijk[..]. In this way the complete table
of T -values is available at once.

Second we use the CAS Maximaonline to do the same job:14

/* MAXIMA */

/* define and calculate elements of T as function values */

Tijk(i,j,k) := i^2*j ;

Tijk(1,2,1) ;

/* T as multidimensional ’matrix’ -> array needed! */

dim : 2;

Tijk : make_array(any, dim, dim, dim)$ /* (1) */

for i from 0 thru dim-1 do

for j from 0 thru dim-1 do

for k from 0 thru dim-1 do

Tijk[i,j,k]: (i+1)^2 * (j+1) * (k+1); /* (2) */

Tijk; /* (3) */

Tijk[0,1,0]; /* (4) */

▷ Click here to RUN the code in Maximaonline.

14I thank Michel Gosse for fixing an mistake.

https://net124.reltub.ca/yamwi/index.php?c=lojj10hc4zlnhocxoglcw&n=8&mode=2&max=
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Yamwi output:

Comment. In (1) we create an Lisp array with type ’any’. There are indices, but the i’th
index runs from 0 to length(array) − 1. Each individual T value is filled by the adapted
term (i+ 1)2 ∗ (j + 1) ∗ k with shifted values in (2). The output (%o6) displays the object
T (array) line-oriented.

Third we try the ctensor package to do the same job:

load(ctensor);

for i thru dim do

for j thru dim do

for k thru dim do T [i,j,k] : i^2*j*k;

T[1,2,1];

cdisplay(T);

▷ Click here to RUN the code in Maximaonline.

Yamwi output:

Comment. We see that ctensor interpret the term T [i, j, k] : i2 ∗ j ∗k in another way, i.e.
tensoriell. So the original object is not a tensor. Grinfeld names such indexed objects
variants, because they does not follow the transformation rules. When the same rule is
applied in different coordinate systems, the results of a variant differ, i.e. they are not the
same. Not a tensor, but only a variant !

https://net124.reltub.ca/yamwi/index.php?c=p435s2xkysjrjx4gkpedq&n=4&mode=2&max=bG9hZChjdGVuc29yKTsKZm9yIGkgdGhydSBkaW0gZG8gZm9yIGogdGhydSBkaW0gZG8gZm9yIGsgdGhydSBkaW0gZG8gVFtpLGosa106aV4yKmoqazsKVFsxLDIsMV07CmNkaXNwbGF5KFQpOw--
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Exercise 8. (Variant Tijkl with prescribed values.)

1. Determine the function and the table-oriented formula for the given variant T .
2. Do access for the value 16 in the 3th matrix inside variant T .
3. Represent T in Maximaonline and using ctensor. Think about the results.

Solution:

1. We give the defining relation as function value, ▷ Click here to see the solution.

2. We define T as a tensor ’table’, ▷ Click here to look at the ssolution.

3. to be left as an exercise.
▷ Click here to do the exercise.
You should see the variant T as shown in the beginning of the exercise.

https://lindnerdrwg.github.io/tensor001.html
https://lindnerdrwg.github.io/tensor31.html
https://net124.reltub.ca/yamwi/index.php?c=6fqp5qtvf51whtvqf3qbc&n=0&mode=2&max=LyogRG8gdGhlIGV4ZXJjaXNlIDspICov
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5.3 Examples: These are tensors

5.3.1 1D scaling transformation

In a one dimensional space (imagine the number line), a scaling transformation is a linear
operation that stretches or compresses all points relative to a fixed origin 0. The coordinate
system is changed by e.g. doubling the length of the unit, i.e. changing the unit from 1-cm
to 2-cm units.

1. Visualization: Imagine a number line labeled with markers at ..−3,−2,−1, 0, 1, 2, 3, ..
If you apply a scale factor of s = 2, the marker at 1 moves to 2, 2 moves to 4, -1
moves to -2. The space expands outward from zero.
If you apply s=0.5, the space shrinks toward zero.

2. Coordinate transformation: Every vector (a number) x is mapped to a new number
x′ by a scale factor s = 2: x′ = s · x. The new coordinate x′ is double of the old
coordinate x.

3. Jacobian: Jx′
x := ∂x′

∂x
= ∂

∂x
(2x) = 2 = s.

4. Vector transformation: Let the one dimensional vector (number) be v = 3 units in
the old system, then v′ = Jx′

x · v = 2 · 3 = 6.
In the new system the vector v has new component v′ = 6.

We now use plain Maxima .

R(x) := [2*x]; /* position vector i.e. coordinate change */

Z : diff(R(x), x); /* the Jacobian, i.e. the covariant basis */

g11 : Z . Z;

g : matrix([g11]);

ug : invert(g);

uZ : ug*Z; /* the contravariant basis */

▷ Click here to RUN the code in Maximaonline. Yamwi output:

https://net124.reltub.ca/yamwi/index.php?c=lojj10hc4zlnhocxoglcw&n=10&mode=2&max=LyogcG9zaXRpb24gdmVjdG9yIGkuZS4gY29vcmRpbmF0ZSBjaGFuZ2UgKi8KUih4KSA6PSBbMip4XTsgICAgICAgICAgIAovKiB0aGUgSmFjb2JpYW4sIGkuZS4gY292YXJpYW50IGJhc2lzICovClogOiBkaWZmKFIoeCksIHgpOyAgICAgIApnMTEgOiBaIC4gWjsKZyA6IG1hdHJpeChbZzExXSk7CnVnIDogaW52ZXJ0KGcpOwovKiB0aGUgY29udHJhdmFyaWFudCBiYXNpcyAqLwp1WiA6IHVnKlo7Cg-- 
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Example 6. The vectors of the covariant basis (Z1,Z2,Z3) and the contravariant basis
(Z1,Z2,Z3) are tensors. The proof uses the chain rule and is shown e.g. in [7, p.77]. The
result is: if we relate Zi′ with its primed coordinates and Zi with the unprimed, we get

Zi′ = Zi · J i
i′

where J i
i′ is the so-called Jacobian of the coordinate transformation defined by J i

i′ :=
∂Zi(Z′)

∂Zi′ .
See V. Toth in ▷ On tensors and their matrix representations.

5.3.2 Example: the line element ds2 transforms contravariantly

In the following example, we want to show that a vector, viewed as a tensor, is more than
just an object with magnitude and direction. In particular, we show that the line element
ds2 transforms contravariantly from one coordinate system to another.

Figure 13:
△: distance between two points via d2 = (△x)2 + (△y)2

△: and two infinitesimal close points via (ds)2 = (dx)2+(dy)2

To calculate the squared distance d2 between the two points P (−1,−1) = (x1, y1) and
Q(1, 1) = (x2, y2) we do d2 = (x2−x1)2+(y2−y1)2 = (1+1)2+(1+1)2 = 8, ergo d = 2

√
2.

This motivates the definition of the line element ds resp. its square ds2 as the distance of
two infinitesimal close points with tiny displacements dx, dy in a two dimensional space:

ds2 = dx2 + dy2

This definition extends immediately to higher dimensions.
Looking at the multiplication table of the infinitesimal displacements

g = (gij) =
− dx dy
dx 1 0
dy 0 1

https://www.vttoth.com/CMS/physics-notes/139-on-tensors-and-their-matrix-representations
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we may accept, that the coefficients of the metric tensor gij are often described using the
line element ds2.

Task : Find the line element and the metric of IR2 in the polar coordinate system.

Solution:

1st We know that x = r cos(θ) =: x(r, θ) and y = r sin(θ) =: y(r, θ) depends explicit of
r and θ . Therefore, on an infinitesimal small scale, the differentials dx resp. dy depend
linearly on the differentials of r and θ.
With the abbreviation ds2 ≡ (ds)2, dx2 ≡ (dx)2, dr2 ≡ (dr)2 etc. we argue

dx = cos(θ) · dr − r · sin(θ) · dθ
dy = sin(θ) · dr + r · cos(θ) · dθ
ds2 = dx2 + dy2

= (cos(θ) · dr − r · sin(θ) · dθ)2 + (sin(θ) · dr + r · cos(θ) · dθ)2

= ...

= cos(θ)2 · dr2 + r2 · sin(θ)2 · dθ2 + sin(θ)2 · dr2 + r2 · cos(θ)2 · dθ2

= dr2 + r2 · dθ2

From the line element ds2 = 1 · dr2 + r2 · dθ2 we may read off the metric tensor

g = (gij) =

[
1 0
0 r2

]

2nd We transform the line element ds2 in IR2 from polar (r, θ) to Cartesian (x, y) coor-
dinates a little more abstract in order to show the transformation rule.
From 1st we get

1. dx = ∂x
∂r
dr + ∂x

∂θ
dθ because x depends on r and θ

dy = ∂y
∂r
dr + ∂y

∂θ
dθ also y(r, θ) is function of r and θ

2.

[
dx
dy

]
=

[
∂x
∂r

∂x
∂θ

∂y
∂r

∂y
∂θ

]
•
[
dr
dθ

]
write as matrix equation

To get a tensorial notation of 1. resp. 2. we switch to index notation using the
lexicon x

y
| x̄1

x̄2 for primed (bar’ed) coordinates and unprimed (unbar’ed) coordinates
r
θ
| x1

x2 . Now 2. is written as

3.

[
dx̄1

dx̄2

]
=

[
∂x̄1

∂x1
∂x̄1

∂x2

∂x̄2

∂x1
∂x̄2

∂x2

]
•
[
dx1

dx2

]
write with un/primed coordinates

4. dx̄1 =
∑2

k=1
∂x̄1

∂xk · dxk, dx̄2 =
∑2

k=1
∂x̄2

∂xk · dxk write down as 2 individual equations
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5. dx̄j =
∑2

k=1
∂x̄j

∂xk · dxk write as one compact equation using free index j = 1, 2

6.

dx̄j =
∂x̄j

∂xk
· dxk

even more compact using Einstein summation convention

In summa: the tensor equation 6. is equivalent to the both equations 3. resp. 4.
If we rename ∂x̄j

∂xk =: ajk and dx̄j =: T̄ j resp. dxj =: T j we arrive at the familiar transfor-
mation term

T̄ j = aijT
j

where the factors aij represents the elements of a transformation matrix for contravari-
ant vector components between the unprimed ’old’ (r, θ) = (x1, x2) and the primed ’new’
(x, y) = (x̄1, x̄2) coordinates.

3rd But these factors ∂x̄j

∂xk in 6. are also the components of the basis vectors tangent to
the original (unprimed) coordinate axes, expressed in the new (primed) coordinate system,
e.g. the 1st column of the transformation matrix in 3. is the first tangential vector Er

w.r.t. the position vector R(r, θ) := (r cos(θ), r sin(θ)) = (x, y)

Er =
∂x̄1

∂x1
· Ex +

∂x̄2

∂x1
· Ey = cos(θ) · Ex + sin(θ) · Ey = (cos(θ), sin(θ))

!
=

∂R

∂r

Eθ =
∂x̄1

∂x2
· Ex +

∂x̄2

∂x2
· Ey = −r sin(θ) · Ex + r cos(θ) · Ey = (−r sin(θ), r cos(θ)) !

=
∂R

∂θ

with the Cartesian basis Ex :=
[
1
0

]
, Ey :=

[
0
1

]
, i.e. we have

Er =
∂x

∂r
· Ex +

∂y

∂r
· Ey, Eθ =

∂x

∂θ
· Ex +

∂y

∂θ
· Ey

Task:
a. Redo the discussion using Maxima. Calculate Er=2 and Eθ=30◦ .
b. Determine the normalized polar unit vectors Êr and Êθ.

15

c. Determine the polar line element s2 using infinitesimal argumentation, see fig. 13.16

15We note the unit vectors with ’hat’-sign, i.e. â := a/|a|.
16from Marsden, [16, p.500]
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Solution:
ad a. and b. :

fpprintprec: 5; /* Show only 5 significant digits in output */

x(r, theta) := r*cos(theta)$

y(r, theta) := r*sin(theta)$

U : [r, theta]$ /* the polar coordinates .. and */

diff( x(r,theta), r); /* the 4 elements of the Jacobean matrix */

diff( x(r,theta), theta); /* alias the transformation matrix */

diff( y(r,theta), r); /* from polar (r,theta) */

diff( y(r,theta), theta); /* to Cartesian (x,y) coordinates. */

/* Jacobean of (x,y) w.r.t. each polar variable */

define( J(r,theta) , jacobian ([x(r,theta), y(r,theta)], [r,theta]));

J(2,%pi/6);

Ex : [1,0];

Ey : [0,1];

Er : diff( x(r,theta), r) * Ex + diff( y(r,theta), r) * Ey;

Etheta : diff( x(r,theta), theta) * Ex + diff( y(r,theta), theta) * Ey;

load ("eigen")$ /* ad task b. */

assume(r>0)$

Eru : trigsimp( unitvector (Er));

Ethetau : trigsimp( unitvector (Etheta));

Er2 : subst([r=2, theta=%pi/6], Er);

Etheta30 : subst([r=2, theta=%pi/6], Etheta);

▷ Click here to RUN the code in Maximaonline. Yamwi output:

https://net124.reltub.ca/yamwi/index.php?c=lojj10hc4zlnhocxoglcw&n=23&mode=3&max=--
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Figure 14:
Pythagoras’ theorem in rectangular triangle△(ds, dr, r ·dθ)
says ds2 = dr2 + (r · dθ)2, ergo we get the line element
ds =

√
dr2 + (r · dθ)2 as infinitesimal length, [16, p.500].

ad c. 17

”Consider now ordinary 2D polar coordinates. Let us set up an orthonor-
mal frame at (r, ϕ), so that its x-axis points in the r-direction and the y-axis
is perpendicular to it. Now consider the polar coordinate components of an
infinitesimal displacement vector dv = (dr, dϕ) evaluated at (r, ϕ). In the
orthonormal frame itself, the coordinates of this same infinitesimal displace-
ment vector are dv = (dr, r · dϕ), cf. fig.14. What are the components of
this vector in a global Cartesian coordinate system (x, y)? They would be
(dr · cosϕ− dϕ · sinϕ, dr · sinϕ+ dϕ · cosϕ), a plain rotation!”

Let’s do it in Maxima with package ctensor.

fpprintprec: 5; /* Show only 5 significant digits */

postfix("^t")$ "^t"(x) := transpose(x)$ /*1 */

load(ctensor)$

cframe_flag : true$

ct_coordsys(polar)$

cmetric();

dv : [dr, r*diff(phi)]^t; /* 2 */

trigsimp(fr); /* 3 */

trigsimp(fr . dv); /* 4 */

▷ Click here to RUN the code.

Comment. In 1: we define local a transpose operator ..t to make writing of column vectors
easier. 2: defines the line element ds2 = 1 · dr2 + r2 · dϕ2 in polar coordinates in vector
representation. We transpose this vector for reasons of mathematical correctness, although
Maxima would allow to write dv : [dr, r∗dϕ]. 3: calls ‘fr‘ which represents the contravariant

17following the message of V. Toth in 59309247

https://net124.reltub.ca/yamwi/index.php?c=lojj10hc4zlnhocxoglcw&n=26&mode=3&max=ZnBwcmludHByZWM6IDU7ICAgICAgCnBvc3RmaXgoIl50IikkICJedCIoeCkgOj0gdHJhbnNwb3NlKHgpJCAKbG9hZChjdGVuc29yKSQKY2ZyYW1lX2ZsYWcgOiB0cnVlJApjdF9jb29yZHN5cyhwb2xhcikkCmNtZXRyaWMoKTsKZHYgOiBbZHIsIHIqZGlmZihwaGkpXV50OyAgICAgICAgICAgICAgIAp0cmlnc2ltcChmcik7ICAgICAgICAgICAgICAgICAgICAgCnRyaWdzaW1wKGZyLmR2KTsgICAgICAgICAgICAgICAgIAo- 
https://sourceforge.net/p/maxima/mailman/message/59309247/
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Cartesian coordinate components of the set of basis vectors, aligned with polar coordinates
in the Euclidean plane. We can see that one basis vector in a background Cartesian frame
is (cosϕ, sinϕ) and the other is (−1

r
sinϕ, 1

r
cosϕ). In 4: the transformation is done, cf. 1st.

Yamwi output:

Exercise 9. (components of a contravariant resp. covariant vector)
Do the following three exercises from the book of E. Kreyszig [9, p.129]
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5.3.3 Example: the gradient ∇f transforms covariantly

Imagine a square hotplate U ⊂ IR2 where you can measure the corresponding temperature
value f(x, y) at each point (x, y) with a function f : U → IR2.
Then we define the gradient grad(f) ≡ ∇f of the function f by

grad(f) := ∇f := (
∂f

∂x
,
∂f

∂y
) =

∂f

∂x
· Ex +

∂f

∂y
· Ex (5.1)

with the Cartesian basis Ex :=
[
1
0

]
, Ey :=

[
0
1

]
.

Figure 15:
⃝: the graph (level surface) of f(x, y) = 8 for

f(x, y) = x2 − 2xy + 5y2 + 3x− 2y + 3 in IR2.
∇f : the grad(1,1)f = ∇f(1, 1) = (3, 6) at point (1, 1).

Exercise 10. Verify the calculation in fig. 1518 and determine ∇(x,y)f , i.e. in short ∇f .
Solution: ▷ Click here to SEE the solution.

We want to show that the gradient vector ∇f , viewed as a tensor, transforms covariantly
from one coordinate system to another. To see, what this means, we start abstract this time
and transform the gradient from unprimed coordinates x1, x2 to primed x̄1, x̄2 coordinates.
If we introduce the new coordinates using the position vector R(x1, x2) := (x̄1, x̄2), we have
x̄1 ≡ x̄1(x1, x2) and x̄2 ≡ x̄2(x1, x2), and therefore make the dependence of x̄1 resp. x̄1

from x1 and x2 explicit. Now we can use the chain rule to calculate the gradient w.r.t the
new coordinates. We take the same steps as in §5.3.2. Remember: the notation x2 means
the second coordinate of x = (x1, x2), not the square of x!

1. because x̄1 depends on x1 and x2 etc.

∂f

∂x̄1
=

∂f

∂x1
· ∂x

1

∂x̄1
+

∂f

∂x2
· ∂x

2

∂x̄1

∂f

∂x̄2
=

∂f

∂x1
· ∂x

1

∂x̄2
+

∂f

∂x2
· ∂x

2

∂x̄2

18Figure from LibreTexts, Ex.14.6.4

https://net124.reltub.ca/yamwi/index.php?c=lojj10hc4zlnhocxoglcw&n=2&mode=2&max= 
https://math.libretexts.org/Bookshelves/Calculus/Calculus_(OpenStax)
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2. write as matrix equation using row notation for covariant vectors

[ ∂f
∂x̄1 ,

∂f
∂x̄2 ] = [ ∂f

∂x1 ,
∂f
∂x2 ] •

[
∂x1

∂x̄1
∂x1

∂x̄2

∂x2

∂x̄1
∂x2

∂x̄2

]
3. or write both equations of 1. as a sum

∂f

∂x̄1
=

2∑
k=1

∂f

∂xk
· ∂x

k

∂x̄1
,

∂f

∂x̄2
=

2∑
k=1

∂f

∂xk
· ∂x

k

∂x̄2

4. write both equations in 3. as one term with free index j = 1..2

∂f

∂x̄j
=

2∑
k=1

∂f

∂xk
· ∂x

k

∂x̄j

5. write even more compact using Einstein summation convention

∂f

∂x̄j
=

∂f

∂xk
· ∂x

k

∂x̄j

6. write the transformation formula 5. as abstract pattern using T̄j :=
∂f
∂x̄j and Tj :=

∂f
∂xj

T̄j =
∂xk

∂x̄j
· Tj

• Note: in 6. are the coordinate transformation equations for the components of a covari-
ant vector, where Tj are the components of the tensor (vector) in the original coordinate
system xj and T̄j are the components of the same tensor (vector) expressed in the new
coordinate system x̄j.
• Note also, in this case the transformation matrix (∂x

k

∂x̄j ) is the inverse of the transforma-

tion matrix of the line element in ( ∂x̄
j

∂xk ) in §5.3.2-6.! Hence in this case the weighting factors
are the components of the contravariant basis vectors, which means that the components
of the gradient vector transform as covariant components.
◦ Therefore many authors define the covariant components of a vector as components
that transform according to equation 6.

Task : Let f(x, y) = x2 − 2xy + 5y2 + 3x− 2y + 3 in IR2 be the function to be used.
Redo the discussion using Maxima for the transformations (x, y) 7→ (r, θ) resp.
(x, y)← (r, θ) and calculate the gradient of f in both coordinate systems.
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Solution:

1st To calculate gradients and Jacobians of f , we could do, e.g., this:

f(x,y) := x^2-2*x*y+5*y^2+3*x-2*y+3;

(" grad of f in Cartesian coords ")$

E : [x, y]; /* Cartesian coordinates */

gradf : [diff( f(x,y), E[1]), diff( f(x,y), E[2])];

/* or equivalent using makelist() */

gradf : makelist( diff( f(x,y), E[i]), i,1,2);

(" Jacobian of f in polar coords ")$

/*-- contributed by Viktor Toth --*/

U : [r, th]; /* polar coords: r, theta */

assume( r > 0 );

J1 : apply(matrix, makelist( makelist( /*1:*/

diff( ev(U[j], r=sqrt(x^2+y^2), th=atan2(y,x)), E[i]), /*2:*/

i,1,2), j,1,2)); /*3:*/

J2 : apply(matrix,makelist(makelist(

diff( ev( E[j], x=r*cos(th), y=r*sin(th)), U[i]), /*4:*/

i,1,2), j,1,2));

J1.J2, x^2+y^2=r^2, sin(th)=y/r, cos(th)=x/r, factor, eval; /*5:*/

/* proving that J1 and J2 are inverses */

define( funmake(f1, [r,th]), ev( f(x,y), x=r*cos(th), y=r*sin(th)));/ *6:*/

/* proving that gradf1 is the transformed gradf */

gradf1: makelist( diff( f1(r,th), U[i]),i,1,2);

(gradf . J2)[1] - gradf1, x=r*cos(th), y=r*sin(th), trigsimp, radcan;/*7:*/

Comment. In 1: we apply the matrix constructor on a double list (3:), which holds
the individual elements of the Jacobi matrix of f . Each entry is the the ev()aluation
of the polar coordinate Uj (where r and Θ are substituted with x′s and y′s!) and the
result diff()erentated w.r.t the Cartesian coordinate Ei. Sigh. This is a clever construct!
In 4: we do the same procedure: substitute x and y in Ej by r and Θ and then differ-
entiate the result w.r.t the ith polar coordinate Ui. 5: calculates the matrix product of
the two jacobian’s using three substitutions, factors and evaluates the result. 6: invokes
fun(ction)make to rewrite function f using polar coordinates. In line 7: we check the polar
transformed gradient of function f and the new calculated gradient gradf1 for equality,
i.e. if their difference is zero.

▷ Click here to RUN the code in Maximaonline.

https://net124.reltub.ca/yamwi/index.php?c=lojj10hc4zlnhocxoglcw&n=1&mode=4&max=--
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Yamwi output:

2nd Note that we used explicit formulas in step 1st but we could have used the built-in
‘jacobian‘ function to calculate the transformation matrices:

/*-- contributed by Viktor Toth --*/

E : [x, y]; /* Cartesian coordinates: x,y */

U : [r, th]; /* polar coordinates: r, theta */

assume( r > 0 );

J1 : jacobian( ev(U, r=sqrt(x^2+y^2), th=atan2(y,x)), E); /*1*/

J2 : jacobian( ev(E, x=r*cos(th), y =r*sin(th)), U); /*2*/

Comment. In 1: we construct the transformation matrix J1 :
polar

U 7→
Cartesian

E using the
jacobian function of Maxima. In 2: we reverse the process:

J2 :
cartesian

E 7→
polar

U

▷ Click here to run the code in Maximaonline.

https://net124.reltub.ca/yamwi/index.php?c=lojj10hc4zlnhocxoglcw&n=1&mode=2&max=LyotLSBjb250cmlidXRlZCBieSBWaWt0b3IgVG90aCAtLSovCkUgOiBbeCwgeV07ICAgICAgICAgIC8qIENhcnRlc2lhbiBjb29yZGluYXRlczogeCx5ICAgKi8KVSA6IFtyLCB0aF07ICAgICAgICAgLyogcG9sYXIgY29vcmRpbmF0ZXM6ICByLCB0aGV0YSAqLwphc3N1bWUoIHIgPiAwICk7CgpKMSA6IGphY29iaWFuKCBldihVLCByPXNxcnQoeF4yK3leMiksIHRoPWF0YW4yKHkseCkpLCBFKTsgICAgICAgICAgLyoxKi8gCkoyIDogamFjb2JpYW4oIGV2KEUsIHg9cipjb3ModGgpLCB5PXIqc2luKHRoKSksIFUpOyAgICAgICAgICAgICAgIC8qMiovIAo-
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Yamwi output:

3rd As a surplus we demonstrate how to use the function cograd() of package ctensor
to calculate the gradient of f .

/*-- contributed by Viktor Toth --*/

load(ctensor);

ct_coordsys(cartesian2d);

f(x,y) := x^2-2*x*y+5*y^2+3*x-2*y+3;

gradf : [0,0]; /* preinitialize gradf, so it’s treated as a proper list */

cograd( f(x,y), gradf );

gradf;

subst([x=1,y=1], gradf);

▷ Info about cograd.
▷ Click here to run the code in Maximaonline.

Yamwi output:

https://maxima.sourceforge.io/docs/manual/de/maxima_127.html#index-cograd
https://net124.reltub.ca/yamwi/index.php?c=lojj10hc4zlnhocxoglcw&n=3&mode=4&max=LyotLSBjb250cmlidXRlZCBieSBWaWt0b3IgVG90aCAtLSovCmxvYWQoY3RlbnNvcik7CmN0X2Nvb3Jkc3lzKGNhcnRlc2lhbjJkKTsKZih4LHkpIDo9IHheMi0yKngqeSs1KnleMiszKngtMip5KzM7CmdyYWRmIDogWzAsMF07ICAgLyogcHJlaW5pdGlhbGl6ZSBncmFkZiwgc28gaXQncyB0cmVhdGVkIGFzIGEgcHJvcGVyIGxpc3QgKi8KY29ncmFkKCBmKHgseSksIGdyYWRmICk7CmdyYWRmOwpzdWJzdChbeD0xLCB5PTFdLCBncmFkZik7Cg--
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Exercise 11. (the velocity vector of a curve in polar coordinates)
Let y = x2 alias C(t) := (t, t2) be the curve (’parabola’) in the Cartesian plane IR2.

a. Show, that C(t) has the equation c(Θ) = ( sin(Θ)
cos(Θ)2

,Θ) in polar coordinates.

Remember, both curves C(t) and c(Θ) parameterize the same set (’manifold’).

b. Verify: the Cartesian point (x = 1, y = 1) is the same point as (r =
√
2, θ = π

4
) in

polar coordinates.

c. Calculate and verify in the figure: the velocity vector v at (1, 1)|cartesian is (1, 2)|cartesian,
i. e. in the Cartesian basis Ex :=

[
1
0

]
, Ey :=

[
0
1

]
we have P = 1 · Ex + 1 · Ey and

v = 1 · Ex + 2 · Ey.

What are the polar coordinates of v? Check your result at the picture.

Figure 16:

⊙: the polar coordinates aligned in the Euclidean plane.

•: the Cartesian point (1, 1)
polar7→ (

√
2, π4 ) (brown ring)

⌣: the Cartesian curve y = x2 on [0, 2].

⌣: the polar curve c(Θ) = ( sin(Θ)
cos(Θ)2

,Θ) on [0, 2π].
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6 Kronecker delta tensor δji

In Linear Algebra, theKronecker delta (named after LeopoldKronecker) is a function
of two variables (’indices’), usually non-negative integers. This function has value 1 if the
inputs are equal, and 0 otherwise. It is not a tensor. In contrast, the Kronecker delta
tensor of the Maxima package itensor is a true tensor.

6.1 Definition: δji

The Kronecker delta tensor of Tensor Calculus is defined by

δji :=

{
0 if i ̸= j,

1 if i = j.
(6.1)

= kdelta([i], [j]) name in itensor package (6.2)

Remark.

1. kdelta(L1, L2) is the generalized Kronecker delta tensor defined in the itensor

package with L1 the list of covariant indices and L2 the list of contravariant indices.
In particular δji is a tensor, but δij is not. For a proof cf. [7, 82], ”which shows that
the values of the Kronecker delta symbol in different coordinate systems relate by
the same tensor rule.”

2. The Kronecker delta function of Linear Algebra is defined by

δij :=

{
0 if i ̸= j,

1 if i = j.
(6.3)

= kron delta(i, j) in Linear Algebra package (6.4)

In Maxima, this function δij is named kron delta.
This δij is not a tensor and should not be used in the context of Tensor Calculus.

3. To sum up: We have two versions of the Kronecker δ symbol in Maxima, a
function and a tensor:

LEXICON Math Maxima
Kronecker δ function δi,j kron delta(i,j)

Kronecker δ tensor δba kdelta([a],[b])

• In the following we will exclusively use kdelta([a],[b]) because it acts also as the
generalized version of the Kronecker δ tensor.

4. δji is the identity transformation that transforms a vector into itself. That is a
coordinate-free statement: the components of the Kronecker delta remain the
same in every coordinate system. The Kronecker delta δji always has the same
number of upstairs and downstairs indices, and so respects the transformation rules.
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Example 7. (some checks of δji vs. δij)

("delta is the Kronecker delta function of Linear Algebra")$

delta(i,j) := kron_delta(i,j)$

delta(2,2);

delta(1,2);

("kdelta is the Kronecker delta with special contraction properties")$

load(itensor)$

dim : 3;

ishow(kdelta([a],[b]))$

ishow(kdelta([2],[2]))$

ishow(kdelta([1],[2]))$

ishow(kdelta([a,b],[c,d]))$

▷ Click here to RUN the code.

Yamwi output:

Comment. In Line (%i8) and (%i9) we test the tensor kdelta of itensor package on the
input pair (2, 2) and on the pair (1, 2). In (%i10) we calculate δcdab and verify the relation
δcdab = δca · δdb − δda · δcb in (%o10), i.e. the generalized Kronecker delta tensor δcdab is reduced
to the ’original single’ delta tensor of definition (6.2).

Remark.
1. Considered as a type (1,1) tensor, the Kronecker tensor is written as δji , with one
covariant index i and contravariant index j. We say: δji is a rank-2 mixed tensor.
2. SageMath distinguishes also between a function and a tensor, both noted by δij.
◦ For symbolic calculations, SageMath use the kronecker delta function:

print(kronecker_delta(1, 2)) # Output: 0

◦ For calculations in tensor modules KroneckerDelta is used, see Sage:

from sage.tensor.modules.comp import KroneckerDelta

V = VectorSpace(QQ,2); d = KroneckerDelta(QQ, V.basis()) ;

d[:]; [1 0]

[0 1]

https://net124.reltub.ca/yamwi/index.php?c=lojj10hc4zlnhocxoglcw&n=14&mode=2&max=ZGVsdGEoaSxqKSA6PSBrcm9uX2RlbHRhKGksaikkCiAgCmRlbHRhKDIsMik7CmRlbHRhKDEsMik7CgooImtkZWx0YSBpcyB0aGUgS3JvbmVja2VyIGRlbHRhIHdpdGggc3BlY2lhbCBjb250cmFjdGlvbiBwcm9wZXJ0aWVzIikkCmxvYWQoaXRlbnNvcikkCmRpbTozOwppc2hvdyhrZGVsdGEoW2FdLFtiXSkpJAppc2hvdyhrZGVsdGEoWzJdLFsyXSkpJAppc2hvdyhrZGVsdGEoWzFdLFsyXSkpJAppc2hvdyhrZGVsdGEoW2EsYl0sW2MsZF0pKSQ-
https://doc.sagemath.org/html/en/reference/tensor_free_modules/sage/tensor/modules/comp.html
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Example 8. (some uses of δji )
For concreteness let’s assume 3D space; any index runs over the three dimensions. We use
Cartesian coordinates x, y, z or more general x1, x2, x3. The indices varies through 1, 2, 3.

a. What is ∂xi

∂xj ?

b. What gives Aiδ
i
j = Aj?

c. What means Ai
jB

j
k = δik ?

d. δjiA
j
i =?

e. δii =?

Answer :

a: δji , because different independents xi have no dependence on each other.

b: Aiδ
i
j
Einstein

=
∑3

i=1Aiδ
i
j, where j = 1, 2, 3 is free.

So we have 3 equations incorporated in this single tensorial term:

A1δ
1
1 + A2δ

2
1 + A3δ

3
1 = A1

A1δ
2
1 + A2δ

2
2 + A3δ

3
2 = A2

A1δ
3
1 + A2δ

3
2 + A3δ

3
3 = A3

c: A and B are inverse matrices, i.e. A.B = E.

d: Ai
i, which is a ’contraction’ i.e. a renaming to make a common lower and upper index

which we then sum over.

e: 3, because we assumed 3 as dimension of the space, therefore we have:

δii
Einstein

=
∑3

i=1 δ
i
i = δ11 + δ22 + δ33 = 1 + 1 + 1 = 3
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Example 9. (δji is a true tensor)
To prove: δji with one upper and one lower index is a rank-2 mixed tensor.

Proof : From Collier [5, p.143].
Let (x1, .., xn) be the original ’old’ coordinate system and (y1, .., yn) the primed ’new’ one.
Using index notation we have to verify the tensor property for the transform of the partial
derivatives, i.e. δji should transform according to

δ̄ℓk =
∂yℓ

∂xj
· ∂x

i

∂yk
· δji

We have

δ̄ℓk =
∂yℓ

∂xj
· ∂x

i

∂yk
· δji

1
=

∂yℓ

∂xj
· ∂x

j

∂yk

2
=

∂yℓ

∂yk

= δℓk

1: the right-hand side Kronecker delta relabels the i index as j.
2: the primed new coordinates are independent of each other.

Comment. In this proof we realize that the Kronecker delta tensor δℓk is used as a
relabeling of indices and therefore simplifying tensorial expressions.
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6.2 Example: The case of the Scalar product of Vectors

The inner product (aka scalar product) of vectors in Linear Algebra is often written using
the symbol δij (as function, not as tensor!) as

a · b =
n∑

i=1

n∑
j=1

aiδijbj =
n∑

i=1

aibi

where i and j take the values 1, 2, ..., n and the vectors a and b are defined as arbitrary
n-tuples a = (a1, a2, . . . , an) and b = (b1, b2, ..., bn) in IRn.
We see how in the above equation the values of the Kronecker delta function δji reduce
the double summation over i and j to a single summation over i only ...

▷ But this is an abuse of the Einstein summation convention: A summation in a tensor
expression is only implicit done, when an index appears twice, once as a subscript (’lower
index’) and once as a superscript (’upper index’). This is not the case here!

Task : define a correct tensorial scalar product using e.g. Maxima’s tensor packages.
Remember, that the scalar product in Linear Algebra is defined by the Grammatrix g,
i.e. the metric tensor bythe tensorial pattern

gijA
iBj (6.5)

(instead of δijaibj), where A and B are column vectors! Herein the case gij = δij is only
correct, if the corresponding basis is orthonormal in the Euclidean space.

1st definition of the inner product using plain Maxima.

sp(g,A,B) := sum(sum( g[i][j]*A[i]*B[j], j,1,length(g)),i,1,length(g))[1];

g : [[1,0,0],[0,1,0],[0,0,1]];

A : transpose([a1,a2,a3]);

B : transpose([b1,b2,b3]);

sp(g,A,B);

▷ Click here to RUN the code.
Yamwi output:

https://net124.reltub.ca/yamwi/index.php?c=lojj10hc4zlnhocxoglcw&n=1&mode=2&max=c3AoZyxBLEIpIDo9ICBzdW0oIHN1bSAoIGdbaV1bal0gKiBBW2ldICogQltqXSwgaiwxLGxlbmd0aChnKSksIGksMSxsZW5ndGgoZykpWzFdOwoKZyA6IFtbMSwwLDBdLFswLDEsMF0sWzAsMCwxXV07CkEgOiB0cmFuc3Bvc2UoW2ExLGEyLGEzXSk7CkIgOiB0cmFuc3Bvc2UoW2IxLGIyLGIzXSk7CgpzcChnLEEsQik7Cgo-
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Comment. We implement the term gijA
iBj as g[i][j]*A[i]*B[j], defining the metric

g ”by hand”, represented as a 3-by-3-matrix and use the size19 of the metric g tensor
explicitly in the summation. So the definition is independent of the dimension of the
space. The double sum resembles the Linear Algebra definition for the scalar product in
Cartesian vector space IR3 from the beginning. Function sp() expects as arguments the
metric g and two column vectors - therefore we transpose the lists for A and B.

2nd definition of the inner product using ctensor.

We will use ctensor, which works only after a specific coordinate system is choosen. Then
we may do ordinary matrix-vector multiplication a la ” ·□· |⇝ · |⇝ •” to calculate the
inner product:

load(ctensor);

ct_coordsys(cartesian3d);

A : [a1,a2,a3];

B : [b1,b2,b3];

A.lg.transpose(B);

Comment. by V. Toth: ’the catch: strictly for convenience, the metric g = lg is rep-
resented using a matrix, which would imply a mixed-rank tensor, which the metric most
specifically isn’t. But, well, let’s go along with it, change one row index into a column
index, which means changing a column index into a row index, breaking the representa-
tional rule that rows and columns correspond to covariant vs. contravariant quantities,
just so that we can then do this’ for the inner product: A · lg · transpose(B), which realizes
gijA

iBj.

▷ Click here to RUN the code.

Yamwi output:

Exercise 12. Write a Maxima function sp() based on expression (%i5).

19the length(g) of a matrix is the number of the rows

https://net124.reltub.ca/yamwi/index.php?c=lojj10hc4zlnhocxoglcw&n=2&mode=2&max=bG9hZChjdGVuc29yKTsKY3RfY29vcmRzeXMoY2FydGVzaWFuM2QpOwpBOlthMSxhMixhM107CkI6W2IxLGIyLGIzXTsKQS5sZy50cmFuc3Bvc2UoQik7Cg--
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3rd definition of the inner product using i/c/tensor.

The following code and the insightful inline comments are contributed by V. Toth20.
Let’s listen to his explanations:

load(itensor);

imetric(g); /* 1: */

/* I do _not_ want to carry out the inner product using abstract

* indices. I want the _unevaluated_ inner product expression.

* Moreover, I want it to be in a form that ‘ic_convert‘ can

* process that is, an assignment: */

ishow(c = g([i,j],[]) * A([],[i]) * B([],[j]) )$ /* 2: */

sp : ic_convert(%); /* 3: */

/* Now I can move to ‘ctensor‘ and define a coordinate reference

* frame explicitly, e.g. specifying our coordinate basis,

* our dimensionality, our metric: */

load(ctensor);

dim : 3;

ct_coords : [x,y,z];

lg : ident(3);

/* And _now_ we can do this: */

A : [a1,a2,a3];

B : [b1,b2,b3];

sp, eval;

Comment. In 1: the variable imetric is bound to the metric g, assigned by the imetric(g)
command. We define the term gijA

iBj in 2: as g([i,j],[]) * A([],[i]) * B([],[j]).
ishow displays this inner product expression as correct indexed object, having their co-
variant indices as subscripts and contravariant indices as superscripts. In 3: the variable
‘sp‘ now contains the indexed expression for the inner product in value ‘c‘, converted by
the function ic convert to an object, which can be further processed by ctensor.
Remember: the system variable % catch the last expression, i.e. the equation in line 2:.
Note: the variable c in 2: is a scalar value (number), which is in accordance with the real
valued scalar product feature sp : IR3 × IR3 → IR1.

▷ Click here to RUN the code.

Yamwi output:

20following a Socratic email lesson with him about the construction of the inner product with the
itensor package. I owe Viktor Toth important and insightful advice here, as always. So I share his expert
knowledge w.r.t. the tensor packages with great respect.

https://net124.reltub.ca/yamwi/index.php?c=gfz1o3uo5ssh2pvvlrl2b&n=1&mode=2&max=LyogY29udGlidXRlZCBieSBWLiBUb3RoICovCmxvYWQoY3RlbnNvcik7CmxvYWQoaXRlbnNvcik7CmltZXRyaWMoZyk7CmlzaG93KCBnKFtpLGpdLFtdKSAqIEEoW10sW2ldKSAqIEIoW10sW2pdKSApJApzcCA6IGljX2NvbnZlcnQoYz0lKTsKZGltIDogMzsKY3RfY29vcmRzIDogW3gseSx6XTsKbGcgOiBpZGVudCgzKTsKQSA6IFthMSxhMixhM107CkIgOiBbYjEsYjIsYjNdOwpzcCwgZXZhbDs-
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4th Here is an abstraction of the above procedure to a function:

/*-- contributed by V. Toth --*/

/* Or maybe you want a functional form of ‘sp‘.

* Let’s take a step back to how ‘sp‘ is defined

* and do instead this: */

load(ctensor);

load(itensor);

imetric(g);

ct_coordsys( cartesian3d ); /* sets dim=3, ct_coords[..] and lg */

ishow( c = g([i,j],[]) * A([],[i]) * B([],[j]))$

define( sp(A,B), rhs( ic_convert(%)) );

sp( [a1,a2,a3], [b1,b2,b3] );

▷ Click here to RUN the code.
Yamwi output:

https://net124.reltub.ca/yamwi/index.php?c=t32ns0utqxth210wvie3k&n=2&mode=2&max=LyogY29udGlidXRlZCBieSBWLiBUb3RoICovCmxvYWQoY3RlbnNvcik7CmxvYWQoaXRlbnNvcik7CmltZXRyaWMoZyk7CmN0X2Nvb3Jkc3lzKGNhcnRlc2lhbjNkKTsgIC8qIFNldHMgZGltPTMsIGN0X2Nvb3Jkc1tdIGFuZCBsZyAqLwppc2hvdyhnKFtpLGpdLFtdKSpBKFtdLFtpXSkqQihbXSxbal0pKSQKZGVmaW5lKCBzcChBLEIpLCByaHMoIGljX2NvbnZlcnQoYz0lKSkgKTsKc3AoW2ExLGEyLGEzXSxbYjEsYjIsYjNdKTsK
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• To recap:

INNER PRODUCT sp() Tensor Math realization in i/c/tensor syntax

1st : gijA
iBj g([i][j])*A[i]*B[j]

2nd : A . g . transpose(B)

3rd : g([i,j],[]) * A([],[i]) * B([],[j])

Only the 3rd version is the fully correct realization of the inner product in the tensorial
setting of the packages c/itensor.

♡ We end this section with

δii ≡
3∑

i=1

δii in IR3

↓ contract

↓ i.e. sum

3

the Einstein summation convention applied. ♡
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7 permutation symbol ε

The permutation symbol (alias Levi-Civita symbol) is a multi-index function sometimes
also called the alternating tensor or the signature. There are several common notations
for the symbol: some authors uses the Greek epsilon character ϵijk, others uses the curly
variant εijk or the Latin lower case eijk. We will use the latter, because we will follow
Grinfeld and reserve the Greek epsilon notation for the Levi-Civita symbol, cf. [7,
p.134]. The permutation symbol is heavily used to define advanced tensorial objects such
as the determinant, the curl or the cross product of vectors, cf. [46].

7.1 Definition

In two dimensions, the permutation symbol eij is defined by:

eij :=


+1 if (i, j) = (1, 2)

−1 if (i, j) = (2, 1)

0 if i = j

(7.1)

• In three dimensions, the permutation symbol is defined by:

eijk :=


+1 if (i, j, k) is (1, 2, 3), (2, 3, 1), or (3, 1, 2),

−1 if (i, j, k) is (3, 2, 1), (1, 3, 2), or (2, 1, 3),

0 if i = j, or j = k, or k = i

• In four dimensions (and also in 2D or 3D), the permutation symbol is defined by:

eijkl :=


+1 if (i, j, k, l) is an even permutation of (1, 2, 3, 4)

−1 if (i, j, k, l) is an odd permutation of (1, 2, 3, 4)

0 otherwise

• In arbitrary dimension the permutation (or Levi-Civita) symbol eijk... is defined in the
itensor package of Maxima by the function levi civita()

load(itensor);
levi civita(L);

which yields 1 if the list L consists of an even permutation of integers, -1 if it consists of
an odd permutation, and 0 if some indices in L are repeated.

Remark.

LEXICON Math Maxima itensor

permutation symbol : eijk... eijk or Eijk levi civita()
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7.2 Examples

To get a feeling of the construction of the levi-civita symbol eijk... we discuss some special
cases.

7.2.1 ... the two dimensional permutation symbol eij

/* permutation ’tensor’ as function Eij */

Eij(i,j) := j-i;

Eij(1,2);

Eij(1,1);

/* permutation ’tensor’ as table eij */

eij[i,j] := j-i ;

genmatrix (eij, 2, 2);

eij[1,2]; /*-- result on index pair (1,2) */

Yamwi output:

▷ Click here to run the script.

Exercise 13. Define function Eij(i,j) using the math definition for eij from (7.1).

7.2.2 ... the three dimensional permutation symbol eijk

We use the 1st bullet part of §7.1 for an explicit definition and check the first test also
with itensor’s levi-civita symbol.

/* 4-dim permutation symbol as function, i.e.

* eijk is 1 if (i,j,k) is an even permutation of (1,2,3),

* -1 if (i,j,k) is an odd permutation of (1,2,3),

* 0 if any index is repeated. */

https://net124.reltub.ca/yamwi/index.php?c=kotyuoqclrel3wwnfv26x&n=15&mode=2&max=LyogcGVybXV0YXRpb24gYXMgZnVuY3Rpb24gKi8KRWlqKGksaikgOj0gai1pOwpFaWooMSwyKTsKRWlqKDEsMSk7CgovKiBwZXJtdXRhdGlvbiBhcyB0YWJsZSAqLwplaWpbaSxqXSA6PSBqLWkgOwpnZW5tYXRyaXggKGVpaiwgMiwgMik7CmVpalsxLDJdOyAgICAgLyotLSByZXN1bHQgb24gaW5kZXggcGFpciAoMSwyKSAqLwo- 
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Eijk(i,j,k) :=

if is([i,j,k]=[1,2,3]) or is([i,j,k]=[2,3,1])

or is([i,j,k]=[3,1,2]) then +1

elseif is([i,j,k]=[3,2,1]) or is([i,j,k]=[1,3,2])

or is([i,j,k]=[2,1,3]) then -1

elseif is(i=j) or is(j=k) or is(k=i) then 0 $

Eijk(1,2,3);

Eijk(2,1,3);

Eijk(2,2,1);

load(itensor);

ishow(levi_civita ([1,2,3]));

▷ Click here to run the script.
Yamwi output:

◦ Now a version with table access using a permutation term:

load(ctensor);

dim:3;

for i thru dim do

for j thru dim do

for k thru dim do eijk[i,j,k] : (j-i)*(k-i)*(k-j)/2;

eijk[1,2,1];

eijk[1,2,3] + eijk[2,1,3];

eijk[1,2,3] * eijk[2,3,1];

cdisplay(eijk);

Comment. We use ctensor, because it is not possible to use genmatrix(), which works
only for 2-dim matrices and the use of array() seems to cumbersome, see §5.2.

https://net124.reltub.ca/yamwi/index.php?c=1rea4hcq0k5zt1zvlrshm&n=28&mode=2&max=-


7 PERMUTATION SYMBOL ε 66

Yamwi output:

▷ Click here to run the script.

Remark. The Maxima output of tensor eijk is verified by this visualization:

Figure 17: 3D image of eijk with 3 layered matrix components, [46].

Exercise 14. Define function Eijk(i,j,k) using the defining term (j-i)*(k-i)*(k-j)/2.
Argue for the correctness of the formula and test it on some examples e.g. eijk(3,2,1)=-1.

Exercise 15. Here is a skeleton to define eijk explicit using only the 6 values that are
not equal zero.

eijk = zero(3,3,3)

eijk[1,2,3] = 1

eijk[2,3,1] = 1

eijk[3,1,2] = 1

eijk[3,2,1] = -1

eijk[1,3,2] = -1

eijk[2,1,3] = -1

eijk -- show the tensor

Explain. Realize the construction in Maxima.

https://net124.reltub.ca/yamwi/index.php?c=0ig10yhg1bdsecn4i4nxg&n=25&mode=2&max=bG9hZChjdGVuc29yKTsKZGltOjM7CmZvciBpIHRocnUgZGltIGRvIAogICAgICBmb3IgaiB0aHJ1IGRpbSBkbyAKICAgICAgICAgICAgZm9yIGsgdGhydSBkaW0gZG8gICBlaWprIFtpLCBqLGtdIDogKGotaSkqKGstaSkqKGstaikvMjsKICAgICAgICAgIAplaWprIFsxLDIsMV07CmVpamtbMSwyLDNdICsgZWlqa1syLDEsM107CmVpamtbMSwyLDNdICogZWlqa1syLDMsMV07CgpjZGlzcGxheShlaWprKTs-
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7.2.3 ... the 4D permutation symbol eijkl

In what follows we will not use more than the 4 dimensional version of the permutation
symbol:

Task :

a. Implement the 4D permutation symbol eijkl as table using the formula

eijkℓ[i, j, k, l] = (i− j) ∗ (i− k) ∗ (i− l) ∗ (j − k) ∗ (j − l) ∗ (k − l)/12

b. Implement the 4D permutation symbol Eijkl as function using the formula from a.
Check, if e.g. Eijkℓ(3, 4, 2, 1) = −1.

c. Define the 4D permutation symbol eijkl in Maxima using the ’exercise 15’-way,
i.e. use a table of just enough prescribed values at quadruple index positions.

d. Define the 4D permutation symbol eijkl in Maxima using the build-in function
levi civita() from tensor package itensor.

7.2.4 a reconstruction of the levi civita tensor

We now show a general procedure to calculate the levi civita tensor using the determi-
nant of permutated columns of the unit matrix, cf. ▷εi1i2.. . Here is the idea in IR3:1 0 0

0 1 0
0 0 1

 231−→

0 0 1
1 0 0
0 1 0

 det−→ 1 −→ ε231 = levi civita([2, 3, 1])

Starting with the unit matrix U , pick their columns 2, 3 and 1 in this sequence, build with
these columns a new matrix, get their determinant - and that’s the value of ε231.

Here is this process in Maxima:

https://de.wikipedia.org/wiki/Levi-Civita-Symbol#Zusammenhang_mit_der_Determinante
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U : ident (3);

eijk(i,j,k) := determinant( matrix(U[i],U[j],U[k]) );

eijk(2,3,1);

Yamwi output:
1

Exercise 16. Redo exercise 7.2.3.b using the above procedure.

♡ The last exercise should convince you of the magnificent cool suitability of Maxima for
doing tensor calculus without pain - and to present tensors visually to inspect their action.



7 PERMUTATION SYMBOL ε 69

7.3 Applications

As a proof of concept we show how the mathematical concepts of the determinant of a
square matrix, the cross product of two vectors and the curl of a vector field can be defined
and calculated using tensor technics with Maxima.

7.3.1 The Determinant

If A = (aij) ∈ IRn×n is a n-by-n square matrix, the determinant is defined and calculated
through the so-called Leibniz formula using sigma notation21,

det(A) =
∑
σ∈Sn

sgn(σ)a1,σ1 · · · an,σn

Using ’
∏
’ notation, this is in short det(A) =

∑
σ∈Sn

(
sgn(σ)

∏n
i=1 ai,σ(i)

)
.

Written with the permutation symbol, the Leibniz formula is

det(A) =
∑

i1,i2,...,in

εi1···ina1,i1 · · · an,in (7.2)

where the sum is taken over all n-tuples of integers from {1, . . . , n}.

This is a horrible formula, which no one really wants to compute this way by paper’n
pencil. So let’s do Maxima the work for us.

For the special case of a 3× 3 matrix A we have for det : IR3×3 → IR1

det(A) =
3∑

i=1

3∑
j=1

3∑
k=1

εijka1ia2ja3k (7.3)

Here the permutation symbol εijk acts as a filter, which sort out the proper ones of the
whole 27 summands. Let’s realize this in Maxima in three different ways.

1st definition of 3-by-3 determinant using Leibniz formula and plain Maxima.
We use our self-made permutation symbol Eijk and do the three sum’s in (7.3) explicit.

A : matrix([1,2,3],[4,5,6],[7,8,8]); /* a 3-by-3 matrix */

Eijk(i,j,k) := (j-i)*(k-i)*(k-j)/2; /* permutation symbol as function */

Det(M) := sum(sum(sum( Eijk(i,j,k)*M[1,i]*M[2,j]*M[3,k], /* see (7.3) */

i,1,3), j,1,3), k,1,3);

Det(A);

determinant(A); /* check with build-in det-function */

Maxima output: 3
▷ Click here to run the script.

21see e.g. [12]

https://net124.reltub.ca/yamwi/index.php?c=ydw52yjbo0uiqd2lpv2pw&n=11&mode=2&max=QSA6IG1hdHJpeChbMSwyLDNdLFs0LDUsNl0sWzcsOCw4XSk7IEVpamsoaSxqLGspIDo9IChqLWkpKihrLWkpKihrLWopLzI7CkRldChNKSA6PSBzdW0oc3VtKHN1bSggRWlqayhpLGosaykqTVsxLGldKk1bMixqXSpNWzMsa10sIGksMSwzKSwgaiwxLDMpLCBrLDEsMyk7CkRldChBKTsKZGV0ZXJtaW5hbnQoQSk7IA--
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2nd definition of 3-by-3 determinant using Leibniz formula and levi civita.
We use the build-in permutation symbol and do the three sum’s in (7.1) also explicit.

load(itensor)$ /* because we call levi_civita */

Det(M) := sum(sum(sum( levi_civita([i,j,k])*M[1,i]*M[2,j]*M[3,k],

i,1,3), j,1,3), k,1,3);

A : matrix([1,2,3],[4,5,6],[7,8,8]);

Det(A);

Maxima output: 3
▷ Click here to run the script.

3rd fully tensorial definition of 3-by-3 determinant;
here we have to be very precise w.r.t. using covariant and contravariant indices:

load(ctensor);

load(itensor);

imetric(g);

ct_coordsys( cartesian3d );

ishow( c = levi_civita([i,j,k],[])*A([1],[i])*A([2],[j])*A([3],[k]) )$

define( det(A), rhs( ic_convert(%) )); /* 1: */

for i thru dim do for j thru dim do for k thru dim do

for a thru dim do for b thru dim do for c thru dim do

kdelta[i,j,k, a,b,c] : kdelta([i,j,k], [a,b,c]); /* 2: */

det( matrix([1,2,3],[4,5,6],[7,8,8]) );

Yamwi output: 3

https://net124.reltub.ca/yamwi/index.php?c=ivrbuoiyhxr0iq1gyzxyz&n=12&mode=2&max=QSA6IG1hdHJpeChbMSwyLDNdLFs0LDUsNl0sWzcsOCw4XSk7ICAgICAgICAKCmxvYWQoaXRlbnNvcikkICAgICAgICAgCkRldChNKSA6PSBzdW0oc3VtKHN1bSggIGxldmlfY2l2aXRhKFtpLGosa10pKk1bMSxpXSpNWzIsal0qTVszLGtdLCAgCiAgICAgICAgICAgICAgICAgICAgICAgIGksMSwzKSwgaiwxLDMpLCBrLDEsMyk7CgpEZXQoQSk7ICA-
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Comment. 1: assigns the RHS of the defining term
∑3

i=1

∑3
j=1

∑3
k=1 εijkA

i
1A

j
2A

k
3 (re-

member the Einstein summation convention! by writing Aj
i ) to the term det(A). Now 2:

assigns numerical values to the kdelta list-indexed expression that ic convert() blindly
generates.22 The construction is analog to that in §6.2.4th.

▷ Click here to run this script.

Exercise 17. Define a Maxima function Det2 analog to the example above and calculate
the determinant of matrix A =

[
1
7
2
8

]
.

7.3.2 Cross product

Given two linearly independent vectors a and b in IR3, the cross product a× b is a vector,
that is perpendicular to both a and b, i.e. therefore perpendicular to the plane containing
them. Using column vector notation, we have the explicit defining formula for c = a× b:c1c2

c3

 =

a2b3 − a3b2
a3b1 − a1b3
a1b2 − a2b1


In any basis, the cross-product a× b is given by the tensorial formula

(a× b)k = εijka
ibj

Einstein . . . ↓ . . . expanded

(a× b)k =
3∑

i=1

3∑
j=1

εijka
ibj (7.3.2)

i.e. with the suppressed summation expanded, we get the corresponding formula for the
translation of the cross product term into Maxima itensor code. Therein εijk is the
permutation symbol levi civita([i,j,k]), which respects the positions of the indices:

1st implementation of cross product formula with levi civita.

U : ident (3);

load(itensor)$ /* because we call levi_civita */

cross(A,B) := sum(sum(sum( levi_civita([i,j,k])*U[i]*A[j]*B[k],

i,1,3), j,1,3), k,1,3);

A : [4,5,6];

B : [1,2,3];

cross(A,B);

22Note, that levi civita(() is constructed using kdelta δji terms. Therefore the need to evaluate the
kdelta terms. We will see this art of evaluation of terms often, when going from itensor to ctensor
package.

https://net124.reltub.ca/yamwi/index.php?c=t2ub41vfudolvbx45ha0j&n=17&mode=2&max=
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Maxima output: [3, -6, 3]

▷ Click here to run this script.

Exercise 18. Use our self-made permutation symbol Eijk and redo 1st to bypass the call
to itensor.

Exercise 19. If you only need the first component axb1 of the cross product of a and b,
you can do: axb1 := sum( sum( Eijk( 1 ,j,k)*a[j]*b[k] , i...).
Verify it. Use Eijk(i,j,k) from §7.3.1.1.

2st implementation of cross product formula with levi civita.
Each individual component of (7.2) is programmed as a single function crossk(M):

load(itensor)$

cross1(M) := sum(sum( levi_civita([i,j, 1 ])*M[1,i]*M[2,j], i,1,3), j,1,3);

cross2(M) := sum(sum( levi_civita([i,j, 2 ])*M[1,i]*M[2,j], i,1,3), j,1,3);

cross3(M) := sum(sum( levi_civita([i,j, 3 ])*M[1,i]*M[2,j], i,1,3), j,1,3);

cross(M) := [cross1(M), cross2(M), cross3(M)] ;

A : matrix([1,2,3],[4,5,6]);

cross(A);

Maxima output: [3, -6, 3]

▷ Click here to run this script.

Exercise 20. (∗ An Preview of contract)
The individual components crossk(A,B) of the 2nd version of cross may be programmed
fully tensorial using function contract of package itensor to do the silent summations.
Here is cross1(A,B):

load("itensor")$

ishow( c1 = levi_civita([],[i,j,1]) * A([i],[]) * B([j],[]))$

ishow( contract( expand( ev(%, kdelta))))$

define( cross1(A,B), rhs( ic_convert(%)) );

A(u,v):=A[u[1]]$

B(u,v):=B[u[1]]$

cross1( [1,2,3], [4,5,6]);

▷ Click here to run this script. 23

Then write cross2 and cross3 and now do

cross(x,y) := [cross1( [x[1],x[2],x[3]], [y[1],y[2],y[3]]),

cross2( [x[1],x[2],x[3]], [y[1],y[2],y[3]]),

cross3( [x[1],x[2],x[3]], [y[1],y[2],y[3]])];

cross([1,2,3], [4,5,6]);

23In case you want more and detailed explanation ▷1.

https://net124.reltub.ca/yamwi/index.php?c=orxy5o1c60f5wwxmu16lo&n=1&mode=2&max=VSA6IGlkZW50ICgzKTsKbG9hZChpdGVuc29yKSQgICAgICAgIApjcm9zcyhBLEIpIDo9IHN1bShzdW0oc3VtKCBsZXZpX2Npdml0YShbaSxqLGtdKSpVW2ldKkFbal0qQltrXSwKICAgICAgICAgICAgICAgICAgICAgICAgICAgaSwxLDMpLCBqLDEsMyksIGssMSwzKTsKQSA6IFs0LDUsNl07CkIgOiBbMSwyLDNdOwpjcm9zcyhBLEIpOwo-
https://net124.reltub.ca/yamwi/index.php?c=t2qy6emfakk6pnp53vp6v&n=19&mode=2&max=bG9hZChpdGVuc29yKSQgCmNyb3NzMShNKSA6PSBzdW0oc3VtKCBsZXZpX2Npdml0YShbaSxqLCAxIF0pKk1bMSxpXSpNWzIsal0sIGksMSwzKSwgaiwxLDMpOwpjcm9zczIoTSkgOj0gc3VtKHN1bSggbGV2aV9jaXZpdGEoW2ksaiwgMiBdKSpNWzEsaV0qTVsyLGpdLCBpLDEsMyksIGosMSwzKTsKY3Jvc3MzKE0pIDo9IHN1bShzdW0oIGxldmlfY2l2aXRhKFtpLGosIDMgXSkqTVsxLGldKk1bMixqXSwgaSwxLDMpLCBqLDEsMyk7Cgpjcm9zcyhNKSA6PSBbY3Jvc3MxKE0pLCBjcm9zczIoTSksICBjcm9zczMoTSldIDsKCkEgOiBtYXRyaXgoWzEsMiwzXSxbNCw1LDZdKTsKY3Jvc3MoQSk7Cg--
https://net124.reltub.ca/yamwi/index.php?c=t2qy6emfakk6pnp53vp6v&n=19&mode=2&max=bG9hZChpdGVuc29yKSQgCmNyb3NzMShNKSA6PSBzdW0oc3VtKCBsZXZpX2Npdml0YShbaSxqLCAxIF0pKk1bMSxpXSpNWzIsal0sIGksMSwzKSwgaiwxLDMpOwpjcm9zczIoTSkgOj0gc3VtKHN1bSggbGV2aV9jaXZpdGEoW2ksaiwgMiBdKSpNWzEsaV0qTVsyLGpdLCBpLDEsMyksIGosMSwzKTsKY3Jvc3MzKE0pIDo9IHN1bShzdW0oIGxldmlfY2l2aXRhKFtpLGosIDMgXSkqTVsxLGldKk1bMixqXSwgaSwxLDMpLCBqLDEsMyk7Cgpjcm9zcyhNKSA6PSBbY3Jvc3MxKE0pLCBjcm9zczIoTSksICBjcm9zczMoTSldIDsKCkEgOiBtYXRyaXgoWzEsMiwzXSxbNCw1LDZdKTsKY3Jvc3MoQSk7Cg--
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Yamwi output:

...

Comment. (%t5) shows how the levi civita symbol of line (%t4) is expressed via the
general kdelta tensor, which is then evaluated and expanded in many usual δji products.
Line (%t7) shows the contraction (summation), where the first component cross1 of the
cross product may be read of setting k = 1.

◦ The definition of function cross in 2nd and 1st views it as vector-valued function
cross : IR3 × IR3 → IR3, whereas det is scalar valued.

Looking back, we have programmed the mathematical cross product in steps of increasing
abstractness in Maxima. Starting with the explicit summations to code whole and com-
ponents of cross until a first view to contract to do the summations w.r.t. the Einstein
summation convention.
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7.3.3 Curl

curl F 24 is a vector operator that is used in vector calculus to describe the circulation of
a 3D differentiable vector field F : IR3 → IR3, given through its three component functions
F (x, y, z) = (Fx(x, y, z), Fy(x, y, z), Fz(x, y, z)).
We cite the definition:

(curl F )(x, y, z) =

(
∂Fz

∂y
− ∂Fy

∂z
,
∂Fx

∂z
− ∂Fz

∂x
,
∂Fy

∂x
− ∂Fx

∂y

)
(7.4)

The equation for each component (curl F )k is obtained by exchanging each occurrence
of a subscript y, z, x in cyclic permutation (y, z) → (z, x) → (x, y) by focussing at the
denominators. – We implement curl in Maxima in two ways.

1st classic vectorial definition25 of curl with plain Maxima

We implement the classic definition from above straight ahead in Maxima and test it with
the vector field F (x, y, z) = (xy,− sin(z), 1):

curl(F,x,y,z):=[ diff(F[3],y)-diff(F[2],z),

diff(F[1],z)-diff(F[3],x),

diff(F[2],x)-diff(F[1],y) ]$

F(x,y,z):=[x*y,-sin(z),1];

curl(F(x,y,z),x,y,z);

Maxima output: [cos(z), 0, -x]

▷ Click here to run the code.

2nd tensorial version of curl using c/i/tensor

If we write F = (F1, F2, F3) as a function of position x = (x1, x2, x3) in IR3 using index
notion, then the ith component of the curl of F equals (summation suppressed according
the Einstein summation convention!)

(curlF)i(x) = εijk
∂

∂xj
Fk(x) (7.5)

in tensorial notation, which follows from the cross product definition in 7.3.2, substituting
components of the gradient vector.
Index i is ’free’ in the defining term (7.3) in the sense that it is not seen twice on the
RHS of the tensor term. But index j and k are to be seen twofold on the RHS - each
one once as superscript (’upper index’) and once as subscript (’lower index’). Therefore

24In classic scientific literature in Europe, the alternative notation rotF (read: rotation F) is used.
25cf. Barth

https://net124.reltub.ca/yamwi/index.php?c=jcluim0m2u2cfutoldouk&n=2&mode=3&max=Y3VybChGLHgseSx6KTo9WyBkaWZmKEZbM10seSktZGlmZihGWzJdLHopLAogICAgICAgICAgICAgICAgIGRpZmYoRlsxXSx6KS1kaWZmKEZbM10seCksCiAgICAgICAgICAgICAgICAgZGlmZihGWzJdLHgpLWRpZmYoRlsxXSx5KSBdJAoKRih4LHkseik6PVt4KnksLXNpbih6KSwxXTsKY3VybChGKHgseSx6KSx4LHkseik7
https://themaximalist.org/2016/03/02/define-or-div-grad-curl/
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there are 2 implicit hidden summation processes involved in accordance with the Einstein
summation convention. So we have two phases A→ B to construct the term in Maxima:

εijk ·
∂

∂xj
F k(x)

A ↓ sum over k, i.e. ’contract’

B ↓ sum over j i.e. ’contract’

We then have

/*-- contributed by V. Toth --*/

load(itensor);

load(ctensor);

dim : 3;

curlF : cF([],[i]) = levi_civita([],[i,j,k]) * idiff(F([k],[]), j); /*1:*/

curlF : ic_convert(curlF); /*2:*/

cF : [0,0,0]; /*3:*/

for i thru dim do for j thru dim do for k thru dim do

for a thru dim do for b thru dim do for c thru dim do

kdelta[i,j,k, a,b,c] : kdelta([i,j,k],[a,b,c]); /*4:*/

ev( curlF, /*5:*/

F : [x*y,-sin(z),1],

ct_coords : [x,y,z],

kdelta);

cF;

Comment. Line 1: writes the defining tensorial term (curlF)i(x) = εijk ∂
∂xjFk(x) as iten-

sor term using the

LEXICON Math itensor

(curlF)i cF([],[i])

εijk levi civita([],[i,j,k])
∂

∂xjFk idiff(F([k],[])

and the differential operator idiff of itensor package. Be warned: you must use the equal
sign ’=’ here, which is reserved for equations, i.e. do not use the assignment operator
’:’ here. In 2: we convert the itensor equation 1: to an evaluable ctensor expression. In
3: we define cF as an array – otherwise it’d default to a list. 4: is tricky: we define the
generalized kdelta itensor object for the use in ctensor, because ctensor does not know
about kdelta! 5: evaluates all objects for the concrete example.

Maxima output: [cos(z), 0, -x]
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▷ Click here to RUN the code.

Exercise 21. Write a function define(cross(F), ..) along the lines of §7.3.2 3rd.

Exercise 22. Calculate the the curl of the following vector fields [Mardsen, p. 914 ff].
a. F (x, y, z) = (ez,− cos(xy), z3y).
b. F (x, y, z) = (xy cos(x),−yz sin(x),−xy tan(y)).
c. F (x, y, z) = (yz,−xz, xy) · 1/(x2 + y2 + z2).
d. F (x, y, z) = (yez, xez, xyez).

Exercise 23. Let f : IR3 → IR be defined through f(x, y, z) = x2yz3 and A : IR3 → IR3 be
defined through A(x, y, z) = (xz,−y2, 2x2y).
Calculate curl(A) and curl(f · A), cf. [30, p. 151].

Exercise 24. Let f be f(x, y, z) = xy + yz + zx and A(x, y, z) = (x2y, y2z, z2).
Calculate curl(A) and curl(f · A) at the point P = (3,−1, 2), cf. [30, p. 151].

Exercise 25. If A : IR3 → IR3 is defined through A(x, y, z) = (3xz2,−yz, x+ 2z),
calculate curl curl(A), cf. [30, p. 158].

https://net124.reltub.ca/yamwi/index.php?c=lojj10hc4zlnhocxoglcw&n=7&mode=2&max=
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8 Kronecker product

8.1 outer

At first we define the outer product, which implements the tensor operator
outer
⊗ of tensor

algebra. We define the outer product only in the special case of vectors.

8.1.1 Definition : outer

We quote WikiPedia’s outer definition.

Given two vectors u =


u1

u2
...
um

 and v =


v1
v2
...
vn

 of size m× 1 and n× 1, their outer product,

denoted u
outer
⊗ v is defined as the m× n matrix obtained by multiplying each element of u

by each element of v :

u
outer
⊗ v :=


u1v1 u1v2 . . . u1vn
u2v1 u2v2 . . . u2vn
...

...
. . .

...
umv1 umv2 . . . umvn


In tensorial index notation: (u

outer
⊗ v)ij = uivj

• The outer product u⊗ v is equivalent to a matrix multiplication uvT, provided that u
is represented as a m× 1 column vector and v as a n× 1 column vector (which makes vT

a row vector).

The concept of the outer product
outer
⊗ is best understood by looking at several examples.

8.1.2 Examples of the use of outer

Example 10. (the outer product of two vectors)

u : matrix([1], [2], [3]); /* a column vector */

v : transpose(matrix([4,5])); /* another column vector */

/* Compute outer product by (u * transpose(v)) */

outer_prod: u . transpose(v);

infix ("##", 99, 99); /* define infix operator */

"##"(u, v) := u . transpose(v); /* named ’##’ for easier input */

u##v; /* use the infix operator */

▷ Click here to run the code.

https://en.wikipedia.org/wiki/Outer_product
https://net124.reltub.ca/yamwi/index.php?c=6yfljgxz3noch5tcon1gg&n=2&mode=3&max=--
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xMaxima output:

[ 4 5 ]

[ 8 10 ]

[ 12 15 ]

Excursus: Let’s make a short detour and use for the moment the CAS EigenMath,

cf. [44], which has implemented a function outer working also for matrices and

multidimensional arrays as inputs. This function also respects the block structure

of their inputs, which maybe support a first understanding. As we will see in §8.2,
Maxima’s kronecker product is equivalent to outer|Eigenmath, but suppresses the

block structure and flattens it’s output.

Example 11. (the outer product of two matrices with arbitrary dimensions)

# EIGENMATH

A = ((1, 2, 3),( 4, 5, 6)) -- a 2-by-3 matrix

A

B = ((1,1),(1,1)) -- ones(2), a 2-by-2 matrix

B

outer(A,B) -- a (2,3,2,2) ’tensor’ (multidim. matrix)

▷ Click here to run the example

EigenMath output:

Obviously outer|Eigenmath respects the block structure of both input matrices.

Example 12. (the outer product of two tensors with arbitrary dimensions)

# EIGENMATH

i = quote(i) -- clear name i (otherwise i^2=1 ;)

T = zero(2,2,2) -- a (2,2,2) tensor

for(i,1,2, for(j,1,2, for(k,1,2, T[i,j,k] = i^2*j*k))) -- initialize T

S = zero(2,2,2,2) -- a (2,2,2,2) tensor

for(i,1,2, for(j,1,2, for(k,1,2, for(l,1,2, S[i,j,k,l] = i^2*j*k*l))))

T

https://lindnerdrwg.github.io/tensor005.html
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S

TT = outer(T,T)

TT

TS=outer(T,S)

TS

▷ Click here to run this example.

EigenMath output:

Here is tensor TS:

Exercise 26. Let A = ((x, y), (z, u)) and B = ((a, b), (c, d)).

Calculate A
outer
⊗ B, B

outer
⊗ (A

outer
⊗ B) and (A

outer
⊗ B)

outer
⊗ (A

outer
⊗ B)

using the outer|Eigenmath. Imagine by mind what output is to be expected.

https://lindnerdrwg.github.io/tensor07.html
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8.2 Kronecker product

Maxima’s kronecker product function implements the tensor operator ⊗ of tensor alge-
bra, i.e. kronecker product(A,B) returns the Kronecker tensor product of tensors (e.g.
matrices) A and B. The Kronecker product is best understood by thinking about block
matrices. If A is a n × p matrix and B is a m × q matrix, then the Kronecker product
A⊗B is a block matrix that is build from blocks of B, where each block is multiplied by
an element of A, cf. [45].

8.2.1 Definition of kronecker product

Let A be an m× n matrix and let B an p× q matrix.
Then the Kronecker product of A and B, symbolically written A⊗B, is the m · p × n · q
matrix explicitly defined by

A⊗B := (aij ·B) =

a11B · · · a1nB
...

. . .
...

am1B · · · amnB

 (8.1)

= kronecker product(A, B) in Maxima (8.2)

In words: If A is an m-by-n matrix and B is a p-by-q matrix, then kronecker product(A,B)

is an m · p-by-n · q matrix, which is calculated by taking all possible products between the
elements of A and those of B, i.e. the Kronecker tensor product of A and B is a large
matrix formed by multiplying B by each element of A.

8.2.2 Examples of the use of kronecker product

Example 13.

1 2
3 4
5 6

⊗(7 8
9 0

)
=



1 ·
(
7 8
9 0

)
2 ·

(
7 8
9 0

)

3 ·
(
7 8
9 0

)
4 ·

(
7 8
9 0

)

5 ·
(
7 8
9 0

)
6 ·

(
7 8
9 0

)


=



7 8 14 16
9 0 18 0

21 24 28 32
27 0 36 0

35 40 42 48
45 0 54 0


Calculated in Maxima:

kronecker_product( matrix([1,2],[3,4],[5,6]), matrix([7,8],[9,0]) );

Maxima output:
cf. hand-calculated example 13.
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We now repeat the examples of outer to contrast them with the results of kronecker.

Example 14. (the Kronecker product of two vectors)

/* a: */

u : matrix([1,2,3]);

v : matrix([3,2,1]);

kronecker_product(u,v);

/* b: */

u : transpose(matrix([1,2,3]));

v : transpose(matrix([3,2,1]));

kronecker_product(u,v);

/* c: */

u : transpose(matrix([1,2,3]));

v : matrix([3,2,1]);

kronecker_product(u,v);

/* d: */

u : matrix([1,2,3]);

v : transpose(matrix([3,2,1]));

kronecker_product(u,v);

▷ Click here to run the code..
xMaxima output:

a: [ 3 2 1 6 4 2 9 6 3 ]

b: [ 3 ]

[ 2 ]

[ 1 ]

...

[ 6 ]

[ 3 ]

c: [ 3 2 1 ]

[ 6 4 2 ]

[ 9 6 3 ]

d: [ 3 6 9 ]

[ 2 4 6 ]

[ 1 2 3 ]

In contrast to outer the output of kronecker product has stacked the rows to one long
column.

https://net124.reltub.ca/yamwi/index.php?c=2cewd5z23jyubcmqxei44&n=3&mode=3&max=LyogYTogKi8KdSA6IG1hdHJpeChbMSwyLDNdKTsKdiA6IG1hdHJpeChbMywyLDFdKTsKa3JvbmVja2VyX3Byb2R1Y3QodSx2KTsKCi8qIGI6ICovCnUgOiB0cmFuc3Bvc2UobWF0cml4KFsxLDIsM10pKTsKdiA6IHRyYW5zcG9zZShtYXRyaXgoWzMsMiwxXSkpOwprcm9uZWNrZXJfcHJvZHVjdCh1LHYpOwoKLyogYzogKi8KdSA6IHRyYW5zcG9zZShtYXRyaXgoWzEsMiwzXSkpOwp2IDogbWF0cml4KFszLDIsMV0pOwprcm9uZWNrZXJfcHJvZHVjdCh1LHYpOwoKLyogZDogKi8KdSA6IG1hdHJpeChbMSwyLDNdKTsKdiA6IHRyYW5zcG9zZShtYXRyaXgoWzMsMiwxXSkpOwprcm9uZWNrZXJfcHJvZHVjdCh1LHYpOw--


8 KRONECKER PRODUCT 82

Example 15. (the Kronecker product of two matrices with arbitrary dimensions)

infix ("##", 99, 99);

"##"(a, b) := kronecker_product(a,b); /* Kronecker\_product abbreviated */

/* as infix operator named ’##’ */

A : matrix([1, 2, 3],[ 4, 5, 6]);

B : matrix([1,1],[1,1]);

A ## B;

▷ Click here to run the code.

Maxima output, cf. example 11:

In contrast to outer the output of kronecker product has cleared the brackets of the
inner matrices to give one single matrix. Obviously kronecker product ’flattens’ the
block structure of both input matrices.

Exercise 27. Let A =
[
x
z
y
u

]
and B =

[
a
c
b
d

]
.

Calculate A⊗B, B⊗(A⊗B) and (A⊗B)⊗(A⊗B)

Exercise 28. Write a function ones(n), which returns a n-by-n matrix whose all entries
are 1, e.g. ones(2) is

[
1
1
1
1

]
.

8.3 Applications of kronecker ⊗
8.3.1 The direct sum ⊕

Let A be an m × n matrix and B an p × q matrix. Then the direct sum of A and B,
symbolically written A⊕B, is the m · p× n · q matrix explicitly defined by

A⊕B :=

(
A O
O B

)
(8.3)

i.e. for any arbitrary matrices A and B the direct sum (aka tensor sum) is defined as the
block diagonal matrix of A and B. Both zero matrices O are of appropriate dimension.

Example 16. (cf. Steeb [32, p. 7], [31, p. 28])

(
1 2 3

)
⊕
(
4 5
6 7

)
=

 (
1 2 3

) (
0 0

)(
0 0 0
0 0 0

) (
4 5
6 7

) =

1 2 3 0 0
0 0 0 4 5
0 0 0 6 7


We show how the direct sum could be defined in Maxima using function kronecker ⊗.

https://net124.reltub.ca/yamwi/index.php?c=c6bo2mjq2dwow4db5bycp&n=4&mode=3&max=aW5maXggKCIjIyIsIDk5LCA5OSk7CiIjIyIoYSwgYikgOj0ga3JvbmVja2VyX3Byb2R1Y3QoYSxiKTsgLyogS3JvbmVja2VyXF9wcm9kdWN0IGFiYnJldmlhdGVkICovCiAgICAgICAgICAgICAgICAgICAgICAgICAgICAgICAgICAgICAgLyogYXMgaW5maXggb3BlcmF0b3IgbmFtZWQgJyMjJyAgICovCgpBIDogbWF0cml4KFsxLCAyLCAzXSxbIDQsIDUsIDZdKTsKQiA6IG1hdHJpeChbMSwxXSxbMSwxXSk7CkEgIyMgQjsK
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A : matrix([1,2],[3,4]);

B : matrix([4,5],[6,7]);

U : matrix([1,0],[0,0]); /*-- Upper */

L : matrix([0,0],[0,1]); /*-- Lower */

kronecker_product(U,A);

directSum(A,B) := kronecker_product(U,A) + kronecker_product(L,B);

directSum(A,B);

▷ Click here to run this script.
Maxima output:

The first matrix is the result of the call kronecker product(U,A) and the second matrix
is the result of the call directSum(A,B)

Exercise 29. Calculate the direct sum ofA andB from examples 13/15 with directSum(A,B).

8.3.2 Construction of the basis of IR4 from the basis of IR2, cf. [32, p. 7]

Let u =
[
1
0

]
, v =

[
0
1

]
be the canonical standard basis in IR2.

Verify, that (u⊗ u, u⊗ v, v ⊗ u, u⊗ u) is the standard basis in IR4.

We use Maxima’s kronecker product.

kron(A,B) := kronecker_product(A,B);

u : matrix([1],[0]);

v : matrix([0],[1]);

/* -- Basis R^4 */

kron(u,u);

kron(u,v);

kron(v,u);

kron(v,v);

▷ Click here to run this script.
Maxima output: [1, 0, 0, 0]t, ..., [0, 0, 0, 1]t

https://net124.reltub.ca/yamwi/index.php?c=by045l5rk02eeptoezurn&n=2&mode=2&max=QSA6IG1hdHJpeChbMSwyXSxbMyw0XSk7CkIgOiBtYXRyaXgoWzQsNV0sWzYsN10pOwoKVSA6IG1hdHJpeChbMSwwXSxbMCwwXSk7ICAvKi0tIFVwcGVyICovCkwgOiBtYXRyaXgoWzAsMF0sWzAsMV0pOyAgLyotLSBMb3dlciAqLwoKa3JvbmVja2VyX3Byb2R1Y3QoVSxBKTsKCmRpcmVjdFN1bShBLEIpIDo9IGtyb25lY2tlcl9wcm9kdWN0KFUsQSkgKyBrcm9uZWNrZXJfcHJvZHVjdChMLEIpOwpkaXJlY3RTdW0oQSxCKTsK
https://net124.reltub.ca/yamwi/index.php?c=41rwoqycwhjx6ivm4d3my&n=3&mode=2&max=a3JvbihBLEIpOj1rcm9uZWNrZXJfcHJvZHVjdChBLEIpOwoKdSA6IG1hdHJpeChbMV0sWzBdKTsKdiA6IG1hdHJpeChbMF0sWzFdKTsKCi8qIC0tIEJhc2lzIFJeNCAqLwprcm9uKHUsdSk7Cmtyb24odSx2KTsKa3Jvbih2LHUpOwprcm9uKHYsdik7Cg--
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Exercise 30. Construct an orthonormal basis of C4 with the help of kronecker product.
Hint: start with u = 1/

√
2 ·

[
1
i

]
and u = 1/

√
2 ·

[
1
−i

]
.

Exercise 31. (cf. [32, p. 112]) A basis in the Hilbert space M2(C) of 2-by-2 matrices is
given by the Pauli spin matrices

σ0 =

[
1 0
0 1

]
, σ1 =

[
0 1
1 0

]
, σ2 =

[
0 −i
i 0

]
, σ3 =

[
1 0
0 −1

]
including the 2-by-2 identity matrix. Use this orthonormal basis and the Kronecker prod-
ucts σj ⊗ σk with j, k = 0, 1, 2, 3 to find a basis in the Hilbert space M4(C).

Solution:

kron(A,B) := kronecker_product(A,B);

/*-- Pauli spins is basis in M2(C) */

s[0] : matrix([1,0],[0,1]);

s[1] : matrix([0,1],[1,0]);

s[2] : matrix([0,-%i],[%i,0]);

s[3] : matrix([1,0],[0,-1]);

for j:0 thru 3 do

for k:0 thru 3 do

print( kron(s[j],s[k]) ); /*-- Basis M4(C) */

▷ Click here to run this script.

https://net124.reltub.ca/yamwi/index.php?c=qvcvbkikhqeyho0tdj5lo&n=4&mode=2&max=a3JvbihBLEIpOj1rcm9uZWNrZXJfcHJvZHVjdChBLEIpOwovKi0tIFBhdWxpIHNwaW5zIGlzIGJhc2lzIGluIE0yKEMpICovCnNbMF06IG1hdHJpeChbMSwwXSxbMCwxXSk7CnNbMV06IG1hdHJpeChbMCwxXSxbMSwwXSk7CnNbMl06IG1hdHJpeChbMCwtaV0sW2ksMF0pOwpzWzNdOiBtYXRyaXgoWzEsMF0sWzAsLTFdKTsKZm9yIGo6MCB0aHJ1IDMgZG8KZm9yIGs6MCB0aHJ1IDMgZG8KcHJpbnQoIGtyb24oc1tqXSxzW2tdKSApOyAvKi0tIEJhc2lzIE00KEMpICovCg--
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9 Contraction

The contraction of a tensor acts by setting equal a pair of indices26 of the tensor to each
other and summed over. In Einstein summation convention this summation is implicit
in the notation. The result is a new tensor with order reduced by 2, cf. [49].
Contraction of tensors is heavily used in Differential Geometry or in General Relativity.
Tensor contraction is a generalization of the trace of a matrix.

9.1 Definition of contract

Let T = T i
j be a tensor. Then its contraction is defined by

T i
jδi

j := T j
j =

n∑
j=1

T j
j = T 1

1 + · · ·+ T n
n (9.1)

In Maxima’s itensor package this is expressed with the call of contract().

• A general contraction is denoted by labeling one (covariant, lower) index and one (con-
travariant, upper) index with the same letter, summation over that index being implied
by the summation convention, i.e. the call of contract. The resulting contracted tensor
inherits the remaining indices of the original tensor, cf. [49].

• For example, contracting a tensor T of type (2,2) on the second and third indices (i.e.
b) to create a new tensor U of type (1,1) is written as

T ab
bc =

∑
b

T ab
bc = T a1

1c + T a2
2c + · · ·+ T an

nc = Ua
c

Example 17. Basic Contraction Process with itensor package

CONTRACTION itensor

1 Load the package. load("itensor");

2 inform itensor that g is the metric tensor. imetric(g);

3 enable index raising/lowering via metric. defcon(g);

4 let contract performs the EINSTEIN-summation. contract(expression);

Let’s contract a tensor (vector) using the metric:

load("itensor")$

imetric(g)$ /* set metric name to g */

defcon(g)$ /* define contraction for g */

ishow(g([i,j],[])*v([],[j]))$ /* display g_ij * v^j */

contract(%); /* contract index j : g_ij * v^j -> v_i */

26one a subscript (upper) index, the other a superscript (lower) index
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▷ Click here to run this script.

Yamwi output:

Exercise 32. a. Contact tensor T ab along index b using metric g.
b. Contact tensor T ab

bc along index b using metric g.
Hint: ishow(g([b,c],[])*T([],[a,b]))

9.2 Examples

Example 18. (orbital velocity in circular motion - a second view at cross)
We quote from the German help for levi civita function. For circular motion, the orbital
velocity w⃗ is the cross product of the angular velocity v⃗ and the position vector r⃗. Thus,
we have w⃗ = v⃗ × r⃗:

Figure 18:
⊙: circular motion of point • with
orbital velocity w⃗, angular velocity v⃗ and position vector r⃗.

In any basis, the a-th component of the orbital velocity w⃗ is given by the tensorial formula,
cf. (7.3.2):

wa = εabcvbrc (9.2)

https://net124.reltub.ca/yamwi/index.php?c=w1aomqcz5ia5pbqaz3565&n=2&mode=2&max=bG9hZCgiaXRlbnNvciIpJAppbWV0cmljKGcpJCAgICAgICAgICAgICAgICAgICAgICAKZGVmY29uKGcpJCAgICAgICAgICAgICAgICAgICAgICAgICAgICAgCmlzaG93KGcoW2ksal0sW10pKnYoW10sW2pdKSkkICAgICAgICAgIApjb250cmFjdCglKTsgICAgICAgICAgICAgICAgICAKaXNob3coJSk7
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Task : calculate cross([1,2,3],[4,5,6]) using tensor technics.

1st First, a tensorial notation for the first component of cross product using the levi-
civita symbol is introduced. The expression is then simplified for the first component to
the familiar definition of the cross product. Here is a variant of exercise 20 using contract:

load(itensor)$

ishow( w([a],[]) = ’levi_civita([a,b,c],[])*v([],[b])*r([],[c]))$ /*1:*/

ishow( subst([a=1],%))$ /*2:*/

ishow( ev(%, levi_civita))$ /*3:*/

ishow( expand( ev(%, kdelta)))$ /*4:*/

ishow( contract(%))$ /*5:*/

define( cross1(v,r), rhs( ic_convert(c=%)) ); /*6:*/

cross1(v,r) := v[2]*r[3]-r[2]*v[3]; /*7:*/

cross1([1,2,3],[4,5,6]); /*8:*/

▷ Click here to run this script.
Maxima output:

https://net124.reltub.ca/yamwi/index.php?c=x6a15kv0kfdgxtw5hy5ff&n=1&mode=2&max=bG9hZChpdGVuc29yKSQKaXNob3coIHcoW2FdLFtdKSA9ICdsZXZpX2Npdml0YShbYSxiLGNdLFtdKSAqIHYoW10sW2JdKSAqIHIoW10sW2NdKSkkIAppc2hvdyggc3Vic3QoW2E9MV0sJSkpJCAKaXNob3coIGV2KCUsIGxldmlfY2l2aXRhKSkkIAppc2hvdyggZXhwYW5kKCBldiglLCBrZGVsdGEpKSkkIAppc2hvdyggY29udHJhY3QoJSkpJCAKZGVmaW5lKCBjcm9zczEodixyKSwgcmhzKCBpY19jb252ZXJ0KGM9JSkpICk7IAoKY3Jvc3MxKHYscikgOj0gdlsyXSpyWzNdLXJbMl0qdlszXTsKY3Jvc3MxKFsxLDIsM10sWzQsNSw2XSk7
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Comment. In (1:) we translate the defining mathematical tensor term for ωa into itensor
formulation. 2: picks only the first component of it. 3: evaluates function levi civita,
which is in 1: only given in nown form (with ’..) in order to look at the correct translation.
4: disassembles levi civita into special kdelta’s in (%t5), because levi civita is constructed
by a generalized kdelta, see (%t4). Now 5: contracts the expanded term setting b 7→ 2
and c 7→ 3, look at (%t5). So we now can extract in 6: the formula for the correct first
component of cross and define in 7: the function cross1, we are lokking for. Step 6: is
unneccessary, because we can see the right term after step 5: in (%t6).
You may follow the whole process in the screenshot above.

Exercise 33. Calculate the 2nd and 3rd component of the orbital velocity.
Define then the complete orbital velocity cross(v, r).

2nd Second, here is a fully tensorial definition of the cross product.

/*-- contributed by V. Toth */

load(itensor)$

load(ctensor)$

dim : 3$

ishow( c([],[k]) = ’levi_civita([],[i,j,k]) * a([i],[]) * b([j],[]))$

ishow( ev(%, levi_civita)); /*(1)*/

ishow( expand( ev(%, kdelta))); /*(2)*/

ishow( contract(%)); /*(3)*/

EQ : ic_convert(%); /*(4)*/

c : [false,false,false]; /*(5)*/

kdelta : ident(dim); /*(6)*/

ev(EQ, ’kdelta); /*(7)*/

define(cross(a,b),

block( local(a,b), a(u,v):=a[u[1]], b(u,v):=b[u[1]], c) ) $

cross([1,2,3],[4,5,6]);

Comment. To understand these code linesToth recommends: ”Watch, what ic convert

actually does with an assignment expression. Inspect the output of ic convert() visually,
try to make sense of it, understand what it does (in this cases, assigns values to the elements
of the array c[]), and what it needs (in this case, ′kdelta would remain unevaluated had we
not assigned to it the value of the identity matrix.)” 27

Using the system variable %, which references the last executed command, we can follow
the process line by line. First of all, c([], [k]) = .. make an array, which catch the three
components of the cross product. Line (1) activates the permutation symbol, which was

27The original definition for cross by V. Toth, which followed after line (7), see (%i8), was:
define(cross(a,b),

block([EQ:ic convert(%), c:[false,false,false], kdelta:ident(dim)],

local(a,b), a(u,v):=a[u[1]], b(u,v):=b[u[1]], ev(EQ,’kdelta),c))$
I have splittet this long command to make the individual commands citable.
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given the line before as a nown and let us inspect the defining formula. (2) expands the
activated formula c([], [k]) with the help of kdelta. Now (3) triggers the summations. The
result is converted to an expression saved on variable EQ(uation). The array c([], [k])
is now in (5) predefined as a 3-dim vector c and kdelta declared as the 3-dim identity
matrix.28

▷ Click here to run this script.

Yamwi output:

28Why c:[false,false,false]? Why kdelta:ident(dim)? Here is the explanation by V. Toth ▷3

https://net124.reltub.ca/yamwi/index.php?c=cfkqufhmatooumjmww0vx&n=1&mode=2&max=-
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Example 19. The scalar triple product29 spat(a, b, c) := a · (b × c) of three vectors a, b
and c is defined using the levi-civita symbol and then simplified using ’contract’.

Figure 19:
□: the plane, spanned by vectors b and c.
↑: the cross product (b× c)
[a,b, c]: the spat product as volume of the feldspar

Task : calculate spat( [1,2,3], [4,5,6], [7,8,8] ) using itensor.

Solution: We use the defining term for function spat : (IR3)3 → IR3

spat(a,b, c) :=
3∑

i=1

3∑
j=1

3∑
k=1

εijkaibjck (9.3)

and translate it to itensor language:

Math

spat(a, b, c) := a · (b× c) −→
tensor

εijkaibjck −→
itensor

contract

1st a half-way itensor solution as first step

load("itensor")$

ishow( c = levi\_civita([],[i,j,k]) * a([i],[]) * b([j],[]) * c([k],[]))$ /*1:*/

ishow( contract( expand( ev(%, kdelta))))$ /*2:*/

define( spat(a,b,c), rhs( ic\_convert(%)) ); /*3:*/

/* read off by eye from line 3: */

spat(a,b,c) := a[1]*b[2]*c[3] - b[1]*a[2]*c[3]

- a[1]*c[2]*b[3] + c[1]*a[2]*b[3]

+ b[1]*c[2]*a[3] - c[1]*b[2]*a[3];

spat( [1,2,3], [4,5,6], [7,8,8] );

29Figure 19 adapted from wikipedia, a(bxc). We use the name ’spat’, because it invokes the typical
picture of a ’feldspare’ aka parallelepiped in your head. In German speaking counties the scalar triple
product is therefore often called ’spat product’.

https://en.wikipedia.org/wiki/Triple_product
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Comment. Line 1: is the translated RHS of spat-formula in itensor language. In (2:) we
contract the multiplied out sums and products from the evaluated (with kdelta) term in
1:. Line 3: displays the correct defining term for the triple product spat(a, b, c), look at
(%t3). Now we simply read off the definition of spat(a, b, c) in (%o5) by deleting the blank
brackets [ ].

▷ Click here to run this script.

Yamwi output:

2nd We now don’t want to read off the solution by eye, but let i/c/tensor do the work
for us. Therefore, here is a fully tensorial definition of the spat product.

/*-- this variant is contributed by V. Toth */

load(itensor)$

load(ctensor)$

dim : 3$

ishow( x = levi_civita([],[i,j,k]) * a([i],[]) * b([j],[]) * c([k],[]))$

ishow( contract( ev(%, kdelta, expand)))$

define( spat(a,b,c), rhs( ic_convert( % )))$

https://net124.reltub.ca/yamwi/index.php?c=kvflbavfs6mdklrdj0k3l&n=2&mode=2&max=
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a(u,v):=a[u[1]]$ /* 1: */

b(u,v):=b[u[1]]$

c(u,v):=c[u[1]]$

spat([1,2,3],[4,5,6],[7,8,8]);

Comment. Line 1: is crucial. Let’s listen to V. Toth’s explanation: ”When we end up
with number-valued indices, our approach runs into a limitation of ic convert(), which
stems from a limitation of levi civita because it is contrary to itensor’s design philosophy
of abstract indices. These are best used only in interim results in the itensor workflow,
not as the final ’product’, in which case extra care is needed in their interpretation.” 30 31

▷ Click here to run this script.

Yamwi output:

Remark. If you feel that this section closely resembles the one on determinants and
cross, you are correct: the spat product is merely a geometric variant of the determinant
– hence the comparable tensorial representation. Nevertheless, we included this section
here to illustrate the use of the contract’ion operator through an additional, but familiar
example.

30In case you want more and detailed explanation ▷1.
31Here is an even cleaner version ▷2.

https://net124.reltub.ca/yamwi/index.php?c=kvflbavfs6mdklrdj0k3l&n=2&mode=2&max=
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10 Levi-Civita Tensor ϵ

The Levi-Civita tensor ϵ acts like a metric and is often used to define tensorial objects,
cf. [31, p. 340] or [32, p.50] for an application in the Nambu mechanics.

10.1 Definition

We follow Grinfeld [7, p.148].
Let Z denote the determinant of the (covariant) metric tensor g = gij, i.e. Z := det(g).
Then we define

1. The square root of Z is called the volume element V of the metric, i.e.

V :=
√

det(g) (10.1)

2. The Levi-Civita tensor ϵijk resp. Eijk is defined as the volume scaled permutation
symbol eijk, i.e.

ϵijk := V · eijk (10.2)

Eijk :=
eijk

V
(10.3)

Remark. We have

LEXICON Math Maxima tensor
metric tensor g: gij lg

inverse of metric tensor g−1: gij ug

volume element V :
√

det(g) sqrt(determinant(g))

Levi-Civita tensor ϵijk:
√

det(g) · eijk epsilon

Levi-Civita tensor Eijk: 1/
√

det(g) · eijk Epsilon

The ad hoc defined terms ϵ and the big Greek letter Epsilon E are noted here as nouns.
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10.2 Examples

Example 20. The Levi-Civita tensor in an affine coordinate systems in IR2 can be
calculated by Maxima as follows, cf. [7, p. 148].

/* we introduce affine coordinates in R^2 by */

Z1 : [2,0];

Z2 : [cos(%pi/3),sin(%pi/3)];

/* the covariant basis in affine coordinates is */

Z : matrix(Z1,Z2);

/* the GRAM matrix g, i.e. the metric */

g : zeromatrix(2,2)$

for i thru 2 do for j thru 2 do g[i,j] : Z[i].Z[j];

/*-- volume element in affine coordinates */

Z : determinant(g);

V : sqrt(Z);

load(itensor)$

h[i, j] := levi_civita([i,j])$

eij : genmatrix (h, 2,2);

/* -- levi-civita symbol epsilon */

epsilon : V * eij;

Epsilon : 1/V * eij;

▷ Click here to run this script.

Yamwi results:

https://net124.reltub.ca/yamwi/index.php?c=jfanqurk4dzjvsnougbzo&n=6&mode=3&max=
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Example 21. The Levi-Civita tensor in polar coordinates in IR2 is calculated by Max-
ima using the results of example 15.

/* the metric tensor in polar coordinates */

assume(r>0);

g : zeromatrix(2,2)$

g[1,1] : 1;

g[2,2] : r^2;

g;

/*-- volume element in polar coordinates */

Z : determinant(g);

V : sqrt(Z);

load(itensor)$

h [i, j] := levi_civita([i,j])$

eij : genmatrix (h, 2,2);

/* -- levi-civita symbol epsilon, represented as matrix */

epsilon : V * eij;

Epsilon : 1/V * eij;

▷ Click here to run this script.

Yamwi results:

Exercise 34. Calculate the Levi-Civita tensor in cylindrical coordinates in IR3 by Max-
ima using the results of example 16.

https://net124.reltub.ca/yamwi/index.php?c=ivopaxbapiwpjdivvywtv&n=1&mode=2&max=LyogdGhlIG1ldHJpYyB0ZW5zb3IgaW4gcG9sYXIgY29vcmRpbmF0ZXMgKi8KYXNzdW1lKHI_MCk7CmcgOiB6ZXJvbWF0cml4KDIsMikkCmdbMSwxXSA6IDE7CmdbMiwyXSA6IHJeMjsKZzsKCi8qLS0gdm9sdW1lIGVsZW1lbnQgaW4gYWZmaW5lIGNvb3JkaW5hdGVzICovClogOiBkZXRlcm1pbmFudChnKTsKClYgOiBzcXJ0KFopOwogICAgICAgICAgICAgIApsb2FkKGl0ZW5zb3IpJApoIFtpLCBqXSA6PSBsZXZpX2Npdml0YShbaSxqXSkkCmVpaiA6IGdlbm1hdHJpeCAoaCwgMiwyKTsKICAgICAgICAgICAgICAgICAKCi8qIC0tIExFVkktQ0lWSVRBIHRlbnNvciBlcHNpbG9uICovCmVwc2lsb24gOiBWICogZWlqOwpFcHNpbG9uIDogMS9WICogZWlqOwoK
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11 Christoffel Tensor Γk
ij

Figure 20:

How to imagine the Christoffel symbol of first kind Γ(1)

and the Christoffel symbol of second kind Γ(2) as 23 = 8
numbers arranged in a tensorial manner in 2 layers.
This structure is respected by the output of Maxima.

The Christoffel tensor (symbol) plays a dominant role in Differential Geometry and
General Relativity, where we define the Riemann curvature tensor Ra

bcd, the Ricci tensor
Rbd and the Einstein curvature scalar R with the help of the Christoffel tensor of 1st
and 2nd kind. Then it is possible to calculate curvature variants of surfaces32 in space.
We use the results in [7, p.69] or [32, p.62] to implement the Christoffel tensors in
Maxima.

11.1 Definition

Let g = (gij) be a metric tensor with inverse tensor ug = gij in the coordinate system
(x1, x2, x3) in e.g. IR3. Let R : U → IRn be the position vector of the coordinate system.

a. The Christoffel symbol of 1st kind, denoted Γij,k where i, j, k ∈ {1, 2} is defined by

Γij,k :=
1

2
· (gjk,i + gik,j − gij,k)

!
=

∂2R

∂ui∂uj

· ∂R
∂uk

≡ Ruiuj •Ruk (11.1)

where gij,k ≡ ∂gij
∂xk denotes the partial derivative of gij with respect to the coordinate xk.

b. The Christoffel symbol of 2nd kind, denoted Γk
ij is defined by using the inverse

metric tensor gij and memorizing the Einstein summation conventionas

Γk
ij :=

1

2
· gkm · (gmi,j + gmj,i − gij,m) (11.2)

32See e.g. my script in this series [10]
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• Decoding the Einstein summation convention and to prepare for the implementation
of these formulas in Maxima we write equation (11.2) explicit as

Γk
ij =

1

2
·

2∑
m=1

gkm · (gmi,j + gmj,i − gij,m) (11.3)

Implementing formulas a. and b. in Maxima should enhance a clear understanding of
these constructs.

Remark. We have

LEXICON Math Maxima
metric tensor g: gij g or lg

inverse of metric tensor g−1: gij ug

Christoffel tensor of 1st kind : Γk
ij christof(lcs); lcs[i,j,k]

Christoffel tensor of 2nd kind : Γi,jk christof(mcs); mcs[i,j,k]

11.2 Examples

We now demonstrate in each example two implementations of the Christoffel tensors:
one closely oriented on formula a.and b. and its term structure and the other using clever
compact tensor techniques such as contract and index juggling. We test our code in
Cartesian, polar and cylindrical coordinates in the plane IR2 resp. in space IR3.

Figure 21:

Left: Cartesian coordinates: not changing, fix basis E1, E2.
Middle: polar coordinates: basis Er, Eφ change from point to point
Right: cylindrical coordinates: basis Zr, Zϕ, Zz change with the point
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Example 22. (The Christoffel tensor in Cartesian coordinates )
The Christoffel tensor in Cartesian coordinates in IR2 is calculated with two methods:
using plain Maxima vs. using tensor package tensor.

1st Calculation of the Christoffel tensor using standard Maxima
So, let’s step through all coefficients of the Christoffel symbol’s using a for-loop.

• We calculate the CHRISTOFFEL tensor of 1st kind Γijk using formula (11.1).

"CHRISTOFFEL tensors for the Cartesian plane"$

define( R(u,v) , [u,v]);

U : [u,v];

"metric tensor of the plane"$

gij(i,j) := diff(R(u,v),U[i]) . diff(R(u,v),U[j]); /* (1) */

g : matrix( [gij(1,1),gij(1,2)], [gij(2,1),gij(2,2)] ); /* (2) */

"CHRISTOFFEL symbol Gamma_ijk of 1st kind using (11.1)"$

ChrI(i,j,k) := diff( diff(R(u,v),U[i]), U[j]) . diff(R(u,v), U[k]); /*(3)*/

ChrI(1,2,1);

ChrI(1,2,2);

lChr : matrix( [matrix( [ChrI(1,1,1), ChrI(1,1,2)], /* (4) */

[ChrI(1,2,1), ChrI(1,2,2)] )],

[matrix( [ChrI(2,1,1), ChrI(2,1,2)],

[ChrI(2,2,1), ChrI(2,2,2)] )]);

for i:1 thru 2 do /* (5) */

for j:1 thru 2 do

for k:1 thru 2 do

print("ChrI",[i,j,k]," -> ", ChrI(i,j,k));

▷ Click here to run this script.

https://net124.reltub.ca/yamwi/index.php?c=mlq0a6vpkpkezna2m6nra&n=2&mode=2&max=-
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Yamwi output:

Comment. In (1) we calculate the coefficients of the metric tensor g using the derivations
of the position vector R and form the metric’s matrix in (2). We respect the Einstein
summation convention by explicit summing the three partial derivatives up. In (3) we
calculate each individual component of Γijk. In (%i9) we display a special value of ChrI.
All results fully fill the tensor’s array, outputted in (%o11). (5) verifies that all components
of the Cartesian Christoffel tensor tensor Γ vanishes at all points. Later we will argue,
that therefore the plane IR2 is ’flat’.

• Now we calculate the CHRISTOFFEL tensor of 2nd kind Γk
ij using formula (11.3).

Again, let’s step through all coefficients of the Γk
ij ’s using a for-loop.

"CHRISTOFFEL tensor of 2nd kind for the Cartesian plane"$

define( R(u,v) , [u,v]);

U : [u,v];

"metric tensor of the plane"$

gij(i,j) := diff(R(u,v),U[i]) . diff(R(u,v),U[j]); /* (1) */

g : matrix( [gij(1,1),gij(1,2)], [gij(2,1),gij(2,2)] ); /* (2) */

gu : invert(g); /* the inverse of the metric */
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"CHRISTOFFEL symbol Gamma^i_jk of 2nd kind using (11.2)"$

ChrII(k,i,j) := 1/2* sum( gu[k,m]*( diff(g[m,i],U[j]) + /* (6) */

diff(g[m,j],U[i]) - diff(g[i,j],U[m]) ), m,1,2);

ChrII(2,1,2);

uChr : matrix([matrix( [ChrII(1,1,1), ChrII(1,1,2)], /* (7) */

[ChrII(1,2,1), ChrII(1,2,2)] )],

[matrix( [ChrII(2,1,1), ChrII(2,1,2)],

[ChrII(2,2,1), ChrII(2,2,2)] )]);

for i:1 thru 2 do /* (8) */

for j:1 thru 2 do

for k:1 thru 2 do

print("ChrII", [i,j,k]," -> ",ChrII(i,j,k));

▷ Click here to run this script.

Yamwi output:

Comment. In (1) and (2) we calculate the metric g and its inverse gu. In (6) we respect
the Einstein summation convention by explicit summing up all three partial derivatives.
Again, all components of the Cartesian Christoffel tensor tensor ChrII vanishes at all
points.

https://net124.reltub.ca/yamwi/index.php?c=o2cjx620ygpc4gci0qz06&n=2&mode=2&max=_ICIsQ2hySUkoaSxqLGspKTsK
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2nd Calculation of the Christoffel tensors using ctensor

We now calculate the Christoffel symbols using compact tensor techniques with build-
in functions of the Maxima package ctensor, designed and implemented by V. Toth.
We calculate the Christoffel tensors in Cartesian coordinates in IR2, for both kinds in
one strike. This demonstrates the power of the tensor package ctensor compared to our
hand-made calculations in 1st.

"CHRISTOFFEL tensors for the Cartesian plane using ctensor."$

load(ctensor)$

ct_coordsys(cartesian2d); /* 1: */

lg; /* 2: */

"CHRISTOFFEL symbol 1st kind"$

christof(lcs); /* lower Christoffel symbol */ /* 3: */

lcs[1,1,2]; /* 4: */

"CHRISTOFFEL symbol 2nd kind"$

christof(mcs); /* mixed lower and upper indices Christoffel symbol 5: */

mcs[1,1,2]; /* 6: */

/* only the unique non-zero values of lcs[i,j,k]

or mcs[i,j,k] will be displayed ! */

▷ Click here to run this script.

Comment. The call 1: sets up the Cartesian coordinate system for 2D plane and calculates

https://net124.reltub.ca/yamwi/index.php?c=yypfmj3jznuviy6cokc6p&n=3&mode=2&max=-
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the metric g = lg, which is displayed with 2:; this command sets up a setting33 for the
use of the package ctensor. All calculated values of the Cartesian metric g are stored in
the ctensor-variable lg. The Christoffel symbols are now calculated via a call to the
christof() function with the arguments lcs resp. mcs. 3: and 4: print special concrete
values of the tensors; please note, that this lines must not be switched, because we must
first calculate all values of the tensor before grasping a special value.

Remark.

1. The Christoffel symbols are calculated using only the plane’s metric tensor g. Hence
this object belongs to the so-called intrinsic geometry of the manifold (here: plane).

2. The above presented tensorial version of the calculation of Christoffel symbol are
most elegant and effective: you only have to set up the necessary requirements. So one may
calculate the metric and the derived objects in the same way in higher dimensions, which
is essential in General Relativity, see e.g. calculations in the 4D Schwarzschild space
time, cf. Oloff [19, p. 96 ff] or Toth [38]. Using user defined for-loop constructs to
determine the Christoffel symbols - which are perhaps more simple, insightful and of a
didactic surplus, but more laborious - you must therefore manually specify the considered
dimension of the space, the choosen coordinate system and calculate the metric g or g−1

♡ This was a long example. But we wanted to present a gentle rise of abstrac-
tion in order to fully understand what is going on and to equip the user which
a selection of means to be choose from.

33Calling the ctensor function csetup(); after the load command instead of 1: , the user is led along
the whole setup process in an interactive way.
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Example 23. (the Christoffel tensor in a polar coordinates)
Calculate the Christoffel tensor in a polar coordinate system in IR2 in two ways.

1st we calculate the Christoffel tensor by for-loops.
Therefore we have to calculate the ’polar’ metric first.

R(r, theta) := [r*cos(theta),r*sin(theta)];

Z1 : diff(R(r, theta), r);

Z2 : diff(R(r, theta), theta);

Z : matrix(Z1,Z2);

g11 : trigsimp(Z1.Z1);

g12 : Z1.Z2;

g21 : Z2.Z1;

g22 : trigsimp(Z2.Z2);

g : matrix([g11,g12],[g21,g22]);

gu : invert(g);

U : [r, theta];

"CHRISTOFFEL symbol Gamma_ijk of 1st kind using (11.1)"$

ChrI(i,j,k) := diff( diff(R(r, theta),U[i]), U[j]) . diff(R(r, theta), U[k]);

ChrI(1,2,1);

ChrI(1,2,2);

lChr : matrix( [matrix( [ChrI(1,1,1), ChrI(1,1,2)],

[ChrI(1,2,1), ChrI(1,2,2)] )],

[matrix( [ChrI(2,1,1), ChrI(2,1,2)],

[ChrI(2,2,1), ChrI(2,2,2)] )]);

for i:1 thru 2 do

for j:1 thru 2 do

for k:1 thru 2 do

print("ChrI",[i,j,k]," -> ", ChrI(i,j,k));
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"CHRISTOFFEL symbol Gamma^i_jk of 2nd kind using (11.2)"$

ChrII(k,i,j) := 1/2* sum( gu[k,m]*( diff(g[m,i],U[j]) +

diff(g[m,j],U[i]) - diff(g[i,j],U[m]) ), m,1,2);

/* exercise for you */

▷ Click here to run this script.
Yamwi output:

https://net124.reltub.ca/yamwi/index.php?c=2y3zx4ah1bup4qjxkku1b&n=4&mode=2&max=_--
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Comment. In (%o16) and (%o20) we see that the fully filled Christoffel tensor Γ has 3
non-zero values, (%i14) and (%i14) picks two values of both values of Γ = (Γ,1 Γ2), namely
Γ1
22 = 0 and Γ2

12 = r.

2st Calculate the Christoffel tensor in polar coordinates in IR2

using tensor functions of package ctensor.

"CHRISTOFFEL tensors for the Cartesian plane using ctensor."$

load(ctensor)$

ct_coordsys(polar); /* 1: */

lg; /* 2: */

ug : invert(lg);

"CHRISTOFFEL symbol 1st kind"$

christof(lcs); /* lower Christoffel symbol */ /* 3: */

lcs[1,2,2]; /* 4: */

"CHRISTOFFEL symbol 2nd kind"$

christof(mcs); /* mixed lower and upper indices Christoffel symbol 5: */

mcs[1,2,2]; /* 6: */

▷ Click here to run this script.

Maxima output:

Comment. In (1:) the call to ct coordsys specifies the polar coordinate system with their
dimension 2 and the associated metric lg. The call to christof(lcs) resp. christof(mcs)
calculates the values for the Christoffel tensor of 1st resp. 2nd kind. We check, that
there are only 2 values are different from 0.

https://net124.reltub.ca/yamwi/index.php?c=d6zocpfmyiy45lucyjaaa&n=6&mode=2&max=-
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Example 24. Calculate the Christoffel tensor in cylindrical coordinates in IR3.

1st we calculate the Christoffel tensor by for-loops.

Therefore we have to calculate the ’cylindrical’ metric first.

R(r, theta, z) := [r*cos(theta),r*sin(theta), z];

U : [r,theta,z];

g(i,j) := diff(R(r,theta,z), U[i]) . diff(R(r,theta,z), U[j])$

g : genmatrix (lambda ([i, j], g(i,j)), 3, 3);

g : trigsimp(g) ;

ug : invert(g);

"CHRISTOFFEL symbol Gamma_ijk of 1st kind using (11.1)"$

ChrI(i,j,k) := diff( diff(R(r,theta,z),U[i]), U[j]) . diff(R(r,theta,z), U[k]);

ChrI(1,2,1);

ChrI(1,2,2);

lChr : matrix( [matrix( [ChrI(1,1,1), ChrI(1,1,2), ChrI(1,1,3)],

[ChrI(1,2,1), ChrI(1,2,2), ChrI(1,2,3)],

[ChrI(1,3,1), ChrI(1,3,2), ChrI(1,3,3)] )],

[matrix( [ChrI(2,1,1), ChrI(2,1,2), ChrI(2,1,3)],

[ChrI(2,2,1), ChrI(2,2,2), ChrI(2,2,3)],

[ChrI(2,3,1), ChrI(2,3,2), ChrI(2,3,3)] )],

[matrix( [ChrI(3,1,1), ChrI(3,1,2), ChrI(3,1,3)],

[ChrI(3,2,1), ChrI(3,2,2), ChrI(3,2,3)],

[ChrI(3,3,1), ChrI(3,3,2), ChrI(3,3,3)] )] );

for i:1 thru 3 do

for j:1 thru 3 do

for k:1 thru 3 do

print("ChrI",[i,j,k]," -> ", ChrI(i,j,k));

"CHRISTOFFEL symbol Gamma^i_jk of 2nd kind using (11.2)"$

"EXERCISE for the reader."$

▷ Click here to run this script.

https://net124.reltub.ca/yamwi/index.php?c=mehl4rbcl4i3ekmjsvkwh&n=20&mode=4&max=-
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Comment. Here we have a metric g and a Christoffel tensor Γ of 3 dimensions. There-
fore the Christoffel tensor is a stacked 3-dim array consisting of three 3-by-3 matrices.
Only the first two components of Γ, i.e. Γ1

.. and Γ2
.. has non-zero entries.

Yamwi output:

2nd Calculate the Christoffel tensor in cylindrical coordinates in IR3 using tensor
techniques.

"CHRISTOFFEL tensors for the cylinder."$

load(ctensor)$

ct_coordsys(polarcylindrical);

lg;

ug : invert(lg);

"CHRISTOFFEL symbol 1st kind"$

christof(lcs); /* lower Christoffel symbol */

"CHRISTOFFEL symbol 2nd kind"$

christof(mcs); /* mixed lower and upper indices Christoffel symbol */

▷ Click here to run this script.

https://net124.reltub.ca/yamwi/index.php?c=rpubn0kh4os0bm4lmf4wx&n=25&mode=4&max=-
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Yamwi output:

Comment. We repeat the same tensorial calculation as in the examples before. The only
difference is in the call to ct coordsys(), where we choose cartesian2d, polar resp.
polarcylindrical to run the different examples. In contrast to the ’classic’ solution using
for-loops the higher dimension of Γ is automatically detected, no special dimension marker
like ’dim = 3’ is necessary: the dimension of Christoffel tensor Γ.

.. is taken from the
specified coordinate system name.

Exercise 35. Calculate the Christoffel tensor Γabc of 1st kind for the last example
using the classical way via for-loops. Verify your calculation with a check w.r.t. the tensor
method.

♡

This ends our journey to the first elements of Tensor Calculus. See you again doing the
first steps into the Elementary Differential Geometry of Surfaces at [10].

♡

Here are some recommendation for further study of a/c/itensor:
Toth, Pipin & al. [39], Volinski [43] or Toth [38].
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11.3 Riemann Curvature Tensor Rijkℓ : a Preview

The Christoffel symbols play a prominent role in Differential Geometry and General
Relativity, where we define the Riemann curvature tensor Ra

bcd, the Ricci tensor Rbd and
the Riemann curvature scalar R with the help of the Christoffel symbols of 1st and
2nd kind. One needs the Riemann curvature tensor Ra

bcd e.g. to formulate the famous
Gaussian theorema egregium.

Definition.
The Riemann curvature tensor of 1st kind, denoted Rijkl : U → IR is defined
by

Rijkl := ∂kΓjli − ∂lΓjki + Γilr · Γr
jk − Γikr · Γr

jl (11.4)

and the Riemann curvature tensor of 2nd kind, denoted Ri
jkl is defined by

Ri
jkl := ∂kΓ

i
jl − ∂lΓ

i
jk + Γr

jl · Γi
rk − Γr

jk · Γi
rl (11.5)

Remark.
1. We remark that the latin indices i, j, k, l used in the previous equations do not imply
that we are in 3D ambient space, but are meant here to denote the indexed parameters of
the Riemann curvature tensor of the manifold.
2. The Riemann curvature tensor R of type (4, 0) resp. (3, 1) has 24 = 16 coefficients
arranged in 4 2-by-2 matrices. Recall: in Maxima we encode the tensorial position of
the first index as ’upper index’ with ’u’ and ’lower index’ with ’l’ in the notations of the
Christoffel symbols Γ∗

∗ and the Riemann curvature tensors R∗
∗. This convention is

oriented to V. Todt’s itensor package for Maxima, which is very useful in this context.
3. We have

LEXICON Math Maxima(this book) ctensor (package)
Riemann curvature tensor of 1st kind : Rijkl ℓR or RI ℓriemann or ℓriem
Riemann curvature tensor of 2nd kind : Ri

jkl uR or RII uriemann or uriem

To see the Christoffel tensor and the curvature tensor Ra
bcd at work, look e.g. at [10].
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A Endnotes

Here are some valuable hints by V. Toth to some subtile features of Maxima and espe-
cially w.r.t. the tensor packages itensor and ctensor given in private communications.

1. (Private communication of V. Toth, 5.5.26:)

Because a([3],[]) is not a regular object in itensor, lc convert() does not know how to convert it.
So it keeps it intact, in this form when it returns the expression

x : a([1], [])∗b([2], [])∗c([3], [])−b([1], [])∗a([2], [])∗c([3], [])−a([1], []) ∗c([2], [])∗b([3], [])+c([1], [])∗
a([2], []) ∗ b([3], []) + b([1], []) ∗ c([2], []) ∗ a([3], [ ])− c([1], []) ∗ b([2], []) ∗ a([3], [])
To Maxima outside of itensor, a([3],[]) is just a call to a function named ’a’, with two parameters:
a 1-element list ’[3]’, and an empty list ’[]’.

So let us actually declare a function with two parameters, and then extract the one thing that
matters to us, the index that is the element of the first list:

a(u, v) := a[u[1]];

When a() is called, u = [3], v = []; we discard v, and we use u[1] = 3.

We then make use of the fact that ’a’ can simultaneously be the name of a function and an object
with list attributes. Mind you, this was not truly necessary. I could have written

load(itensor)$

load(ctensor)$

dim:3$

ishow( levi_civita([],[i,j,k]) * a([i],[]) * b([j],[]) * c([k],[]))$

ishow(contract(ev(%,kdelta,expand)))$

define(spat(p,q,r),rhs(ic_convert(x=%)))$

a(u,v):=p[u[1]]$

b(u,v):=q[u[1]]$

c(u,v):=r[u[1]]$

spat([1,2,3],[4,5,6],[7,8,8]);

and achieved the exact same result.

Again, the point is, the function declarations allow Maxima to ”make sense” of ’a([3],[])’ outside of
itensor.

2. (Private communication of V. Toth, 6.5.26: )

Here’s an even cleaner version that keeps the required function definitions local to the spat() func-
tion, so no global name leakage:

load(itensor)$

load(ctensor)$

dim:3$

ishow( levi_civita([],[i,j,k]) * a([i],[]) * b([j],[]) * c([k],[]))$

ishow( contract( ev(%, kdelta, expand)))$

define(spat(a,b,c), block( [EQ:rhs(ic_convert(x=%))]

local(a,b,c),

a(u,v):=a[u[1]],

b(u,v):=b[u[1]],

c(u,v):=c[u[1]],

ev(EQ)))$

spat([1,2,3],[4,5,6],[7,8,8]);
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3. (Private communication from V. Toth, 7.5.26:)

1. The initialization of c[]. This is basic Maxima semantics. Look:

(%i1) c[1]:111;

(%o1) 111

(%i2) c[2]:222;

(%o2) 222

(%i3) c[3]:333;

(%o3) 333

(%i4) c;

(%o4) c

Oops. What happened? Well, Maxima created a ”hashed array”. It is very useful; e.g., I could
continue with

(%o4) c

(%i5) c[123123123]:-1;

(%o5) - 1

(%i6) c[x]:-y;

(%o6) - y

(%i7) c[1];

(%o7) 111

(%i8) c[123123123];

(%o8) - 1

(%i9) c[x];

(%o9) - y

and NOT end up with an array of hundreds of millions of uninitialized elements consuming memory.
But sometimes this is not what we want. So instead, I want to pre-initialize c as a regular array. But
to avoid subtle errors, I do not want to initialize it as an array of numbers. If I just did a ‘c:[0,0,0]‘,
how could I tell the difference between a program that failed vs. a program that calculated a
manifestly zero cross product? Hence my use of ‘c:[false,false,false]‘. That way, when the end result
is ‘[0,0,0]‘, I know it’s calculated, not a result of a programming error leaving the array untouched.

(%i1) c:[false,false,false];

(%o1) [false, false, false]

(%i2) c[1]:111;c[2]:222;c[3]:333;

(%o2) 111

(%o3) 222

(%o4) 333

(%i5) c;

(%o5) [111, 222, 333]

2. The initialization of kdelta.

ic convert does not know anything about kdelta. If we end up with unresolved kdelta terms in
an ic convert expression, we need to tell Maxima that kdelta is really a synonym for the identity
matrix.

3. my point about inspecting ic convert.

(%i1) display2d : false$ load(itensor)$

(%i3) ic_convert(a([],[])=b([i],[])*c([],[i]));

(%o3) a:sum(c[i]*b[i],i,1,dim)
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(%i4) rhs(%);

(%o4) sum(c[i]*b[i],i,1,dim)

(%i5) ic_convert(a([k],[])=b([k,i],[])*c([],[i]));

(%o5) for k thru dim do a[k]:sum(c[i]*b[k,i],i,1,dim)

(%i6) rhs(%);

(%o6) 0

See? In the first case, ic convert was evaluating a scalar-valued assignment, and generated in turn
a simple assignment expression in Maxima. One that actually has a right-hand side. In the second
case, the expression being evaluated was vector-valued; ic convert therefore created a loop instruc-
tion in Maxima. That has no rhs of course.

4. (Private communication from V. Toth, 9.5.26:)

For starters,

c([],[k]) = ’levi_civita([],[i,j,k]) * a([i],[]) [...]

is *NOT* an assignment expression, so nothing is ”stored” in c. Also, itensor uses symbols without
defining them (that’s one of its strengths): the only thing that matters is the arrangement of indices.

Here:

(%i1) display2d:false$

(%i2) a[1]:123$

(%i3) a[2]:234$

(%i4) a;

(%o4) a

(%i5) b:[stuff,stuff]$

(%i6) b;

(%o6) [stuff,stuff]

(%i7) b[1]:123;

(%o7) 123

(%i8) b[2]:234;

(%o8) 234

(%i9) b;

(%o9) [123,234]

When you use ‘a[1]:123‘ on a symbol, ‘a‘, that is uninitialized, Maxima automatically creates a
hashed array and associates it with ‘a‘. From then on, ‘[]‘ references elements of that hashed array.
To **PREVENT** this, I pre-initialized ‘b‘ to a regular list/matrix, so that ‘[]‘ references the
elements of that array on assignment, instead of causing the creation of a hashed array.

Note also this, to highlight the difference:

(%i12) a[123123123]:more_stuff$

(%i13) a[123123123];

(%o13) more_stuff

(%i14) a[123123124];

(%o14) a[123123124]

(%i15) b[123123123]:other_stuff;

assignment: matrix row index 123123123 out of range.

-- an error. To debug this try: debugmode(true);
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B grad-div-curl in different coordinate systems

To use formula’s for the vector analysis ’operators’ grad, div, curl (=rot), laplacian it
is recommended to remember and work with general coordinates for the definitions
and afterwards specify the concrete coordinate system instead of memorize many
(>= 12) special formula’s for special coordinate systems e.g. cartesian, cylindrical,
spherical, ..see (1’)..(4’), (1C)..(4C) and (1S)..(4S).

Theorem [Vector Analysis in IR3 with general coordinates]
Let u = (u1, u2, u3) be a general (’curvilinear’) orthogonal coordinate system.
Let F = (F1, F2, F3) : D ⊂ IR3 → IR3 be a C1 ”vector” function with coordinates u.
Let f(u1, u2, u3) : D ⊂ IR3 → IR be a C1 ”scalar” function with coordinates u.
Let R : (x, y, z) 7→ (u1, u2, u3) be a transformation between (x, y, z) and (u1, u2, u3).
Let U := (∂R

∂u
) = (U1, U2, U3) be the Jacobian matrix of R with columns Ui.

Let h = (h1, h2, h3) with hi :=
√
Ui • Ui be the scale factors of the transformation R.

Let ei :=
1
hi
Ui =

1
hi

∂R
∂ui

be the unit vector in direction Ui.

Then we define the ’symbolic operators’ ∇f,∇ ·F,∇×F,∆f alias grad, div, curl (=rot),
laplacian through the following explicit formular’s on the right hand side:

∇f(u1, u2, u3) := grad(f(u1, u2, u3)) :=
1

h1

∂f

∂u1

e1 +
1

h2

∂f

∂u2

e2 +
1

h3

∂f

∂u3

e3 (B.1)

∇ · F := divF :=
1

h1h2h3

[
∂

∂u1

(h2h3F1) +
∂

∂u2

(h3h1F2) +
∂

∂u3

(h1h2F3)

]
(B.2)

∇× F := curlF :=
1

h1h2h3

∣∣∣∣∣∣∣∣
h1e1 h2e2 h3e3

∂

∂u1

∂

∂u2

∂

∂u3

h1F1 h2F2 h3F3

∣∣∣∣∣∣∣∣ (B.3)

:=
1

h2h3

(
∂(h3F3)

∂u2

− ∂(h2F2)

∂u3

)
+

1

h3h1

(
∂(h1F1)

∂u3

− ∂(h3F3)

∂u1

)
+

1

h1h2

(
∂(h2F2)

∂u1

− ∂(h1F1)

∂u2

)
∆f := Laplacian(f(u1, u2, u3))

:=
1

h1h2h3

[
∂

∂u1

(
h2h3

h1

∂f

∂u1

)
+

∂

∂u2

(
h3h1

h2

∂f

∂u2

)
+

∂

∂u3

(
h1h2

h3

∂f

∂u3

)]
(B.4)
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Verify using Maxima:

1. Get the usual standard expressions for the 4 operators using rectangular cartesian
coordinates (x, y, z) for (u1, u2, u3) in the formular’s (1)..(4):

(1’) ∇f = grad(f) = ∂f
∂x
i+ ∂f

∂y
j+ ∂f

∂z
k ≡ (∂f

∂x
, ∂f
∂y
, ∂f
∂z
)

(2’) ∇ · F = divF = ∂F1

∂x
+ ∂F2

∂y
+ ∂F3

∂z

(3’) ∇×F = curl(F ) = (F3,y −F2,z)i+ (F1,z −F3,x)j+ (F2,x−F1,y)k □34

=
(

∂F3

∂y
− ∂F2

∂z

)
i+

(
∂F1

∂z
− ∂F3

∂x

)
j+

(
∂F2

∂x
− ∂F1

∂y

)
k

(4’) ∆f ≡ ∇2f ≡ Laplacian(f) := ∂2f
∂x2 +

∂2f
∂y2

+ ∂2f
∂z2

a. If f(x, y, z) = x2yz3 and F = xzi−y2j+2x2yk find∇f,∇·F,∇×F, div(fF), curl(fF),∆f .

b. Check 1a. by hand.

2. Get the following expressions for the 4 operators using cylindrical coordinates
(r, φ, z) for (u1, u2, u3) in the formular’s (1)..(4):

(1C) ∇f = grad(f) = f,rer +
f,φ
r
eφ + f,zez

∇f(r, φ, z) = ∂f
∂r
er +

1
r
∂f
∂φ
eφ + ∂f

∂z
ez

(2C) ∇ · F = divF = 1
r

∂
∂r
(rFr) +

1
r
Fφ,φ + Fz,z

= 1
r

∂
∂r

(rFr) +
1
r

∂Fφ

∂φ
+ ∂Fz

∂z

(3C) ∇× F =
[
1
r
∂Fz

∂φ
− ∂Fφ

∂z

]
er +

[
∂Fr

∂z
− ∂Fz

∂r

]
eφ + 1

r

[
∂
∂r

(r · Fφ)− ∂Fr

∂φ

]
ez

(4C) ∆f = ∇2f = Laplacian(f) = f,r
r
+ f,rr +

f,φφ

r2
+ f,zz

a. If f(r, φ, z) = r2z3 and F = zer − φ2eφ + 2r2zez
find ∇f,∇ · F,∇× F, div(fF), curl(fF),∆f .

b. Check 2a. by hand.

3. Get the following expressions for the 4 operators using spherical coordinates
(r, θ, φ) for (u1, u2, u3) in the formular’s (1)..(4):

(1S) ∇f = grad(f) = f,rer +
f,θ
r
eθ +

f,φ
r sin(θ)

eφ

∇f(r, θ, φ) = ∂f
∂r
er +

1
r
∂f
∂θ
eθ +

1
r sin θ

∂f
∂φ
eφ

(2S) ∇ · F = divF = 1
r2

∂
∂r

(r2Fr) +
1

r sin θ
∂
∂θ

(sin θ Fθ) +
1

r sin θ

∂Fφ

∂φ

(3S) ∇×A = 1
r sin θ

[
∂
∂θ

(Fφ sin θ)− ∂Fθ

∂φ

]
er+

1
r

[
1

sin θ
∂Fr

∂φ
− ∂

∂r
(rFφ)

]
eθ+

1
r

[
∂
∂r

(rFθ)− ∂Fr

∂θ

]
eφ

(4S) ∆f = 1
r2

∂
∂r

(
r2 ∂f

∂r

)
+ 1

r2 sin(θ)
∂
∂θ

(
sin(θ) ∂f

∂θ

)
+ 1

r2 sin2(θ)
∂2f
∂φ2

34this is a usual compact short notation for the partial derivative: ∂F3

∂y ≡ F3,y
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= 1
r

∂2

∂r2
(rf) + 1

r2 sin θ
∂
∂θ

(
sin θ ∂f

∂θ

)
+ 1

r2 sin2 θ
∂2f
∂φ2

a. If f(r, θ, φ) = 1
2
(2 cos θ + 3 sin2 θ cosφ) and F = er +

2
θ
eθ + φr sin(θ)eφ

find ∇f,∇ · F,∇× F, div(fF), curl(fF),∆f in spherical coordinates .

b. Check 3a. by hand.

4. Let F(x, y, z) = ze1 − 2xe2 + ye3 = (z,−2x, y). Write F in cylindrical coordinates.
Then calculate ∇ · F and ∇× F in cylindrical coordinates.

5. Derive formular’s for ∇f,∇ · F,∇× F,∆f in parabolic coordinates,
i.e (x, y, z) = (1

2
(u2

1 − u2
2), u1u2, u3).

a. If f(u1, u2, u3) = u2
1u

3
3 and F = u3e1 − u2

2e2 + 2u2
1u2e3

find ∇f,∇ · F,∇× F, div(fF), curl(fF),∆f in general ’curvilinear’ coordinates..

b. Check 3a. by hand.

6. Get expressions for the operators ∇f,∇·F,∇×F,∆f in polar coordinates in IR2.

7. Poof the formular’s (1)..(4). See: [29, p. 137], [33, p. 62 ff].

(1) Grad: see [42, p. 22], [29, p. 148], [33, p. 64], [17, §6.9]

(2) Divergence: [42, p. 30], [29, p. 150], [33, p. 64], [17, §6.10]

(3) Curl: [42, p. 31], [29, p. 150], [17, §6.11]

(4) Laplacian: [42, p. 23], [29, p. 151] , [17, §6.12]
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