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0.1 Preface

This collection of small scripts show the use of the free CAS Maxima to implement some
well known concepts and routines of elementary statistics. We focus on comprehension of
statistical concepts by direct translation of mathematical formulas, qualitative simple pic-
tures and worked examples. This makes this ’handbook’ and the accompanying Maxima
worksheets a perfect candidate for an learning environment at an ’action and process level’
in the sense of the APOS Theory, cf. the short summary at [11].

The statistical concepts are presented in an CAS-language, that lies between the semipro-
fessional slang, in which mathematical concepts are presented and roughly explained and
the high precision of the formal mathematical language, which is not so easy to grasp at a
first attempt. The Maxima language allows to make the concepts of statistics executable,
to coin math formulas and processes into ’run’able functions/procedures and therefore to
allow own experiments. The results of one’s thinking in the CAS language is immediately
returned to the screen and helps to check the right understanding.

Why statistics with Maxima?
Professional and university statisticians use free software like R, Python, Octave or free
spreadsheets like LibreOffice Calc etc. Besides possible problems of installation of the
software by the novice user, it is often not easy to look into the source code of the relevant
procedures, because they are cluttered into diverse packages or dependency structures and
are not useable stand-alone. So, here are some reasons for the use of Maxima ...

• allows to program the statistics formulas very close to their mathematical formulation,

• each worksheet is totally independent of other imported code, it’s self-contained,

• it’s easy to include comments, tests, tables and plots in the worksheet,

• .. and it is just fun and illuminating to use Maxima in it’s new Yamwi version..

Some remarks on the content of this booklet
The order of the following suite of worksheets with definitions, checks, exercises (problems)
etc. follows a standard presentation.

1 First we define the standard functions of descriptive statistics, i.e. mean, var, std, sem,
mad, rms, median, mode, madM, quantile, moment, skew, kurtosis. Ergo, the user should
be able to easily follow the calculations in standard texts like [17].

2 We implement some important statistical distributions as helper functions to enable
the statistical tests in chapter 4. and 5. For each distribution presented in chapter 2. and
chapter 3. we give
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− the definition resp. coding in Maxima notation for

◦ the probability density functions f named ”...PDF”,

◦ the cumulative distribution functions F named ”....CDF” and

◦ the quantile functions F−1 named ”....INV”, i.e. the INVerse of the CDF.

− often a check of the calculations against the statistics software R or MatLab,

− a short table of the distributions values,

− a qualitative plot to have a visual impression or to verify one’s result on a graph,

− solution of a prototypical problem resp. application followed by a set of exercises.

To run an Maxima sheet click on a link starting with .

3 Then we implement some standard functions of test statistics, i.e. Gauss tests, Stu-
dent t-tests, F-test, ChiSquare test, Wilcoxon tests, etc. The user should easily follow
these calculations in standard texts like [17] or in free spreadsheets. All these calculations
are demonstrated and recalculated as examples using Maxima functions.

4 Last we implement some rank’ing tests like Spearman rank correlation, do regres-
sion and one-way ANOVA and close with bootstrap and jackknife methods. Again, these
calculations are demonstrated and calculated using small self-made Maxima functions.

Some remarks on the didactical contcept of this booklet
This small booklet is dedicated to the novice – w.r.t. the subject matter as well w.r.t. the
use of CAS Maxima. Therefore, I roughly follow the educational APOS theory, cf. [11]:
this means each section of this book is divided into the following 4 steps:

M: we start with a short motivation of the mathematical concept using colloquial words.1

V: we present an adequate concrete visualization of the mathematical concept using a
prototypical example. The user should pause and think and reflect a while about it.

D: we give a precise mathematical definition using mathematical symbols. This definition
should be memorized along with the visualization and the prototypical example.

E: we solve a concrete example often w.r.t. part V: and prepare for the use of the CAS
Maxima. The reader will fully understand the mathematical concept in question
when he can translate the mathematical definition D: into a working code snippet.
This simultaneously enables to conduct own experiments with own data, allowing to
observe the effects of own actions in the CAS Maxima.

1Some of these sentences are produced using Google’s AI answer. Therefore, I would appreciate any
information regarding the original source of the citation and would add the appropriate credit to the quote.
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Remark. The presented code in this booklet is ’educational’ code, aimed at the novice
learner who is willing to learn statistics and a CAS like Maxima simultaneously. I have
tried to program all concepts as small as possible, therefore there is no guaranty for correct
results using the presented statistical functions. Nevertheless, our code is checked with the
professional industry strength code fromMatLAB (online) akaOctave or the academical
strength code from R.

The code in the Maxima statistics packages descriptive, distrib and stats is professional
code contributed by Mario M. Riotorto. Use these functions, if my educational code
runs into problems (e.g. I have dropped checks against input errors by the user etc.)

For the inspection or running an Maxima script no installation is necessary, everything
runs directly online: a click on a link like ▷ Click here. in this text is enough to invoke
the corresponding script and execute it automatically.
To profit from these features, we benefit from the excellent online version of Maxima,
called Yamwi, which is great work by M. Riotorto, Leo Butler and M. Gosse.
The code lines were tested on an iMac 24", Apple M3, Tahoe 26.3.1 using Safari.

I am very grateful to Dr. Leo R. Butler2 and Michel Gosse3 for their friendly support
with tips and hints while writing these notes.4

Any feedback from the user is very welcome.

Wolfgang Lindner
Leichlingen, Germany
July 2026

2University of Manitoba, for sharing his expert knowledge of Maxima constructions
3Honorary Mathematics Inspector, for finding hidden bugs and mistakes
4This booklet is based on my earlier book [10], where I use the small compact CAS Eigenmath [19]

designed for the use by physicists.

https://net124.reltub.ca/yamwi/index.php?c=lojj10hc4zlnhocxoglcw&n=1&mode=2&max=
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1 Desriptive Statistics

We collect the well known measures of tendency, dispersion and deviation. We translate
the mathematical definitions into Maxima code and demonstrate exemplary calls and
examples. We define and code the standard functions of descriptive statistics, i.e. mean,
var, std, sem, mad, rms, median, mode, madM, quantile, moment, skew, kurtosis. Ergo
the user should easily follow the calculations in standard texts like [17].
All these calculations could now simply be done with Maxima.

For independent work, there is a text file containing all relevant Maxima definitions of all
chapters, cf. ▷statsBox.txt, which can be looked at ▷Maxima : StatsBox.

https://lindnerdrwg.github.io/statsBox.txt
https://lindnerdrwg.github.io/statsBox.html
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1.1 mean - the arithmetic Mean

The arithmetic mean X̄ of a list X of numbers is the sum of all of the numbers in the list
divided by their count.

Definition For a vector (list) (x1, x2, ..., xn) ∈ IRn of numbers the arithmetic mean X̄ or
mean(X) (or simply mean or average) is defined by

X̄ :=
1

n

n∑
i=1

xi =
x1 + x2 + · · ·+ xn

n
=: mean(X)

Example [wiki] The arithmetic mean of the five values: 4, 36, 45, 50, 75 is:

X̄ =
4 + 36 + 45 + 50 + 75

5
=

210

5
= 42

If the five values are interpreted as hourly earnings in of five employees, then the arithmetic mean corre-

sponds to the hourly earning, that everyone would receive if the total earnings were distributed equally

among all employees.

Mental image

Use Maxima Copy the following 3 commands to Yamwi’s console (figure.1 left) or e.g.
in Xmaxima’s console (figure.1 right) line-by-line or use the direct link below.

load(descriptive);

L : [4, 36, 45, 50, 75];

mean(L);

| 42

▷ mean

You get:

https://net124.reltub.ca/yamwi/index.php?c=1gxtqoq122odlrxh0btih&n=1&mode=2&max=bG9hZChkZXNjcmlwdGl2ZSk7CkwgOiBbNCwgMzYsIDQ1LCA1MCwgNzVdOwptZWFuKEwpOw--
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Figure 1:
Left figure: Screenshot of Yamwi showing code and output lines.
Right figure: Screenshot of Xmaxima with input lines in blue.
The inputs are shown in the (%i..) lines, the outputs in the (%o..).

General information
General mathematical information about the concept is here ▷ WikipediA : Mean
Syntax and semantic of the function is here ▷ Matlab : mean

1.1.1 Exercises

Exercise 1. The check with Maxima of the example invokes and then uses the pack-
age descriptive by M.M. Riotorto. Write a user-defined function mean1 using the
mathematical definition of mean and
a. the build’in function apply,
b. the build’in function lsum (’list sum’).

Solution: Ex.1

Exercise 2. The definition, which comes next to the mathematical definition of mean, use
the build’in function sum. Write mean2() using sum.

Solution: Ex.2

Exercise 3. (Spiegel, p.74, P 3.19 - grouped data with guessed mean A)
Calculate the arithmetic mean of the numbers 5, 8, 11, 9, 12, 6, 14, 10 choosing as the ’guessed
mean’ the number A = 9.

https://en.wikipedia.org/wiki/Mean
https://de.mathworks.com/help/matlab/ref/double.mean.html
https://net124.reltub.ca/yamwi/index.php?c=pszczso2sfgaorqva5riz&n=5&mode=2&max=LyogRmlyc3Qgd2UgZGVmaW5lIHRoZSB1c2VyIGZ1bmN0aW9uIG1lYW4yKCkgdXNpbmcgdGhlIHByZWRlZmluZWQgZnVuY3Rpb24KYXBwbHkoKSwgd2hpY2ggYXBwbGllcyB0aGUgYWRkaXRpb24gb3BlcmF0b3Ig4oCZK_KAmSB0byBhbGwgZWxlbWVudHMgb2YgdGhlIGxpc3QgTQpnaXZpbmcgdGhlIHdhbnRlZCBzdW0uIFNlY29uZCB3ZSBkZWZpbmUgdGhlIHVzZXIgZnVuY3Rpb24gbWVhbjMoKSB1c2luZyAKdGhlIGJ1aWxkaW4gZnVuY3Rpb24gbHN1bSgpLCB3aGljaCBhbHNvIHN1bXMgdXAgYWxsIGVsZW1lbnRzIG9mIHRoZSBsaXN0IE0uICovCgpNIDogWzEsMiwzXSQKbWVhbjIoTCk6PSBhcHBseSgiKyIsIEwpL2xlbmd0aChMKSAkCm1lYW4yKE0pOwoKc3VtMyhMKTo9bHN1bShMW2ldLGksTCkkCnN1bTMoTSk7Cm1lYW4zKEwpOj0gc3VtMyhMKS9sZW5ndGgoTCkgJAptZWFuMyhNKTs-
https://net124.reltub.ca/yamwi-dev/index.php?c=jakd0l1t6xxzy4msv1sqy&n=1&mode=2&max=TSA6IFsxLDIsM107Cm1lYW4xKEwpIDo9IHN1bSggTFtpXSxpLDEsbGVuZ3RoKEwpICkgLyBsZW5ndGgoTCk7Cm1lYW4xKE0pOwo-
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Solution: Ex.3

Exercise 4. (mean w.r.t a frequency)
100 students took part in a test. The marks X = (61,64,67,70,73) were distributed with the
frequency f = (5,18,42,27, 8). In other words, we had the frequency tableau

(
61
5

64
18

67
42

70
27

73
8

)
,

i.e. 5 students get 61 marks, 18 students get 64 marks etc. Calculate the mean mark of
the 100 students.
Hint : use formula meanF(X,f) = dot(f,X)/sum(f) for a mean of X w.r.t. a frequency f .

Solution: Ex.4

Exercise 5. Let X = (1, 3, 6, 6, 6, 6, 7, 7, 12, 12, 17) =
(
1
1
3
1
6
4
7
2
12
2

17
1

)
.

Calculate the mean of X.
Solution: Ex.5

https://net124.reltub.ca/yamwi/index.php?c=o3zkrm5adgpm3cz5dn2vo&n=4&mode=2&max=LyogV2Ugc2hvdyB0aGUgc3RlcHMuIEZpcnN0IHdlIHN1YnRyYWN0IDkgZnJvbSBlYWNoIG51bWJlciBpbiBYLCAKICAgIHRoZW4gd2UgYWRkIGFsbCB0aGVzZSBuZXcgbnVtYmVycyB1c2luZyBbJWkzXSBhbmQgc2hpZnQgdGhlbSAKICAgIHRvIHRoZSBuZXcgY2VudGVyIDkuIAogICAgSW4gWyVpNV0gd2UgYWJzdHJhY3QgdGhlIHByb2NlZHVyZSB0byBmdW5jdGlvbiBtZWFuQTogICovCgpYIDogWzUsOCwxMSw5LDEyLDYsMTQsMTBdOwpYLTk7CmFwcGx5KCIrIiwgWC05KTsKOSthcHBseSgiKyIsIFgtOSk7Cm1lYW5BKFgsQSkgICAgOj1mbG9hdChBK2FwcGx5KCIrIiwgWC1BKSkvbGVuZ3RoKFgpOyAKbWVhbkEoWCw5KTsgICAgICAgICAgICAK
https://net124.reltub.ca/yamwi/index.php?c=g65q5zouvsialt3vx6amu&n=6&mode=2&max=LyogV2UgdXNlIHRoZSB3ZWxsLWtub3duICdpbm5lciBwcm9kdWN0JyBhbGlhcyB0aGUgJ2RvdCctcHJvZHVjdCAKICAgb2YgTGluZWFyIEFsZ2VicmEgdG8gc29sdmUgdGhlIHByb2JsZW06ICovCgpTdW0oTSkgOj0gYXBwbHkoIisiLE0pJApmIDpbIDUsMTgsNDIsMjcsIDhdICQKU3VtKGYpOwoKWCA6IFs2MSw2NCw2Nyw3MCw3M10kCihYLmYpL1N1bShmKSwgZmxvYXQ7Cgpkb3QoYSxiKSA6PSBzdW0gKGFbaV0qYltpXSwgaSwgMSwgbGVuZ3RoKGEpKTsKZG90KFgsZik7CgptZWFuKFgsZikgOj0gZmxvYXQoZG90KFgsZikvU3VtKGYpKSQKbWVhbihYLGYpOw--
https://net124.reltub.ca/yamwi/index.php?c=lojj10hc4zlnhocxoglcw&n=7&mode=2&max=WCA6IFsxLDMsNiw2LDYsNiw3LDcsMTIsMTIsMTddJAoKLyogZmlyc3QgbWV0aG9kICovClN1bShNKSA6PSBhcHBseSgiKyIsTSkkCm1lYW4xKE0pIDo9IFN1bShNKS9sZW5ndGgoTSkkCm1lYW4xKFgpLCBmbG9hdDsKCi8qIHNlY29uZCBtZXRob2QgKi8KClkgOiBbMSwzLDYsNywxMiwxN10kCmYgOiBbMSwxLDQsMiwyLDFdICQKbWVhbkYoTSxmKSA6PSBmbG9hdCggKE0gLiBmKS9TdW0oZikpJAptZWFuRihZLGYpOw--
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1.2 var - the variance

The variance is the mean squared deviation from the mean. Variance is a measure of how
far the observed values xi in a dataset X fall from the arithmetic mean µ := X̄ and is
therefore a measure of spread.

Definition
• For a vector X := (x1, x2, ..., xn) , the (population) variance is defined as

var(X) :=
1

n
·

n∑
i=1

(xi − µ) =
(x1 − µ) + (x2 − µ) + · · ·+ (xn − µ)

n

where µ is the mean of X.
• The (sample) variance is defined as var1(X) := 1

n−1

∑n
i=1 (xi − µ).

Examples The (sample!) variance of the five values: 4, 36, 45, 50, 75 is:

var(X) =
(4− 42)2 + (36− 42)2 + (45− 42)2 + (50− 42)2 + (75− 42)2

5
= 528.4

Use Maxima

load(descriptive) $

X : [4, 36, 45, 50, 75] $

var(X); /* = 528.4 */

var1(X); /* = 660.5 */

▷ Var

Mental image

Figure 2:
Figure illustrating the concept of variance for two different sets of 19
numbers (0, 5, ..., 90) and (0, 37, 38, ... 53, 90). µ denotes the mean
and σ denotes the square root of the variance as a measure of the spread.

https://net124.reltub.ca/yamwi/index.php?c=2mrbcvymyzhkxx6tzwgnc&n=9&mode=2&max=bG9hZChkZXNjcmlwdGl2ZSkgJApYIDogWzQsIDM2LCA0NSwgNTAsIDc1XSAkCnZhcihYKTsgCnZhcjEoWCksIG51bWVyOw--
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General information
General mathematical information about the concept is here ▷ WikipediA : Variance
Syntax and semantic of the function is here ▷ Maxima : var
or here ▷ Matlab : var

1.2.1 Exercises

Exercise 6. The Maxima check of the example uses the build’in function var of Maxima
package descriptive.
Write a user-defined function Var using the mathematical definition of var.

Solution: Ex.6

Exercise 7. (example from wikipedia, ibid.)
For a set of numbers 10, 15, 30, 45, 57, 52, 63, 72, 81, 93, 102, 105, if this set is the whole
data population for some measurement, then variance is the population variance 932.743 as
the sum of the squared deviations about the mean of this set, divided by 12 as the number
of the set members. If the set is a sample from the whole population, then the unbiased
sample variance can be calculated as 1017.538 that is the sum of the squared deviations
about the mean of the sample, divided by 11 instead of 12.
Check this using your user-defined function Var and the predefined function var.

Solution: Ex.7

https://en.wikipedia.org/wiki/Variance
https://maxima-on-wasm.pages.dev/doc/html/Package-descriptive.html#index-var 
https://de.mathworks.com/help/matlab/ref/double.var.html
https://net124.reltub.ca/yamwi-dev/index.php?c=30wjtz3em0if0rpxmd1cs&n=2&mode=2&max=WCA6IFs0LCAzNiwgNDUsIDUwLCA3NV0gJApTdW0oTSkgOj0gYXBwbHkoIisiLCBNKSQKTWVhbihNKSA6PSBTdW0oTSkvbGVuZ3RoKE0pJApWYXIoTSkgOj0gU3VtKChNLU1lYW4oTSkpXjIpIC8gbGVuZ3RoKE0pJCAKVmFyKFgpLCBudW1lcjs-
https://net124.reltub.ca/yamwi-dev/index.php?c=4jnyqu3xc43osckf5ii40&n=0&mode=2&max=WCA6IFsxMCwgMTUsIDMwLCA0NSwgNTcsIDUyLCA2MywgNzIsIDgxLCA5MywgMTAyLCAxMDVdJAoKU3VtKE0pIDo9IGFwcGx5KCIrIiwgTSkkCk1lYW4oTSkgOj0gU3VtKE0pL2xlbmd0aChNKSQKVmFyKE0pIDo9IFN1bSgoTS1NZWFuKE0pKV4yKSAvIGxlbmd0aChNKSQgClZhcihYKSwgbnVtZXI7Cgpsb2FkICgiZGVzY3JpcHRpdmUiKSQKdmFyKFgpLCBudW1lcjsgICAgICAKdmFyMShYKSwgZmxvYXQ7Cg--l
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1.3 sd - the Standard deviation

The standard deviation is the square root of the mean squared deviation from the mean.
A large standard deviation indicates that the data points xi in a dataset X can spread far
from the mean µ := X̄ and is therefore a measure of spread.

Definition
• For a vector X := (x1, x2, ..., xn) , the (population) standard deviation is defined as

sd(X) :=

√√√√ 1

n

n∑
i=1

(xi − µ)2

where µ is the mean of X.

• The (sample) standard deviation is defined as sd1(X) :=
√

1
n−1

∑n
i=1 (xi − µ)2.

Mental image

Figure 3:

Table of annual salary of employees, µ = mean, s = sd(X): ▷ var
⊓: 68 % of the data fall inside the red region µ± s.
⊓: 95 % of the data fall inside the red+green region µ± 2 ∗ s.
⊓: 99.7 % of the data fall inside the red+green+blue region µ± 3 ∗ s.
⌢: the empirical density function

Example
The (population) standard deviation of the five values: 4, 36, 45, 50, 75 is:

sd(X) =
√

var(X) =
√
528.4 = 22.98

https://www.geo.fu-berlin.de/en/v/soga-r/Basics-of-statistics/Descriptive-Statistics/Measures-of-Dispersion/Variance-and-Standard-Deviation/index.html
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Use Maxima

load(descriptive) $

X : [4, 36, 45, 50, 75] $

std(X), numer; /* =22.98 */

std1(X), numer; /* = 25.70 */

▷ std

General information
◦ General mathematical information about the concept is ▷ WikipediA : std.deviation
◦ Syntax and semantic of the function is here ▷ Maxima : std
◦ Syntax and semantic of the function is in ▷ Matlab : std

1.3.1 Exercises

Exercise 8. The Maxima check of the example uses the build’in function std of Maxima
package descriptive.
Write a user-defined function sd using the mathematical definition of sd.

Solution: Ex.8

Exercise 9. (example from wikipedia, ibid.)
Suppose that the entire population of interest is eight students in a particular class.
Their marks are the following eight values: 2,4,4,4,5,5,7,9.
◦ The std formula of Maxima is valid only if the eight values with which we began form the

complete population. If the values instead were a random sample drawn from some large parent

population (for example, there were 8 students randomly and independently chosen from a student

population of 2 million), then one divides by 7 (which is n - 1) instead of 8 (which is n) in the

denominator of the sd formula, and we have to use function std1 of Maxima.

Check this using your user-defined function sd and the predefined function std resp. std1.
Solution: Ex.9

Exercise 10. (example from cf. Spiegel p. 106, P 4.10)
Find the std. deviation of 12,6,7,3,15,10,18,5.

Solution: Ex.10

Exercise 11. (students marks)
Find the std. deviation of the height of the students marks X = (61, 64, 67, 70, 73) with
frequency f = (5, 18, 42, 27, 8), e.g. mark 61 was reached 5 times.
Hint : We have to adapt the definition of std w.r.t. frequency f .
Define e.g. ’mean w. frequency’ by meanF (X, f) = dot(f,X)∑

f
.

Solution: Ex.11

https://net124.reltub.ca/yamwi/index.php?c=kopi4smbczrl0ptae251t&n=3&mode=2&max=bG9hZChkZXNjcmlwdGl2ZSkgJApYIDogWzQsIDM2LCA0NSwgNTAsIDc1XSAkCnN0ZChYKSwgbnVtZXI7ICAgICAgICAgICAgICAgIC8qID0yMi45OCAqLwpzdGQxKFgpLCBudW1lcjsgICAgICAgICAgICAgIC8qID0gNjYwLjUgKi8-
https://en.wikipedia.org/wiki/Standard_deviation
https://maxima-on-wasm.pages.dev/doc/html/Package-descriptive.html#Item-std1 
https://de.mathworks.com/help/matlab/ref/double.std.html
https://net124.reltub.ca/yamwi-dev/index.php?c=30wjtz3em0if0rpxmd1cs&n=2&mode=2&max=WCA6IFs0LCAzNiwgNDUsIDUwLCA3NV0gJApTdW0oTSkgOj0gYXBwbHkoIisiLCBNKSQKTWVhbihNKSA6PSBTdW0oTSkvbGVuZ3RoKE0pJApWYXIoTSkgOj0gU3VtKChNLU1lYW4oTSkpXjIpIC8gbGVuZ3RoKE0pJCAKVmFyKFgpLCBudW1lcjs-
https://net124.reltub.ca/yamwi-dev/index.php?c=4jnyqu3xc43osckf5ii40&n=0&mode=2&max=WCA6IFsxMCwgMTUsIDMwLCA0NSwgNTcsIDUyLCA2MywgNzIsIDgxLCA5MywgMTAyLCAxMDVdJAoKU3VtKE0pIDo9IGFwcGx5KCIrIiwgTSkkCk1lYW4oTSkgOj0gU3VtKE0pL2xlbmd0aChNKSQKVmFyKE0pIDo9IFN1bSgoTS1NZWFuKE0pKV4yKSAvIGxlbmd0aChNKSQgClZhcihYKSwgbnVtZXI7Cgpsb2FkICgiZGVzY3JpcHRpdmUiKSQKdmFyKFgpLCBudW1lcjsgICAgICAKdmFyMShYKSwgZmxvYXQ7Cg--l
https://net124.reltub.ca/yamwi-dev/index.php?c=30wjtz3em0if0rpxmd1cs&n=2&mode=2&max=WCA6IFs0LCAzNiwgNDUsIDUwLCA3NV0gJApTdW0oTSkgOj0gYXBwbHkoIisiLCBNKSQKTWVhbihNKSA6PSBTdW0oTSkvbGVuZ3RoKE0pJApWYXIoTSkgOj0gU3VtKChNLU1lYW4oTSkpXjIpIC8gbGVuZ3RoKE0pJCAKVmFyKFgpLCBudW1lcjs-
https://net124.reltub.ca/yamwi/index.php?c=t1smoivxegkb2axb1ohy4&n=21&mode=4&max=ZiA6IFsgNSwxOCw0MiwyNywgOF0gICAgICAgIC8qLS0gZnJlcSAqLzsKWCA6IFs2MSw2NCw2Nyw3MCw3M10gICAgICAgIC8qLS0gbWFya3MgKi87CgpTdW0oTSkgOj0gbHJlZHVjZSgiKyIsTSwwKSQKU3VtKGYpOwptZWFuRihYLGYpIDo9IGZsb2F0KCAoWC5mKSAvIFN1bShmKSApJAptZWFuRihYLGYpOwoKc2RGKFgsZikgOj0gc3FydCggKGYgLiAoWC1tZWFuRihYLGYpKV4yKSAvIFN1bShmKSkgOwpzZEYoWCxmKTs-
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Exercise 12. (Z-score alias standard.score)
The Z-score function is used to transform a list (’vector’) of numbers into a new list with
mean = 0 and std = 1, cf. [1] or [2]
Task: Define function ’zscore’ and transform the list 6,2,8,7,5 into Z-scored numbers. Com-
pare with function standardize of package descriptive.
Check mean and std.dev of the transformed numbers.

Solution: Ex.12

load ("descriptive")$

zscore(X) := float( (X-mean(X))/std(X) );

X : [6,2,8,7,5]$

zscore(X);

Exercise 13. (example from geeksforgeeks)
Using Maxima do Example 1 and 2 in [3].

Solution: Ex.13

https://en.wikipedia.org/wiki/Standard_score
https://de.mathworks.com/help/stats/zscore.html
https://net124.reltub.ca/yamwi/index.php?c=imrclbo6iu15d4m2lfpt4&n=4&mode=2&max=bG9hZCAoImRlc2NyaXB0aXZlIikkCnpzY29yZShYKSA6PSBmbG9hdCggKFgtbWVhbihYKSkvc3RkKFgpICk7ICAKClggOiBbNiwyLDgsNyw1XSQKenNjb3JlKFgpOwo-
https://www.geeksforgeeks.org/r-language/plot-z-score-in-r/
https://net124.reltub.ca/yamwi-dev/index.php?c=30wjtz3em0if0rpxmd1cs&n=2&mode=2&max=WCA6IFs0LCAzNiwgNDUsIDUwLCA3NV0gJApTdW0oTSkgOj0gYXBwbHkoIisiLCBNKSQKTWVhbihNKSA6PSBTdW0oTSkvbGVuZ3RoKE0pJApWYXIoTSkgOj0gU3VtKChNLU1lYW4oTSkpXjIpIC8gbGVuZ3RoKE0pJCAKVmFyKFgpLCBudW1lcjs-


1 DESRIPTIVE STATISTICS 15

1.4 sem - the Standard error of Mean

For a given sampleX, the standard error of the mean sem(X) equals the standard deviation
divided by the square root of the sample size dim(X).
In other words, the standard error of the mean is a measure of the dispersion of sample
means around the population mean. The SEM is a measure of how much a sample mean
is likely to differ from the true population mean, see example 2. This concept is heavily
used in hypothesis testing and calculating confidence intervals..

Definition
For a vector X = (x1, x2, ..., xn) , the standard error of the mean is defined as

sem(X) :=
sd(X)√

n

where sd(X) is the standard deviation of the population

Mental image

Figure 4:
Visualization of sample vs. population and there resp. means X vs. µ.
µ0 is the theoretical mean, i.e. the target value.

Examples
1. The standard error of the mean of the five values X = (4, 36, 45, 50, 75)
is sem(X) = 11.49
2. In the table below, a measurement of N = 10 resistance values of a production of
resistors with a µ0 = 100 Ω ’guaranteed’ value is shown. A reasonable assumption is that
the production is normally distributed. Let us assume that the spread of the production
is well known with sigma σ = 0.5Ω. To check whether the target value 100 Ω is still being

met by the production, one has to determine first of all the test statistic T = (X−µ0)
sem(X)

.

Calculate T for the following sample of resistors.5

Sample of a production of 100 resistors.
n : 1 2 3 4 5 6 7 8 9 10

Ω : 100.1 101.2 99.5 99.0 100.7 100.0 101.2 99.2 99.0 98.7

5This example concerning resistors quality is in Beucher [1, p. 219]. See chapter §4.1 of this script.
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Use Maxima for example.1:

load(descriptive) $

X : [4, 36, 45, 50, 75] $

std1(X)/ sqrt(length(X)), numer; /* =11.49 */

▷ std

General information
◦ Mathematical Information about the concept is ▷ WikipediA : std.error of mean
◦ Syntax and semantic of the function in Maxima : – no build-in function provided –

1.4.1 Exercises

Exercise 14. There is no build’in function sem for Maxima.
Write a user-defined function sem using the mathematical definition of sem and use it to
calculate the std.err.mean and the test statistic T for the values of example2.
MatLab: By default, the standard deviation is normalized by n−1, where n is the number
of observations.

Solution: Ex.14

Exercise 15. (check)
Verify, that sem([1, 2, 3, 4]) = 0.6454.

Exercise 16. (example from soton.ac.uk)
Read: [1]. Program the right most explicit term for SE in [1] in Maxima.
Calculate the sem (=SE) of examples 1 and 2 in [1] using Maxima.

Exercise 17. (example from .investopedia)
Do the example in [2].
Read: handout.

https://net124.reltub.ca/yamwi/index.php?c=kopi4smbczrl0ptae251t&n=3&mode=2&max=bG9hZChkZXNjcmlwdGl2ZSkgJApYIDogWzQsIDM2LCA0NSwgNTAsIDc1XSAkCnN0ZChYKSwgbnVtZXI7ICAgICAgICAgICAgICAgIC8qID0yMi45OCAqLwpzdGQxKFgpLCBudW1lcjsgICAgICAgICAgICAgIC8qID0gNjYwLjUgKi8-
https://en.wikipedia.org/wiki/Standard_error
https://net124.reltub.ca/yamwi/index.php?c=hugrj0gcjkrwiy4rcthbc&n=29&mode=2&max=bG9hZChkZXNjcmlwdGl2ZSkgJAoKT21lZ2EgOiBbMTAwLjEsIDEwMS4yLCA5OS41LCA5OS4wLCAxMDAuNywgMTAwLjAsIDEwMS4yLCA5OS4yLCA5OS4wLCA5OC43XSQKCnNlbShYKSA6PSBmbG9hdCggc3RkMShYKS8gc3FydChsZW5ndGgoWCkpICkkCgptZWFuKE9tZWdhKTsKc2VtKE9tZWdhKTsKCm11MCA6IDEwMDsKVChYKSA6PSAobWVhbihYKS1tdTApL3NlbShYKTsKVChPbWVnYSk7
https://library.soton.ac.uk/variance-standard-deviation-and-standard-error
https://www.investopedia.com/terms/s/standard-error.asp#toc-understanding-standard-error
https://evol.bio.lmu.de/_statgen/StatEES/15SS/standarderror_handout.pdf
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1.5 mad - the average absolute deviation

The average absolute deviation mad of a data set is the average of the absolute deviations
from a central point. It is a means of statistical dispersion or variability. The central point
can be e.g. mean, median, mode.

Definition
For a list X = (x1, x2, . . . , xn) , the mean/median/.. absolute deviation mad is defined as

mad(X) :=
1

n

n∑
i=1

|xi −m(X)|

where n = length(X) and m ∈ {mean,median,mode, ...}.

Mental image

Figure 5:
Figure illustrating the concept of mad for the data set of the
19 numbers X = (0, 5, 10, ..., 90).

Examples
1. The mad w.r.t. the mean of the five values 4, 36, 45, 50, 75 is 17.6.
2. The mad w.r.t. the median of the five values 4, 36, 45, 50, 75 is 9.

Use Maxima where mad() is called mean deviation():

load(descriptive) $

L: [4,36,45,50,75];

mad(L) := mean_deviation(L);

mad(L), numer;

▷ mad

General information
General mathematical information about the concept is ▷ WikipediA : average abs. dev.
Syntax and semantic of the function is here ▷Matlab : mad

https://net124.reltub.ca/yamwi/index.php?c=6msesk2oehpby1i3pvwjg&n=24&mode=4&max=bG9hZChkZXNjcmlwdGl2ZSkgJApMOiBbNCwzNiw0NSw1MCw3NV07Cm1hZChMKSA6PSBtZWFuX2RldmlhdGlvbihMKTsKbWFkKEwpLCBudW1lcjsgCg--
https://en.wikipedia.org/wiki/Average_absolute_deviation
https://de.mathworks.com/help/stats/mad.html


1 DESRIPTIVE STATISTICS 18

1.5.1 Exercises

Exercise 18. There is no build’in function mad for Maxima.
Write a user-defined function mad using the mathematical definition of mad and use it to
calculate the mad for example 1. and 2. For 2. use median() instead of mean.

Solution: Ex.18

Exercise 19. (check, wiki ibid.)
Verify, that for example, for the data set 2, 2, 3, 4, 14 the mad is 3.6.

Solution: Ex.19

Exercise 20. (mean squared deviation)
Calculate for the contrast to the mean absolute deviation (mad) the ’mean squared devia-

tion’ dsquare defined by dsquare(X) =
∑

X̄2

dim(X)
using Maxima; you may use this ’pseudo

code’ (in fact runnable Eigenmathonline code) as pattern:

X=(4,36,45,50,75)

mX = mean(X)

Xbar = X-mX

Xbar2 = Xbar^2

dsquare = sum(Xbar^2)/dim(X)

Solution: Ex.20

Exercise 21. (median abs.dev. around the median) For the sample 2, 2, 3, 4, 14 the number
3 is the median, so the absolute deviations from the median are 1, 1, 0, 1, 11 (reordered as
0, 1, 1, 1, 11) with a median of 1, in this case unaffected by the value of the outlier 14, so
the median absolute deviation is 1.
Define a function madMed() to calculate the ’median abs.dev. around the median’ and
calculate the madMed and verify, that madMed( [1,2,3,4,5,6,7,8,9] ) = 2.
Hint: use the definition madMed(X) = median(abs(X - median(X))).

Solution: Ex.21

Exercise 22. (test vehicles of one car type, cf. Beucher p.176, P 64)
For 40 test vehicles of one car type, the fuel consumption X was determined in liters per
100 km of driving in the city center. This sample yielded the following results (table TX
with 5 rows):

TX = zero(5, 8)

TX[1] = (10.1,10.6,10.9,10.0,10.4,10.5, 9.7,10.5)

TX[2] = (10.4,10.1,10.8, 9.2,10.2,10.3,10.5, 9.2)

TX[3] = (10.2,10.5, 9.4,10.2, 9.6,10.2, 9.7,10.2)

TX[4] = (10.8, 9.9,10.5,10.6, 9.8,10.7,11.2,10.8)

TX[5] = ( 9.9,10.0,10.5,10.4,11.4,10.4,10.1,10.4)

Divide the sample into the following five approx. equidistance characteristic classes:
” < 9.5”, ”9.5− 10.0”, ”10.0− 10.5”, ”10.5− 11.0”, ” > 11.0”.

For the following task use functions of Maxima package descriptive.

https://net124.reltub.ca/yamwi/index.php?c=3jjrgzo0ntc6th2zww3ow&n=25&mode=4&max=LyogVGhpcyBpcyB0aGUgYW5zd2VyIGJ5IEFJOgogICAxLiBDYWxjdWxhdGUgdGhlIG1lYW4gKGF2ZXJhZ2UpIG9mIHRoZSBsaXN0IHVzaW5nIGwoaXN0KXN1bS4KICAgMi4gRGVmaW5lIHRoZSBNQUQgb2YgdGhlIGxpc3QgdXNpbmcgZih4KT0gYWJzKHggLSBtZWFuKEwpKQogICAgICAgYW5kIG1hcC5waW5nIGYgb3ZlciB0aGUgbGlzdCBMLgogICAzLiBnaXZlIGV4YW1wbGUgZGF0YSBhbmQgZXZhbHVhdGUgaXQuIAoqLwoKbWVhbihMKSA6PSBsc3VtKHgsIHgsIEwpIC8gbGVuZ3RoKEwpOwptYWQoTCkgOj0gbWVhbihtYXAobGFtYmRhKFt4XSwgYWJzKHggLSBtZWFuKEwpKSksIEwpKTsKTDogWzQsMzYsNDUsNTAsNzVdOwptYWQoTCksIG51bWVyOyAK
https://net124.reltub.ca/yamwi/index.php?c=2udauqdmr02nfo0af0a5i&n=1&mode=2&max=WCA6IFsyLCAyLCAzLCA0LDE0XSQgCi8qIE5vdyBpdCdzIHlvdXIgdHVybi4gKi8-
https://net124.reltub.ca/yamwi/index.php?c=m6fihkuapmd0s3tjmxmho&n=2&mode=2&max=LyogV3JpdGUgcmVzcC4gY29ycmVjdCB0aGUgcHNldWRvY29kZSB0byBNYXhpbWEgY29kZS4gKi8KCiAgICAgWD0oNCwzNiw0NSw1MCw3NSkgCiAgICAgbVggICAgPSBtZWFuKFgpCiAgICAgWGJhciAgPSBYLW1YCiAgICAgWGJhcjIgPSBYYmFyXjIKICAgICBkc3F1YXJlID0gc3VtKFhiYXJeMikvZGltKFgpCg--
https://net124.reltub.ca/yamwi/index.php?c=gcfbipyrgumvoea4aajgz&n=4&mode=2&max=LyogREVGSU5JVElPTjogICAgbWFkTWVkKFgpID0gbWVkaWFuKGFicyhYIC0gbWVkaWFuKFgpKSkuICovCgptYWRNZWQoWCkgOj0gOwptYWRNZWQoIFsxLDIsMyw0LDUsNiw3LDgsOV0gKTs-
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a. Determine the list of absolute and relative frequencies.

b. Determine the empirical distributions corresponding to the class classification and
represent this in a histogram.

c. Collect the known ’measures of dispersion’ i.e. mean, std.dev., variance, and m.a.deviation
in a ’score’ table.

Solution: Ex.22

https://net124.reltub.ca/yamwi/index.php?c=n0lc5rvkg0meqnicdktu2&n=6&mode=3&max=
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1.6 rms - the Root mean square

The root mean square (abbrev. rms) of a set of values is the square root of the set’s mean
square.

Definition
For a vector X = (x1, x2, . . . , xn), the rms is defined as

rms(X) :=

√
1

n
(x1

2 + x2
2 + · · ·+ xn

2)

where n = length(X).

Mental image

Figure 6:
Figure illustrating the concept of rms for the data set of the
19 numbers X = (0, 5, 10, ..., 90).

Examples

1. The rms of the five values 4, 36, 45, 50, 75 is 47.88.
2. The rms of X = (0, 5, 10, 15, 20, 25, 30, 35, 40, 45, 50, 55, 60, 65, 70, 75, 80, 85, 90) is 52.68.

Use R to check 1. (where there is also no build-in function for rms()):

> X <- c(4, 36, 45, 50, 75)

> sqrt(mean(X^2))

[1] 47.87901

General information

Mathematical information about the concept is ▷ WikipediA : Root mean square
Syntax and semantic of the function is here ▷ Matlab : rms

https://en.wikipedia.org/wiki/Root_mean_square
https://de.mathworks.com/help/matlab/ref/rms.html
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1.6.1 Exercises

Exercise 23. There is no build’in function rms for Maxima.
Write a user-defined function rms using the mathematical definition of rms or the term in
the R check and calculate the rms for examples 1. and 2.

Solution: Ex.23

Exercise 24. (check, wiki ibid.)
Verify, that for example, for the data set X = (1, 2, 3, 4, 5, 6, 7, 8, 9, 10) the rms(X) is
6.204837.

Solution: Ex.24

Exercise 25. (rms in MatLab)
Check some of the examples in ▷ Matlab : rms

Solution: Ex.25

https://net124.reltub.ca/yamwi/index.php?c=w5usq51a3ddvbzzl6zc5p&n=10&mode=3&max=
https://net124.reltub.ca/yamwi/index.php?c=2udauqdmr02nfo0af0a5i&n=1&mode=2&max=WCA6IFsyLCAyLCAzLCA0LDE0XSQgCi8qIE5vdyBpdCdzIHlvdXIgdHVybi4gKi8-
https://de.mathworks.com/help/matlab/ref/rms.html
https://net124.reltub.ca/yamwi/index.php?c=5extr62j50oljwksg6a6t&n=13&mode=3&max=ZnBwcmludHByZWMgOiA1OwoKZGF0YSA6IFsxLDIsM10kIApzcXJ0KGFwcGx5KCIrIiwgbWFwKGxhbWJkYShbeF0sIHheMiksIGRhdGEpKSAvIGxlbmd0aChkYXRhKSksIG51bWVyOwo-
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1.7 median - the Median

The median is the central value of an ordered data set and divides it into a part with small
and with large data points. Therefore, the median is a suitable measure for determining
the distribution of a data set. The median minimizes the total distance to all other data
elements. It is the solution to the optimization problem mina∈IR

∑n
ν=1 |xν − a|.

If a data element change, this only causes a change in the median, if the older value moves
from one half of the ordered data set to the other half.

Definition
For a sorted vector X = (x1, x2, . . . , xn) , the median X̃ =median(X) is defined as

X̃ :=

{
x(n+1)/2 if n = dim(X) is odd
1
2
(xn/2 + xn/2+1) if n = dim(X) is even

where n =length(X).

Mental image

Figure 7:
Figure illustrating the concept of median for the data set of the
19 numbers X = (0, 5, 10, ..., 90).

Examples
1. The median of the five values 4, 36, 45, 50, 75 is 45; n = dim(X) = 5.

2. The median of X = (36, 4, 75, 45, 50)
sort−→ (4, 36,45, 50, 75)

∼−→ 45 = median(sort(X)).

Use Maxima to check 1. :

load(descriptive)$

median([36,4,75,45,50]); /* = 45 */

General information
General mathematical information about the concept is ▷ WikipediA : Median
Syntax and semantic of the function is here ▷ Maxima : median
Syntax and semantic of the function is here ▷ Matlab : median

https://en.wikipedia.org/wiki/Median
https://maxima-on-wasm.pages.dev/doc/html/Package-descriptive.html#index-median
https://de.mathworks.com/help/matlab/ref/double.median.html
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1.7.1 Exercises

Exercise 26. (a user-defined function Median)
Write a user-defined function Median using the mathematical definition of median and
check your function on example 1.
Hint: you must take into account that the list X for the use of Median has to be sorted!
So you must use Maxima’s sort(X) function first.

Solution: Ex.26

Exercise 27. (check median for a data set)
Verify, that for example, for the data set

X = (1,2,3,4, 5, 6,7,8,9)

-- 4 elem. ^ 4 elements right

your Median(X) is 5.
Solution: Ex.27

Exercise 28. (median in MatLab and R)
Check some of the examples in ▷ Matlab : median or in ▷ R : median

https://net124.reltub.ca/yamwi/index.php?c=a5iwm3w2mkg5s0tgueb5l&n=15&mode=3&max=ZnBwcmludHByZWMgOiA1JAoKLyogTUVESUFOIC0gdXNlIHRoZSBmb2xsb3dpbmcgJ3BzZXVkby1jb2RlJzoKbWVkaWFuKFgsIHhtZWQsWHMsbjIsbjJwKSA9IGRvKAogICAgICAgICAgWHMgICA9IHNvcnQoWCksCiAgICAgICAgICBuMiAgID0gZmxvb3IoZGltKFgpLzIpLCAgCiAgICAgICAgICBuMnAgID0gbjIrMSwKICAgICAgICAgIHhtZWQgPSB0ZXN0KCBub3QobW9kKGRpbShYKSwyKT0wKSwgWHNbbjJwXSwgCiAgICAgICAgICAgICAgICAgICAgICAgMC41KihYc1tuMl0rWHNbbjJwXSkpLCBmbG9hdCh4bWVkKSkKKi8KMTs-
https://net124.reltub.ca/yamwi/index.php?c=0ybp5ffsoomyerzcfi2ag&n=4&mode=2&max=WCA6IFsxLDIsMyw0LCAgNSwgIDYsNyw4LDldOwovKiBOb3cgaXQncyB5b3VyIHR1cm4uICovCg--
https://de.mathworks.com/help/matlab/ref/double.median.html
 https://stat.ethz.ch/R-manual/R-devel/library/stats/html/median.html
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1.8 mode - the Mode

The mode is the value
≈
X in a data set X that appears most often, i.e. the maximal value

in the frequency distribution of X.

Definition
For a vector X := (x1, x2, ..., xn) , the mode is defined as

mode(X) := max ”freq”(X)

where freq is the frequency table of X (not defined here).

Mental image

Figure 8:
Figure illustrating the concept of mode for a sets of 9 numbers (37, 38,
38, 40, 42, 42, 42, 45, 46). The most sold length of the 9 shoes was 42.

Examples

1. The mode of the five values 4, 36, 45, 50, 75 is 4.

2. freq(1, 3, 6, 6, 6, 6, 7, 7, 12, 12, 17) =
(
1
1
3
1
6
4
7
2
12
2

17
1

)
⇒ mode((1, 3, 6, 6, 6, 6, 7, 7, ..., 17)) = 6

3. mode((1, 1, 2, 4, 4)) = 1

Use Octave e.g. with SageMathCell or MatLabonline to check 1. :

octave:1> X=[1,2,1,4,4]

octave:2> mode(X)

ans = 1

General information

General mathematical information about the concept is ▷ WikipediA : Mode
Syntax and semantic of the function is here ▷ Matlab : mode

https://en.wikipedia.org/wiki/Mode_(statistics)
https://de.mathworks.com/help/matlab/ref/double.mode.html
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1.8.1 Exercises

Exercise 29. (a user-defined function mode, contributed by M. R. Riotorto)
There is no build-in function mode for Maxima.
Write a user-defined function mode() using the above incomplete mathematical ’definition’
of mode and calculate the mode’s for examples 1., 2. and 3. .
Hint: you may get an idea looking at example 2.

Solution: Ex.29

Exercise 30. (onother user-defined function mode)
Write a user-defined function mode1() using the pseudocode in the following link and check
your code for examples 1., 2. and 3. .

Solution: Ex.30

Exercise 31. (mode in MatLab)
Check some of the examples in ▷ Matlab : mode

https://net124.reltub.ca/yamwi/index.php?c=b21xtnw6hgbbxl1f22puk&n=11&mode=2&max=
https://net124.reltub.ca/yamwi/index.php?c=sqwn35fpmf52a6eld1o2k&n=15&mode=2&max=--
https://de.mathworks.com/help/matlab/ref/double.mode.html
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1.9 quantile - the Quantile

A quantile is a score at or below which a given percentage of the all scores exists, i.e., a
score in the k-th percentile would be above approximately k % of all scores in its set.
[We quote ▷Quantile] One definition of percentile or quantile Qp is that the p-th per-
centile of a list X of n ordered values (sorted from least to greatest) is the smallest value in
the list such that no more than p percent of the data is strictly less than that value and at
least p percent of the data is less than or equal to that value. This is obtained by first cal-
culating the ordinal rank and then taking the value from the ordered list that corresponds
to that rank. The ordinal rank N is calculated using the formula N = ⌈p ∗ 0.01 ∗ n⌉. 6

Definition (The nearest-rank method for a quantile)
For a vector X := (x1, x2, ..., xn) , the quantile Qp is defined as

Qp(X, p) :=

{
max(X) if p = 100

X⌈p∗0.01∗n⌉ if p ∈ [0, 100[

where n = dim(X) is the length of X.

Mental image

Figure 9:

Figure illustrating the concept of quantile for the sets of numbers

(12, 3, 4, 56, 78, 18, 46, 78, 100):
(
0%
3

25%
12

50%
46

75%
78

1000%
100

)
, visualizied in a

so-called boxplot. Q50 = 46 is the median(X).

6https://en.wikipedia.org/wiki/Floor_and_ceiling_functions, the ceiling function maps x to
the least integer greater than or equal to x, denoted ⌈x⌉ or ceil(x).

https://en.wikipedia.org/wiki/quantile
https://en.wikipedia.org/wiki/Floor_and_ceiling_functions
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Example

The quantile values for the ordered list X = (12, 3, 4, 56, 78, 18, 46, 78, 100) are
Q0 = 3, Q25 = 12, Q50 = 46, Q75 = 78, Q100 = 100.

Use Maxima to check:

load ("descriptive")$

X : [12, 3, 4, 56, 78, 18, 46, 78, 100]$

[quantile(X, 1/4), quantile(X, 1/4), quantile(X, 1/2),

quantile(X, 3/4), quantile(X, 1/1)], numer;

Check Example

◦ Octave uses prctile(X,[0,25,50,75,100]) and gives ans = 3 10 46 78 100,
where Q0 = 3 does not corresponds with Q0 |Maxima =12.

Remark.
◦ Using the nearest-rank method on lists with fewer than 100 distinct values can result in
the same value being used for more than one percentile.
◦ A percentile calculated using the nearest-rank method will always be a member of the
original ordered list. This is not always the case using R or MatLab/Octave, which
uses advanced sophisticated algorithms.
◦ The 100th percentile is defined to be the largest value in the ordered list, the 0th percentile
to be the smallest value.

General information

◦ General mathematical information about the concept is ▷ WikipediA : quantile
◦ Syntax and semantic of the function is here ▷ Maxima : quantile
◦ Syntax and semantic of the function is here ▷ Matlab : prctile

https://net124.reltub.ca/yamwi/index.php?c=a5iwm3w2mkg5s0tgueb5l&n=15&mode=3&max=ZnBwcmludHByZWMgOiA1JAoKLyogTUVESUFOIC0gdXNlIHRoZSBmb2xsb3dpbmcgJ3BzZXVkby1jb2RlJzoKbWVkaWFuKFgsIHhtZWQsWHMsbjIsbjJwKSA9IGRvKAogICAgICAgICAgWHMgICA9IHNvcnQoWCksCiAgICAgICAgICBuMiAgID0gZmxvb3IoZGltKFgpLzIpLCAgCiAgICAgICAgICBuMnAgID0gbjIrMSwKICAgICAgICAgIHhtZWQgPSB0ZXN0KCBub3QobW9kKGRpbShYKSwyKT0wKSwgWHNbbjJwXSwgCiAgICAgICAgICAgICAgICAgICAgICAgMC41KihYc1tuMl0rWHNbbjJwXSkpLCBmbG9hdCh4bWVkKSkKKi8KMTs-
https://en.wikipedia.org/wiki/quantile
https://maxima-on-wasm.pages.dev/doc/html/Package-descriptive.html#index-quantile
https://de.mathworks.com/help/matlab/ref/prctile.html
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1.9.1 Exercises

In CAS Maxima, quantiles are calculated using the built-in functions from the descriptive
package. To find the p-quantile, use the naming convention quantile(X,p), with p a
number in ]0, 1[ and X is the sample list.

Exercise 32. (boxplot of Fig.9)
Reproduce the boxplot fig.9 for the data set (12, 3, 4, 56, 78, 18, 46, 78, 100), cf. ▷ boxplot.

Solution: Ex.32

Exercise 33. (a user-defined function Quantile)
Write a user-defined function Quantile using the mathematical definition for Qp using the
nearest-rank method for a quantile and check your function on example 1.
Compare the result w.r.t. the CAS Maxima, MatLab and R.

Solution: Ex.33

Exercise 34. (five-number summary)
The ”five-number summary” (consisting of the minimum, 1st Quartile, Median, 3rd Quar-
tile, and maximum) can be computed using the quantile function. These five statistics
break down the position and spread of a dataset.
Program the ”five-number summary” as a Maxima function.

Solution: Ex.34

Exercise 35. (example from MatLab)
Calculate the quantile of data set X for percentage p = 42%,
where X : 0.5377, 1.8339,−2.2588, 0.8622, 0.3188,−1.3077,−0.4336.
Result : quantile(X,42) should be -0.1026 or -0.0424

Solution: Ex.35

Exercise 36. (example from R)
Reproduce the following calculation in Maxima:

R> df <- c(6, 3, 2, 10, 1)

R> quantile(df)

[1] 0% 25% 50% 75% 100%

1 2 3 6 10

R> quantile(df, .4)

[2] 2.6 -- which is NOT in the data !

Solution: Ex.36

Exercise 37. (example with ’pseudo’code)
Do the following calculation in Maxima:

A = (6, 3, 2, 10, 1)

percentile(A, 40)

Qp(A,40)

boxplot(A)

Solution: Ex.37

https://maxima-on-wasm.pages.dev/doc/html/Package-descriptive.html#index-boxplot
https://net124.reltub.ca/yamwi/index.php?c=jsqnhzcqglzb2wxw6hzzr&n=9&mode=2&max=LyogdXNlIHRoZSBmb2xsb3dpbmcgZXhhbXBsZSBmcm9tIHRoZSBkb2MgZm9yIEJPWFBMT1QgKi8KCmxvYWQgKCJkZXNjcmlwdGl2ZSIpJApBIDogW1s2LCA0LCA2LCAyLCA0LCA4LCA2LCA0LCA2LCA0LCAzLCAyXSwKICAgWzgsIDEwLCA3LCA5LCAxMiwgOCwgMTBdLAogICBbMTYsIDEzLCAxNywgMTIsIDExLCAxOCwgMTMsIDE4LCAxNCwgMTJdXSQKIGJveHBsb3QgKEEsIGJveF9vcmllbnRhdGlvbiA9IGhvcml6b250YWwpJAo-
https://net124.reltub.ca/yamwi/index.php?c=m0034nj6lxuyw5ot4ajw0&n=6&mode=2&max=
https://net124.reltub.ca/yamwi/index.php?c=0lgwkxe6sqd1zn05k4ah2&n=11&mode=2&max=bG9hZCAoImRlc2NyaXB0aXZlIikkClggOiBbMTIsIDMsIDQsIDU2LCA3OCwgMTgsIDQ2LCA3OCwgMTAwXSQKCi8qIG5vdyBpdCBpcyB5b3VyIHR1cm4gLi4gOikgKi8KMTs-
https://net124.reltub.ca/yamwi/index.php?c=0lgwkxe6sqd1zn05k4ah2&n=11&mode=2&max=bG9hZCAoImRlc2NyaXB0aXZlIikkClggOiBbMTIsIDMsIDQsIDU2LCA3OCwgMTgsIDQ2LCA3OCwgMTAwXSQKCi8qIG5vdyBpdCBpcyB5b3VyIHR1cm4gLi4gOikgKi8KMTs-
https://net124.reltub.ca/yamwi/index.php?c=0lgwkxe6sqd1zn05k4ah2&n=11&mode=2&max=bG9hZCAoImRlc2NyaXB0aXZlIikkClggOiBbMTIsIDMsIDQsIDU2LCA3OCwgMTgsIDQ2LCA3OCwgMTAwXSQKCi8qIG5vdyBpdCBpcyB5b3VyIHR1cm4gLi4gOikgKi8KMTs-
https://net124.reltub.ca/yamwi/index.php?c=bvrq60s2ynzpt5v2hkv61&n=12&mode=2&max=bG9hZCAoImRlc2NyaXB0aXZlIikkCkEgOiBbNiwgMywgMiwgMTAsIDFdOwovKiBub3cgaXQgaXMgeW91ciB0dXJuIC4uIDopICovCjE7


1 DESRIPTIVE STATISTICS 29

1.10 moment - the rst Moment

In statistics, moments are parameters that describe the shape of a probability distribution
by measuring different aspects, such as its central tendency, spread, and asymmetry. The
most common moments are the first moment (mean), which indicates the center; the
second moment (variance), which measures spread; skewness, the third moment, which
shows asymmetry; and kurtosis, the fourth moment, which describes the peakedness or
flatness of the distribution, cf. ▷ Google search: statistics moments. AI overview.

The moment concept generalizes the concepts of variance, skewness and kurtosis. The
r-th raw moment of a population can be estimated using the r-th raw sample moment,
applied to a sample x1, ..., xn drawn from the population. The (central) moment of order r
about A, moment(X,A,r) computes a sample version of a population value. The first-order
central moment is zero, the second-order central moment is the variance computed using
a divisor of n rather than n− 1, where n is the length of the data vector X.

Definition
For a data vector X := (x1, x2, ..., xn) , the r-st moment about A is defined as

moment(X,A, r) :=
1

n

n∑
i=1

(xi − A)r

where n is the length of X.

Mental image

Figure 10:
Imagine the data distributed under the blue graph. Then the moment
may be interpreted as ’center of mass’, balanced upon the ’expected’
value △, the moment e.g. the mean; cf. Gundersen

https://gregorygundersen.com/blog/2020/04/11/moments/
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Examples

1. The 1st moment of the five values 4, 36, 45, 50, 75 is 45, i.e. its mean.
2. The 2nd moment of the five values 4, 36, 45, 50, 75 is 2292.4.
3. The 3rd moment about A = 4 of the five values 4, 36, 45, 50, 75 is 111387.

Use Maxima to check:

load ("descriptive")$

moment(M,r) := float( noncentral_moment (M,r));

X : [4, 36, 45, 50, 75]$

moment(X,0);

moment(X,1); /* = 42 */

moment(X,2); /* = 2292.4 */

moment(X-4,3); /* = 111387.2 */

Check Example

General information

◦ General mathematical information about the concept ▷ WikipediA : Moment
◦ Syntax and semantic of the function is here ▷ Matlab : moment
◦ Syntax and semantic of the function is here ▷ Maxima: moment scrolling down.

https://net124.reltub.ca/yamwi/index.php?c=jmsijazpv2rg2xfqzygla&n=3&mode=2&max=bG9hZCAoImRlc2NyaXB0aXZlIikkClggOiBbNCwgMzYsIDQ1LCA1MCwgNzVdJAoKbW9tZW50KE0scikgOj0gZmxvYXQoIG5vbmNlbnRyYWxfbW9tZW50IChNLHIpKTsKCm1vbWVudChYLDApOwptb21lbnQoWCwxKTsKbW9tZW50KFgsMik7Cm1vbWVudChYLTQsMyk7
https://en.wikipedia.org/wiki/Moment_(mathematics)
https://de.mathworks.com/help/stats/moment.html
https://maxima.sourceforge.io/docs/manual/de/maxima_208.html#index-central_moment 
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1.10.1 Exercises

Exercise 38. (user-defined function moment)
Write a user-defined function moment(X,A,r) using the mathematical definition formoment
and check your function on the three examples.
Do not inspect the source code of ’noncentral moment’ in package descriptive.

Solution: Ex.38

Exercise 39. (moment about the mean)
Let X = (0.5377, 1.8339,−2.2588, 0.8622, 0.3188,−1.3077) be a small sample.
Let A = mean(X) be the mean of X.
Calculate the moment(X,A, 3) and moment(X, 0, 3).
Result:−1.1143 using Rwith center=TRUE; −1.1274 using Rwith center=FALSE.

Solution: Ex.39

Exercise 40. (example from Spiegel, p.129, P 5.1)
Calculate the first, second, third and fourth moments of the data set 2, 3, 7, 8, 10.
Hint: Let A = 0 be the ’noncentral’ value of X.

Solution: Ex.40

Exercise 41. (moments for grouped data, cf. Spiegel, p.131 P 5.6)
Students marks in a class have the following frequency table

class mark X: 61 64 67 70 73

frequency f: 5 18 42 27 8

i.e. class mark 67 comes with frequency 42.

Task: find the first four moments of the class marks.

Hint: the solution needs meanF for grouped data and a variant of moment w.r.t. mean of
grouped data; here is the pseudocode:

meanF(X,f) = float( dot(f,X) / sum(f) )

momentMF(X,f,r) = float( dot(f,(X-meanF(X,f))^r) / sum(f) )

Write meanF(X,f) and momentMF(X,f,r) in Maxima and then do momentMF(X,f, 1) ...
.

Solution: Ex.41

Exercise 42. (moments for grouped data, cf. Spiegel, p.137 P5.27)
Find the first four moments for the distribution X : f , where the
date is X = (12, 14, 16, 18, 20, 22) with frequency f = (1, 4, 6, 10, 7, 2).

Result:momentMF(X,f,1) = 0; momentMF(X,f,2) = 5.97; momentMF(X,f,3) = -0.397;
momentMF(X,f,4) = 89.22

Solution: Ex.42

https://net124.reltub.ca/yamwi/index.php?c=m1h6dpoyeee3dk0nehl0y&n=8&mode=2&max=bG9hZCAoImRlc2NyaXB0aXZlIikkCgptb21lbnQoWCxBLHIpIDo9IGZsb2F0KCBtZWFuIChtYXAgKGxhbWJkYSAoW3hdLCAoeC1BKV5yKSxYKSApKTsKClggOiBbNCwgMzYsIDQ1LCA1MCwgNzVdJAoKbW9tZW50KFgsMCwwKTsKbW9tZW50KFgsMCwxKTsKbW9tZW50KFgsMCwyKTsKbW9tZW50KFgsNCwzKTs-
https://net124.reltub.ca/yamwi/index.php?c=uvc15iywvu0avp0fnwvon&n=11&mode=2&max=bG9hZCAoImRlc2NyaXB0aXZlIikkCgptb21lbnQoWCxBLHIpIDo9IGZsb2F0KCBtZWFuIChtYXAgKGxhbWJkYSAoW3hdLCAoeC1BKV5yKSxYKSApKTsKClggOiBbMC41Mzc3LDEuODMzOSwtMi4yNTg4LDAuODYyMiwwLjMxODgsLTEuMzA3N107CkEgOiBtZWFuKFgpOwoKbW9tZW50KFgsQSwzKTsKbW9tZW50KFgsMCwzKTs-
https://net124.reltub.ca/yamwi/index.php?c=emjrdt0yjb1lwzo4f5cpv&n=15&mode=2&max=bG9hZChkZXNjcmlwdGl2ZSkkICAvKiB3ZSB1c2UgbWVhbiAqLwoKbW9tZW50KFgsQSxyKSA6PSBmbG9hdCggbWVhbiAobWFwIChsYW1iZGEgKFt4XSwgKHgtQSleciksWCkgKSk7CgpYIDogWzIsMyw3LDgsMTBdOwpBIDogbWVhbihYKTsKCm1vbWVudChYLDAsMSk7Cm1vbWVudChYLDAsMik7Cm1vbWVudChYLDAsMyk7Cm1vbWVudChYLDAsNCk7Cg--
https://net124.reltub.ca/yamwi/index.php?c=0lgwkxe6sqd1zn05k4ah2&n=11&mode=2&max=bG9hZCAoImRlc2NyaXB0aXZlIikkClggOiBbMTIsIDMsIDQsIDU2LCA3OCwgMTgsIDQ2LCA3OCwgMTAwXSQKCi8qIG5vdyBpdCBpcyB5b3VyIHR1cm4gLi4gOikgKi8KMTs-
https://net124.reltub.ca/yamwi/index.php?c=jz26msii6rwtdr061unac&n=19&mode=2&max=--
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1.11 skew - the Skew.ness

Skewness is a measure of the asymmetry of the data around the sample mean. If skewness
is negative, the data spreads out more to the left of the mean than to the right. If skewness
is positive, the data spreads out more to the right.
The skewness of the normal distribution (or any perfectly symmetric distribution) is zero.
The relative position of arithmetic mean and the median to each other is also characterized
by the skewness of a data set. If the data set is skewed right (steep to the left), the
arithmetic mean lies to the right of the median. If the data set is skewed left (steep to the
right), the arithmetic mean lies to the left of the median. If the data set is symmetrical,
then the arithmetic mean and median are approximately the same.

Definition
For a data vector X := (x1, x2, ..., xn), the skewness skew(X) is defined as

skew(X) :=
1

n

n∑
i=1

(
xi −X

s

)3

=
m3

s3

skewness(X) :=

∑n
i=1(xi −X)3

(n− 1)s3

where n is the number of observations, m3 ist the 3rd moment and s = sd(X) the standard
deviation and X is the mean of X. – The 1st formula is used by MatLab, the 2nd by R.

Mental image

Figure 11:
Figure illustrating the concept of skewness for a distribution of numbers.
The frequency distribution has positive skewness of 0.808 (skew right).
The mean= 4.46 is placed right of the median= 4.
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Example

The skewness of the five values 4, 36, 45, 50, 75 is −0.306 resp. −0.2741.

Use Maxima to check:

load ("descriptive")$

X : [4,36,45,50,75]$

skewness (X), numer; /* = -0.306 = by octave:1> skewness(X) */

Check Example

Warning : if you use R to check you get different results w.r.t. options:
| X = (4, 36, 45, 50, 75)

| skew(X) | −0.306 [MatLAB]
| skewR(X) | −0.274 [R]
| skew1(X) | −0.219 [R, type=3]
| skew2(X) | −0.456 [R, type=2]

General information

◦ General mathematical information about the concept is ▷ WikipediA : Skewness
◦ Syntax and semantic of the function is ▷Matlab : Skewness
◦ Syntax and semantic of the function is ▷Maxima : Skewness

https://net124.reltub.ca/yamwi/index.php?c=a0e6qtwmlqv5hn66lhs04&n=21&mode=2&max=bG9hZCAoImRlc2NyaXB0aXZlIikkCgpzMSA6IFs0LDM2LDQ1LDUwLDc1XSQKc2tld25lc3MgKHMxKSwgbnVtZXI7ICAgICAvKiA9IGJ5IE1hdGxhYiAqLwoKcGVhcnNvbl9za2V3bmVzcyAoczEpLCBudW1lcjsKCgo-
https://en.wikipedia.org/wiki/Skewness
https://de.mathworks.com/help/stats/skewness.html
https://maxima-on-wasm.pages.dev/doc/html/Package-descriptive.html#index-skewness
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1.11.1 Exercises

Exercise 43. (user-defined function skewness)
Write a user-defined function skew(X) using the mathematical definition for skew in ’plain’
Maxima, i.e. without using build-in functions from Maxima packages.
Also, do not inspect the source code of ’skewness’ in package descriptive.

Remark. 1. The software R use different realizations for skewness, which we also define
in this exercise. So you get very different results. Study the code lines with care.
2. Because we have our own self-defined function skew, we are able to adapt their code for
other features, i.e. to implement versions of skew which have identical values w.r.t. other
stats software. Look at the warning after the example.

Solution: Ex.43

Exercise 44. (skewness example from MatLab)
LetX = (0.5377, 1.8339,−2.2588, 0.8622, 0.3188,−1.3077,−0.4336, 0.3426, 3.5784, 2.7694).

a. Verify using exercise.43.
(you should at minimum do skew(X) := skewness(X), which is build-in in Maxima):

skew(X) -- 0.1060 R: typ=1, Matlab: default

skewR(X) -- 0.1006 R: ok

skew1(X) -- 0.0905 R: typ=3, Matlab: ./.

skew2(X) -- 0.1258 R: typ=2, Matlab: flag = 0

b. Verify the results of R using our user-defined functions of exercise 43:

R> library(e1071)

skewness(X) -- default, we use skew1

[1] 0.09058831

skewness(X, type=3) -- we use skew1

[1] 0.09058831

skewness(X, type=1) -- we use skew

[1] 0.1060983

skewness(X, type=2) -- we use skew2

[1] 0.1258171

Solution: Ex.44

https://net124.reltub.ca/yamwi-dev/index.php?c=jwgivw2ne0tr42nnomxhj&n=5&mode=2&max=--
https://net124.reltub.ca/yamwi/index.php?c=c0z44jxt1trxuf6vk0ec6&n=17&mode=2&max=--
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Exercise 45. (data set with sharp peak, cf. Spiegel P. 5.44)
The following data set X has a sharp peak at 50. Verify: skew(X) = 0.

X=(10,

20,20,

30,30,30,

40,40,40,40,

50,50,50,50,50,50,50,50,50,50,50,50,50,50,50,50,50,50,50,50,

50,50,50,50,50,50,50,50,50,50,

60,60,60,60,

70,70,70,

80,80,

90)

Solution: Ex.45

Exercise 46. (a skew data set)
A skew data set is sk = (5, 10, 15, 20, 30, 50, 80, 150, 300, 500).
a. Calculate skew(sk). (Bonus: calculate skewR(sk), skew1(sk), skew2(sk))
b. Argue, which value of the different versions (e.g. skew() or skewR() or skew1/2()) of
skew is best suited to describe the shape of Y .

Solution: Ex.46

Exercise 47. (Skewness of the experimental data of figure.9)
Calculate the skewness of the experimental data of figure.9.

X =(2,2,2,2,2,2,2,2,

3,3,3,3,3,3,3,3,3,3,3,3,3,3,3,3,3,3,

4,4,4,4,4,4,4,4,4,4,4,4,4,4,4,4,4,4,4,4,4,4,4,4,

5,5,5,5,5,5,5,5,5,5,5,5,5,5,5,6,

6,6,6,6,6,6,6,6,6,6,6,6,6,6,

7,7,

8,8,8,

9,

10)

Solution: Ex.47

https://net124.reltub.ca/yamwi/index.php?c=ut0ux6nh0cokoa2j4uieu&n=15&mode=2&max=bG9hZCAoImRlc2NyaXB0aXZlIikkCgpYOlsxMCwKICAgMjAsMjAsCiAgIDMwLDMwLDMwLAogICA0MCw0MCw0MCw0MCwKICAgNTAsNTAsNTAsNTAsNTAsNTAsNTAsNTAsNTAsNTAsNTAsNTAsNTAsNTAsNTAsNTAsNTAsNTAsNTAsNTAsCiAgICAgICAgICAgICAgICAgICAgICAgICAgICAgICAgICAgICAgICAgICAgICAgICAgICAgICAgICAgICAgNTAsNTAsNTAsNTAsNTAsNTAsNTAsNTAsNTAsNTAsCiAgIDYwLDYwLDYwLDYwLAogICA3MCw3MCw3MCwKICAgODAsODAsCiAgIDkwXSQKCnNrZXcoWCkgOj0gc2tld25lc3MgKFgpJApza2V3KFgpOw--
https://net124.reltub.ca/yamwi/index.php?c=mzk6abgj6zqfksh5gm3z2&n=17&mode=2&max=bG9hZCAoImRlc2NyaXB0aXZlIikkCgpzayA6IFs1LCAxMCwgMTUsIDIwLCAzMCwgNTAsIDgwLCAxNTAsIDMwMCwgNTAwXSQKCnNrZXcoWCkgOj0gZmxvYXQoc2tld25lc3MgKFgpKSQKc2tldyhzayk7
https://net124.reltub.ca/yamwi/index.php?c=5kkup2rwr0ou3y35ihx01&n=18&mode=2&max=bG9hZCAoImRlc2NyaXB0aXZlIikkCgpYIDogWzIsMiwyLDIsMiwyLDIsMiwKICAgIDMsMywzLDMsMywzLDMsMywzLDMsMywzLDMsMywzLDMsMywzLAogICAgNCw0LDQsNCw0LDQsNCw0LDQsNCw0LDQsNCw0LDQsNCw0LDQsNCw0LDQsNCw0LDQsCiAgICA1LDUsNSw1LDUsNSw1LDUsNSw1LDUsNSw1LDUsNSw2LAogICAgNiw2LDYsNiw2LDYsNiw2LDYsNiw2LDYsNiw2LAogICAgNyw3LAogICAgOCw4LDgsCiAgICA5LAogICAgMTBdJAoKc2tldyhNKSA6PSBmbG9hdChza2V3bmVzcyAoTSkpJApza2V3KFgpOw--


1 DESRIPTIVE STATISTICS 36

1.12 kurtosis - the Kurtosis

The kurtosis, the fourth moment, describes the peakedness or flatness of the distribution.
Cf. ▷ Google search: statistics moments. AI overview.

[MatLab:] Kurtosis is a measure of how outlier-prone a distribution is. The kurtosis of
the normal distribution is 3. Distributions that are more outlier-prone than the normal
distribution have kurtosis greater than 3; distributions that are less outlier-prone have
kurtosis less than 3. Some definitions of kurtosis subtract 3 from the computed value
(measure only the ’excess’), so that the normal distribution has kurtosis of 0.
◦ Our kurtosis function kurtosis(X) does not use this convention.

Definition
For a data vector X := (x1, x2, ..., xn) , the kurtosis kurtosis(X) is defined as

kurtosis(X) :=
1
n

∑n
i=1(xi − X̄)4[

1
n

∑n
i=1

(
xi − X̄

)2]2 =
m4

m2
2

kurtosisM(X) :=

∑n
i=1(xi − X̄)4

(n− 1)s4

where n is the length of X and X̄ is the mean of X , s = sd(X) the standard deviation
and mr is the rst moment of X. – The 1st formula is used by R, the 2nd by MatLAB.

Mental image

Figure 12:
Figure illustrating the concept of kurtosis for a set of numbers.
The normal distribution is noted in ’---’, the distribution of the number
set in ’---’. The kurtosis is 2.295 resp.2.226. See example.2.
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Examples

1. The kurtosis of the five values 4, 36, 45, 50, 75 is 1.9129 resp. 1.7390.
2. The kurtosis of the sample

X=(4,4,4,5,5,5,5,5,5,6,6,6,6,6,6,6,6,6,7,7,7,8,8,8,10,10,10,12,12,12,13,13,13)

with the frequency distribution
(
3
4
6
5
9
6
3
7
3
8

3
10

3
12

3
13

)
, e.g. value 5 is 6 times, shown in figure.11

is 2.295 resp. 2.226.

Use Maxima to check example.1:

load ("descriptive")$

X : [4,36,45,50,75]$

kurtosis (X), numer; /* = - 0.65297 */

Check Example

Check example.2 with R:
| X =(4,4,4,5,5,5,5,5,5,6,6,6,6,6,6,6,6,6,

| 7,7,7,8,8,8,10,10,10,12,12,12,13,13,13)

| kurtosis(X) | 2.2958 [R; library(moments)]

General information

General mathematical information about the concept is ▷ WikipediA : Kurtosis
Syntax and semantic of the function is ▷Matlab : kurtosis
Syntax and semantic of the function is ▷Maxima : kurtosis

https://net124.reltub.ca/yamwi/index.php?c=k1ypstdhqbkh6wgbpclrd&n=21&mode=2&max=bG9hZCAoImRlc2NyaXB0aXZlIikkClggOiBbNCwzNiw0NSw1MCw3NV0kCmt1cnRvc2lzIChYKSwgbnVtZXI7Cg--
https://en.wikipedia.org/wiki/Kurtosis
https://de.mathworks.com/help/stats/kurtosis.html
https://maxima-on-wasm.pages.dev/doc/html/Package-descriptive.html#index-kurtosis
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1.12.1 Exercises

Exercise 48. (user-defined function kurtosis in plain Maxima)
Write a user-defined function kurtosis(X) using the mathematical definition for kurtosis
in ’plain’ Maxima, i.e. without using build-in functions from Maxima packages.
Also, do not inspect the source code of ’kurtosis’ in package descriptive.

a. Check your function on the examples 1. and 2.
Solution: Ex.48

b. This implementation of kurtosis gives compatibility with MatLab’s kurtosis with
’no flag’. Verify this with your kurtosis(X) w.r.t. the following commands:

MATLAB>> Y = [4, 5, 5, 6, 6, 6, 7, 8, 10, 12, 13]

>> kurtosis(Y)

ans = 2.2959

c. Check, that the build-in kurtosis(X) of Maxima package descriptive is not
compatible with MatLab.

d. Check, that our kurtosis(X) is compatible with R’s kurtosis from library ’moments’:

## check compatibility with R and library(moments)

R> X = c(2,3,4,4,4,5,6,7,8,9,10)

R> library(moments)

R> kurtosis(X)

[1] 1.912949

• The software R use different realizations for kurtosis, which we discuss in the following
exercises. Be warned: you get very different results w.r.t. kurtosis using different software!

Exercise 49. (MatLab’s kurtosis0 with flag = 0, i.e. bias-corrected equation)
Reconstruct MatLab’s kurtosis(X, flag). That is: When X represents a sample from
a population, the kurtosis of X is ’biased’, meaning it tends to differ from the population
kurtosis by a systematic amount based on the sample size. If this is the case:
◦ .. set flag = 0 to correct for this systematic bias.
◦ .. this bias-corrected equation requires that X contain at least four elements.

Here is a ’pseudo’code for your help:

(* MatLab’s kurtosis with flag=0, i.e. bias-corrected equation *)

kurtosis0(X,n) = do( n=dim(X),

test( n<4 , "n must be >=4",

(n-1)/((n-2)*(n-3))*((n+1)*kurtosis(X) -3*(n-1))+3 ))

a. Write Maxima function kurtosisO, which implements MatLab’s kurtosis(X, flag).
b. Check your kurtosisO function w.r.t. this MatLab call:

https://net124.reltub.ca/yamwi/index.php?c=pyse4btb5knb2xq313pfa&n=12&mode=2&max=LyogVG8gZGVmaW5lIGt1cnRvc2lzIHdlIG9ubHkgbmVlZCBTdW0sIE1lYW4gYW5kIG1vbWVudDogKi8KClN1bShNKSAgOj0gYXBwbHkoIisiLCBNKSQKTWVhbihNKSA6PSBTdW0oTSkvbGVuZ3RoKE0pJAptb21lbnQoWCxyKSA6PSBmbG9hdCggU3VtKChYLU1lYW4oWCkpXnIpL2xlbmd0aChYKSApJAprdXJ0b3NpcyhYKSA6PSBtb21lbnQoWCw0KS9tb21lbnQoWCwyKV4yJAoKWSA6IFs0LCA1LCA1LCA2LCA2LCA2LCA3LCA4LCAxMCwgMTIsIDEzXSQKa3VydG9zaXMoWSk7
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MATLAB>> Y = [4, 5, 5, 6, 6, 6, 7, 8, 10, 12, 13]

>> kurtosis(Y)

ans = 2.2959

>> kurtosis(Y,0)

ans = 2.6598

Solution: Ex.49

Exercise 50 (*Bonus*). (kurtosis compatibility functions w.r.t. MatLab and R)
The following file implements variants of kurtosis. Study the code and use appropriate
versions for the following exercises.

Solution: Ex.50

Exercise 51. (kurtosis of data with different implementations)
Calculate the kurtosis of data = (2, 3, 4, 4, 4, 5, 6, 7, 8, 9, 10) and compare the result with
R:’e1071’ and R:’moment’.

# kurtosis with R and library(moments)

R> X = c(2,3,4,4,4,5,6,7,8,9,10)

R> library(moments)

R> kurtosis(X)

[1] 1.912949

#kurtosis with R and library(e1071)

R> X = c(2,3,4,4,4,5,6,7,8,9,10)

R> library(e1071)

R> kurtosis(X)

[1] -1.41905 --> .. + 3 = 1.581

Solution: Ex.51

Exercise 52. (kurtosis of a skew data set)
Let Y = (4, 5, 5, 6, 6, 6, 7, 8, 10, 12, 13) be a data set.
Calculate the kurtosis of Y with different functions.

Solution: Ex.52

Exercise 53. (kurtosis for experimental data of figure 12)
Let Y be the data set of fig.12:

4,4,4,

5,5,5,5,5,5,

6,6,6,6,6,6,6,6,6,

7,7,7,

8,8,8,

10,10,10,

12,12,12,

13,13,13

https://net124.reltub.ca/yamwi/index.php?c=mzk6abgj6zqfksh5gm3z2&n=17&mode=2&max=bG9hZCAoImRlc2NyaXB0aXZlIikkCgpzayA6IFs1LCAxMCwgMTUsIDIwLCAzMCwgNTAsIDgwLCAxNTAsIDMwMCwgNTAwXSQKCnNrZXcoWCkgOj0gZmxvYXQoc2tld25lc3MgKFgpKSQKc2tldyhzayk7
https://net124.reltub.ca/yamwi/index.php?c=5kkup2rwr0ou3y35ihx01&n=18&mode=2&max=bG9hZCAoImRlc2NyaXB0aXZlIikkCgpYIDogWzIsMiwyLDIsMiwyLDIsMiwKICAgIDMsMywzLDMsMywzLDMsMywzLDMsMywzLDMsMywzLDMsMywzLAogICAgNCw0LDQsNCw0LDQsNCw0LDQsNCw0LDQsNCw0LDQsNCw0LDQsNCw0LDQsNCw0LDQsCiAgICA1LDUsNSw1LDUsNSw1LDUsNSw1LDUsNSw1LDUsNSw2LAogICAgNiw2LDYsNiw2LDYsNiw2LDYsNiw2LDYsNiw2LAogICAgNyw3LAogICAgOCw4LDgsCiAgICA5LAogICAgMTBdJAoKc2tldyhNKSA6PSBmbG9hdChza2V3bmVzcyAoTSkpJApza2V3KFgpOw--
https://net124.reltub.ca/yamwi/index.php?c=5fu0aain4qsbnqdloioy5&n=22&mode=2&max=
https://net124.reltub.ca/yamwi/index.php?c=urjj1r4qzek233kkuyx6x&n=24&mode=2&max=--
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a. Calculate the kurtosis of Y and argue, which value of the different versions (e.g.
kurtosis() or kurtosisM() or kurtosisR3() etc.) of kurtosis is best suited to describe the
shape of Y .
b. Which connection is seen between our self-build kurtosis function and the kurtosis of
package descriptive?

Solution: Ex.53

Exercise 54. (kurtosis of a frequency table, cf. Spiegel, p.135, P 5.13)
Let X = (61, 64, 67, 70, 73) be the marks with a frequency distribution f = (5, 18, 42, 27, 8).
Adapt the kurtosis to median and frequency of the group and calculate kurtosis of X : f .
Hint: you may use this pseudocode:

..................................................................

momentMF(X,f,r) = float( dot( f, (X-meanF(X,f))^r)/sum(f) )

kurtosisMF(X,f) = momentMF(X,f,4)/momentMF(X,f,2)^2

..................................................................

Solution: Ex.54

Exercise 55. (a left skew data set, cf. Spiegel, data Xleft: p.126, col.5-6)
The ’obitage data’ set is

X = (102,55,70,95,73,79,60,73,89,85,

72,92,76,93,76,97,10,70,85,25,83,

58,10,92,82,87,104,75,80,66,93,

90,84,73,98,79,35,71,90,71,63,

58,82,72,93,44,65,77,81,77)

a. Calculate the kurtosis of X using kurtosis(X) and kurtosisR3(X) (i.e. giving the same
value as if calling R:’e1071’ Typ 3).
b. Give a tabulated summary of the results.

Solution: Ex.55

Summary of the different implementations of kurtosis:

To calculate KURTOSIS use package use Maxima
with self-build kurtosis : kurtosis

with build-in kurtosis : descriptive kurtosis

analog MatLab: no flag kurtosis

MatLab: flag = 0 kurtosis0

analog R: moments kurtosis

R: e1071, typ 1 kurtosisR1

R: e1071, typ 2 kurtosisR2

R: e1071, typ 3 kurtosisR3

 https://net124.reltub.ca/yamwi/index.php?c=w3m4iunig6tgyvu6pfb1y&n=10&mode=2&max= 
https://net124.reltub.ca/yamwi/index.php?c=rbjtet5vvjokqeydhuqxd&n=25&mode=2&max=U3VtKE0pIDo9IGxyZWR1Y2UoIisiLE0sMCkkCm1lYW5GKFgsZikgOj0gZmxvYXQoIChYLmYpIC8gU3VtKGYpICkkCm1vbWVudE1GKFgsZixyKSA6PSBmbG9hdCgoZiAuIChYLW1lYW5GKFgsZikpXnIpL1N1bShmKSApJAprdXJ0b3Npc01GKFgsZikgOj0gbW9tZW50TUYoWCxmLDQpL21vbWVudE1GKFgsZiwyKV4yJAoKWCA6IFs2MSw2NCw2Nyw3MCw3M10gICAvKiBtYXJrcyBhcyBkYXRhICovICQKZiA6IFsgNSwxOCw0MiwyNywgOF0gICAgLyogZnJlcWVuY3kgb2YgbWFya3MgKi8gJCAKCmt1cnRvc2lzTUYoWCxmKTs-
https://net124.reltub.ca/yamwi/index.php?c=xd5z10vk5fxifbh43us2k&n=34&mode=2&max=--
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1.13 cov - the Covariance

Covariance is a statistical measure of the joint variability of two random variables, in-
dicating how much they change together. A positive covariance signifies that variables
tend to move in the same direction, a negative covariance indicates they move in opposite
directions, and a zero covariance suggests no linear relationship.7

There are different methods used to compute covariance: the population cov dividing the
sum of the distance products (xi− X̄) · (yi− Ȳ ) by n vs. the sample cov dividing by n− 1.

Definition

• For two data vectors X := (x1, x2, ..., xn) and Y := (y1, y2, ..., yn), the (population)
covariance cov(X,Y) between X and Y is defined as

cov(X, Y ) :=
1

n
·

n∑
i=1

(xi − X̄) · (yi − Ȳ )

where n is the length of X and Y and X̄ resp. Ȳ is the mean of X resp. Y .
• The sample covariance is defined as covR(X, Y ) := 1

n−1
· . . ., e.g. in R: typ ”pearson”.

Mental image

Figure 13:
Figure illustrating the concept of covariance for a set of numbers. Left:
positive cov. Right: negative cov. • = (X̄, Ȳ ). • = (xi, yi) a data point.
⋊⋉ × ⋊⋉ = (xi − X̄) · (yi − Ȳ ) a distance product w.r.t. the mean.

7cf. ▷ Google search: covariance.
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Examples

The covariance of the two data sets 1, 3, 5, 10 and 2, 4, 6, 20 is 23 resp. 30.66.

Use Maxima to check the example:

(* .. user-defined functions are here .. *)

X : [1,3,5,10]$

Y : [2,4,6,20]$

cov(X,Y), numer; /* = 23 */

covR(X,Y), numer ; /* = 30.66 */

• Check with R:

> X<-c(1,3,5,10)

> Y<-c(2,4,6,20)

> cov(X, Y) # default: method = "pearson"

[1] 30.66667

General information

General mathematical information about the concept is ▷ WikipediA : Covariance
Syntax and semantic of the function is ▷Matlab : cov

https://en.wikipedia.org/wiki/Covariance
https://de.mathworks.com/help/matlab/ref/cov.html
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1.13.1 Exercises

Exercise 56. (user-defined function cov in plain Maxima)
Write a user-defined function cov(X) using the mathematical definition for cov in ’plain’
Maxima, i.e. without using build-in functions from Maxima packages.
Check your function on the example.

Solution: Ex.56

Remark. 1. WARNING: There are two different methods to compute the covariance,
which leads to different results w.r.t population vs. sample.
2. This implementation of covR gives compatibility with R’s cov with the option ’method
= pearson’.

Exercise 57. (Calculate the covariance of two data vectors)
Let X = (16.50, 19.16, 7.64, 8.14, 8.14, 2.48, 9.23, 4.78, 6.93, 11.91, 11.60, 13.97)
and Y = (16.50, 19.16, 7.64, 8.14, 8.14, 2.48, 9.23, 4.78, 6.93, 11.91, 11.60, 13.97).
Determine cov(X,Y) and covR(X,Y).

Solution: Ex.57

Exercise 58. (Calculate the covariance of two data vectors)
Let a = (2, 4, 6, 8, 10) and b = (1, 11, 3, 33, 5).
Calculate covR(a, b) and cov(a, b).
Result: covR = 15, with method = ”pearson”

Exercise 59. (Calculate the covariance and interpret the result)
Task: calculate
a. cov( (2,3,4,3), (2,3,4,3) )
b. covR( (2,3,4,3), (2,3,4,3) )
c. cov( (1,2,3,4), (4,3,2,1) )
d. Plot a diagram a la Fig.13 for each task and interpret the results.

Exercise 60. (example from r-bloggers cf. cov)
Suppose we have two vectors, x and y, representing the number of hours studied and the
corresponding test scores, respectively, for a group of students.
We want to measure the covariance between these two variables.
Solution:

1. Create example vectors x = (5, 7, 3, 6, 8) and y = (65, 80, 50, 70, 90)

2. Calculate the covariance cov(x, y) resp. covR(x, y) = 29.

ok: R> covariance(x,y) [1] 29

3. Interpretation: – In this example, the resulting covariance value will help us under-
stand the relationship between the hours studied and the corresponding test scores.
What this particular example is saying is that for every unit increase in x there is a
29 unit increase in y.

Task: do this exercise in Maxima.

https://net124.reltub.ca/yamwi/index.php?c=pyse4btb5knb2xq313pfa&n=12&mode=2&max=LyogVG8gZGVmaW5lIGt1cnRvc2lzIHdlIG9ubHkgbmVlZCBTdW0sIE1lYW4gYW5kIG1vbWVudDogKi8KClN1bShNKSAgOj0gYXBwbHkoIisiLCBNKSQKTWVhbihNKSA6PSBTdW0oTSkvbGVuZ3RoKE0pJAptb21lbnQoWCxyKSA6PSBmbG9hdCggU3VtKChYLU1lYW4oWCkpXnIpL2xlbmd0aChYKSApJAprdXJ0b3NpcyhYKSA6PSBtb21lbnQoWCw0KS9tb21lbnQoWCwyKV4yJAoKWSA6IFs0LCA1LCA1LCA2LCA2LCA2LCA3LCA4LCAxMCwgMTIsIDEzXSQKa3VydG9zaXMoWSk7
https://net124.reltub.ca/yamwi/index.php?c=o6cesftqh3ovlfwp5dm0u&n=21&mode=3&max=WCA6IFsgMTYuNTAsIDE5LjE2LCAgNy42NCwgIDguMTQsICA4LjE0LCAgMi40OCwKICAgICAgOS4yMywgIDQuNzgsICA2LjkzLCAxMS45MSwgMTEuNjAsIDEzLjk3XSQKClkgOiBbIDE2LjUwLCAxOS4xNiwgIDcuNjQsICA4LjE0LCAgOC4xNCwgIDIuNDgsCiAgICAgIDkuMjMsICA0Ljc4LCAgNi45MywgMTEuOTEsIDExLjYwLCAxMy45N10gJAo-
https://www.r-bloggers.com/2023/07/covariance-in-r-with-the-cov-function/
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2 Discrete distributions

We implement some discrete resp. continuous statistical distributions as helper functions
to do the statistical tests in chapter 4 and 5. For each distribution presented in chapter 2
and chapter 3 we give the definition resp. coding in Maxima notation for the probability
density function f (named ”...PDF”), the cumulative distribution function F (named
”....CDF”) and the quantile function F−1 (named ”....INV”) i.e. the INVerse of the
CDF.

2.1 Binomial distribution

In probability theory and statistics, the binomial distribution with parameters n and p is the
discrete probability distribution of the number of successes in a sequence of n independent
experiments, each asking a yes-no question, and each with its own Boolean-valued outcome:
success or failure. The binomial distribution is used when there are exactly two mutually
exclusive outcomes of a trial. Cf. WikipediA: Binomial distribution

Definition Notation: X ∼ Binomial(n, p)

• The probability density8 function for the Binomial distribution is defined as:

binoPDF(k, n, p) := f(k, n, p) := Pr(X = k)9 =
(
n
k

)
pk(1− p)n−k

• The cumulative binomial distribution function can be expressed as:

binoCDF(k, n, p) := F (k;n, p) = Pr(X ≤ k) =
∑⌊k⌋

i=0

(
n
i

)
pi(1− p)n−i

• The quantile function (inverse cumulative distribution function) for Bin(n, p) is10

binoINV(α, n, p) := inf{k ∈ R : α ≤ F (k;n, p)}

i.e. we must find the smallest k such that α ≤
∑⌊k⌋

i=0

(
n
i

)
pi(1− p)n−i for given α.

Examples

1. binoPDF : Suppose a biased coin comes up heads with probability 0.3 when tossed.
What is the probability of seeing exactly 4 heads in 6 tosses? Check example.

| binoPDF(4, 6, 0.3) | 0.059535

8We adopt the naming convention of MatLab. So there is no confusion with the use of functions of
Maxima package distib, where e.g. binoPDF is noted as pdf binomial.

9Pr(X=k): represents the probability of getting exactly k successes
10there is no closed term for the inverse binomial distribution

https://net124.reltub.ca/yamwi/index.php?c=63ds6twi0yrx3ag4rxizg&n=23&mode=2&max=bG9hZChkaXN0cmliKSQKZnBwcmludHByZWMgOiA3JApwZGZfYmlub21pYWwoNCw2LDAuMyk7
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2. binoCDF : The cumulative probability of a binomial distribution with 10 trials and
a probability of success 0.5 for 4 successes is 0.3769. Check example.

| binoCDF(4, 10, 0.5) | 0.3769

3. binoINV : Given a number of trials n=100, the probability of success p=0.3, the
cumulative area of the binomial distribution α=0.7, find the first value x such that
α = 0.7 ≤ binoCDF(x,100,0.3). Result: 32 Check example.

| binoINV(0.7, 100, 0.3) | 32

Graphical representation

Figure 14:

Left figure: • = plot for binoPDF(k, 40.0.5) for k = 0, . . . , 40.
Check binoPDF(20, 40, 0.5) = 0.125 on the graph.
Right figure: • = plot for binoCDF(k, 40.0.5) for k = 0, . . . , 40.
Check binoCDF(20, 40, 0.5) = 0.563 on graph.
Check binoINV(0.6, 40, 0.5) = 21 on graph via y = 0.6 −→↓ 21 = k

Remark. A representation of binoCDF(k,n,p) in terms of the incomplete beta function
Ix(a, b) is

binoCDF(k, n, p) = I1−p(n− k, k + 1)

= (n− k)

(
n

k

)∫ 1−p

0

tn−k−1(1− t)k dt,

Maxima’s distrib function cdf binomial is defined using Ix(a, b).
We use it to plot the continuous graph of binoCDF(.), look at figure.14, right plot.

https://net124.reltub.ca/yamwi/index.php?c=zl56qfb63ai0lh2ppon6y&n=25&mode=1&max=bG9hZChkaXN0cmliKSQKZnBwcmludHByZWMgOiA1JApjZGZfYmlub21pYWwoNCwxMCwwLjUpOw--
https://net124.reltub.ca/yamwi/index.php?c=ibkdim62peb5f5diwxy2c&n=27&mode=1&max=bG9hZChkaXN0cmliKSQKZnBwcmludHByZWMgOiA1JApxdWFudGlsZV9iaW5vbWlhbCgwLjcsMTAwLDAuMyk7
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General information
◦ General mathematical information about the concept is ▷ WikipediA : Binomial distr.
◦ Syntax and semantic of the function is here ▷ Matlab : binopdf
◦ Online calculator Bognar’s app

2.1.1 Exercises

Exercise 61. (user-defined function binoPDF in plain Maxima)
Write a user-defined function binoPDF() using the mathematical definition for binoPDF
in ’plain’ Maxima, i.e. without using build-in functions from Maxima packages.
Check your function on example.1.

Solution: Ex.61

Exercise 62. (Table and plot for binoPDF)
a. Print 10 values for the binomial PDF for n = 10 and p = 1/6 and e.g. i = 1 thru 10.
b. Plot the Binomial PDF values from a. - if necessary by paper and pencil.
c. Do a plot for the binomial PDF for n = 40 and p = 0.5.

Solution: Ex.62

Exercise 63. (user-defined function binoCDF in plain Maxima)
Write a user-defined function binoCDF() using the mathematical definition for binoCDF
in ’plain’ Maxima, i.e. without using build-in functions from Maxima packages.
Check your function on the example.2.

Solution: Ex.63

Exercise 64. (Table and plot for binoCDF)
a. Print 10 values for the binomial CDF for n = 10 and p = 1/6 and e.g. i = 1 thru 10.
b. Plot the Binomial CDF values from a. - if necessary by paper and pencil.
c. Do a plot for the binomial CDF for n = 40 and p = 0.5.

Solution: Ex.64

Exercise 65. (a continous version of choose and binoCDF via Gamma function)
Pocket calculators often have a button (=’ n Choose r’) to calculate the binomial
coefficient

(
n
r

)
, in Maxima binomial(n,r). We now extend this function and define a

’continous’ version of choose() via Gamma function Γ and also extend the cumulative
binomial probability to binoCDF2, e.g. to plot graphs of the binoCDF:

nCk(n, k) = Γ(n+ 1)/(Γ(k + 1) · Γ(n− k + 1))

binoCDF2(k, n, p) =
k∑

j=0

nCk(n, j) · pj · (1− p)n−j

where Γ(x) is gamma(x)|Maxima.

https://en.wikipedia.org/wiki/Binomial_distribution
https://de.mathworks.com/help/stats/binopdf.html
https://mabognar.github.io/apps/bin.html
https://net124.reltub.ca/yamwi/index.php?c=4wmhswdm334b2pewgs4h5&n=28&mode=1&max=Ymlub1BERih4LG4scCkgOj0gYmlub21pYWwobix4KSpwXngqKDEtcCleKG4teCkgJAoKZnBwcmludHByZWMgOiA3JApiaW5vUERGKDQsIDYsIDAuMyk7Cg--
https://net124.reltub.ca/yamwi/index.php?c=o6cesftqh3ovlfwp5dm0u&n=21&mode=3&max=WCA6IFsgMTYuNTAsIDE5LjE2LCAgNy42NCwgIDguMTQsICA4LjE0LCAgMi40OCwKICAgICAgOS4yMywgIDQuNzgsICA2LjkzLCAxMS45MSwgMTEuNjAsIDEzLjk3XSQKClkgOiBbIDE2LjUwLCAxOS4xNiwgIDcuNjQsICA4LjE0LCAgOC4xNCwgIDIuNDgsCiAgICAgIDkuMjMsICA0Ljc4LCAgNi45MywgMTEuOTEsIDExLjYwLCAxMy45N10gJAo-
https://net124.reltub.ca/yamwi/index.php?c=fug3iekypni2gm0o1gsul&n=3&mode=2&max=Y2hvb3NlKG4seCkgOj0gYmlub21pYWwobix4KSQKCmJpbm9DREYoayxuLHApIDo9IHN1bSggY2hvb3NlKG4saikqcF5qKigxLXApXihuLWopICwgaiwgMCwgaykgJAovKiB3aGVyZQotLSBuIDogY291bnRzIHRoZSBudW1iZXIgb2YgaW5kZXBlbmRlbnQgQmVybm91bGxpIHRyaWFscyAwLDEsMiwuLgotLSBwIDogc3BlY2lmaWVzIGEgcHJvYmFiaWxpdHkgb2Ygc3VjY2VzcyAwPD1wPD0xCi0tIGsgOiBjb3VudHMgdGhlIG51bWJlciBvZiBzdWNjZXNzZXMgMCwxLDIsLi4KLS0gYmlub0NERiBtZWFucyBjdW11bGF0aXZlIEJJTk9NSUFMIGRpc3RyaWJ1dGlvbgoqLwpmcHByaW50cHJlYyA6IDckCmJpbm9DREYoNCwgMTAsIDAuNSk7Cgo-
https://net124.reltub.ca/yamwi/index.php?c=wsr3w06k4iwiz4ckawpxt&n=43&mode=1&max=Y2hvb3NlKG4seCkgICAgOj0gYmlub21pYWwobix4KSQKYmlub0NERihrLG4scCkgOj0gc3VtKCBjaG9vc2UobixqKSpwXmoqKDEtcCleKG4taikgLCBqLDAsaykgJAoKZnBwcmludHByZWMgOiA3JApiaW5vQ0RGKDQsIDEwLCAwLjUpICAvKiA9IDAuMzc2ICovOwoKLyogSWYgb3VyIGJpbm9DREYgZG9lcyBub3Qgd29yayBvaywKICAgeW91IG1heSBpbnZva2UgdGhlIGJ1aWxkLWluIGZ1bmN0aW9uLCB3aGljaCB1c2VzIAogICB0aGUgaW5jb21wbGV0ZSBiZXRhIGZ1bmN0aW9uIC4uLiAqLwoKbG9hZChkaXN0cmliKSQKYmlub0NERjEoayxuLHApIDo9IGNkZl9iaW5vbWlhbChrLG4scCkgJApiaW5vQ0RGMSg0LCAxMCwgMC41KTsgCg--
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Remark (from docu). In Maxima, the gamma function is written as gamma(z). It eval-
uates symbolically, numerically, and can be expanded or simplified for various inputs.
For integer arguments, Maxima automatically evaluates to the exact factorial value. For
example, gamma(5); evaluates to 24. Use float(gamma(x)) to evaluate the gamma func-
tion for real numbers to receive a floating-point result.

a. Define nCk(n,k) and binoCDF2(k,n,p) in Maxima and
check it e.g. by binoCDF2(4, 6, 0.3); /* ok: 0.9890 */;

b. Draw binoCDF2(x, 10, 1/6) using xrange = (0, 10) and yrange = (0, 1).

Solution: Ex.65

Exercise 66. (user-defined function binoINV in plain Maxima)
Write a user-defined function binoINV() using the mathematical definition for binoINV
in ’plain’ Maxima, i.e. without using build-in functions from Maxima packages.

• The inverse binomial cumulative distribution function binoINV() results in the minimum

number of successes, such that the cumulative binomial probability for that minimum number of

successes is ≥ the given cumulative probability. Because there is no closed formula for binoINV()

we do a simple search to solve the following typical problem to understand the construction of

binoINV(), cf. finding values of binoCDF

a. Given a number of trials n = 100, the probability of success p = 0.3, the cumulative
area of the binomial distribution A = 0.7,
find the value x such that A = 0.7 ≤ binoCDF(100,0.3,x).

To solve ’Task: search for k with binoCDF ≥ 0.7 for 1st time’ do a simple search via
a loop e.g.

for(k,30,35, print((k, binoCDF(k,100,0.3))) )

and read off ’ok : k=32’.

Solution: Ex.66a

b. Now program binoINV() using e.g. the following pseudocode11

k=0

loop(k=k+1, x=binoCDF(k,100,0.3), x,k, test(x>0.95, break))

return(k)

Solution: Ex.66b

11which is in fact runnable code in CAS Eigenmathonline

https://net124.reltub.ca/yamwi/index.php?c=ch3ig0pkh3nxd4u50siw4&n=60&mode=1&max=bkNrKG4saykgOj0gZ2FtbWEobisxKSAvIChnYW1tYShrKzEpKmdhbW1hKG4taysxKSkgJAoKYmlub0NERjIoayxuLHApIDo9IHN1bSggbkNrKG4saikqcF5qKigxLXApXihuLWopICwgaiwwLGspJAoKCi8qIHVzZSBmb3IgcGxvdGluZyAqLwpmcHByaW50cHJlYyA6IDUkCgpuQ2soNCwyKTsKCm5DaygxMDAsMTcpOwoKYmlub0NERjIoNCwgMTAsIDAuNSkgICAgICAvKi0tIG9rIDAuMzc2OSAqLyA7CmJpbm9DREYyKDQsIDYsIDAuMykgICAgICAgLyotLSBvayAwLjk4OTAgKi8gOwo-
https://math.stackexchange.com/questions/1426069/finding-the-inverse-of-the-binomial-cumulative-distribution-function
https://net124.reltub.ca/yamwi/index.php?c=lzv2via46kyctoe4gxmky&n=12&mode=2&max=Y2hvb3NlKG4seCkgICAgOj0gYmlub21pYWwobix4KSQKYmlub0NERihrLG4scCkgOj0gc3VtKCBjaG9vc2UobixqKSpwXmoqKDEtcCleKG4taikgLCBqLDAsaykgJAoKLyogZm9yKGssMzAsMzUsIHByaW50KChrLCBiaW5vQ0RGKGssMTAwLDAuMykpKSAgaXMgKi8KCmZvciBrOjMwIHRocnUgMzUgZG8oIHByaW50ICgiayA9IiwgaywgImFuZCBiaW5vQ0RGID0iLCBiaW5vQ0RGKGssMTAwLDAuMykgKSApOw--
https://net124.reltub.ca/yamwi/index.php?c=1vmimlj6r16alwdo53ly3&n=1&mode=2&max=LyogdGhlIGZpcnN0IHR3byB2ZXJzaW9ucyBvZiBiaW5JTlYgYXJlIHBsYWluIE1BWElNQSAqLwoKY2hvb3NlKG4seCkgICAgOj0gYmlub21pYWwobix4KSQKYmlub0NERihrLG4scCkgOj0gc3VtKCBjaG9vc2UobixqKSpwXmoqKDEtcCleKG4taikgLCBqLDAsaykgJAoKLyogYmlub0lOViBpcyBhIHN0cmlwcGVkIHZlcnNpb24gb2YgJ3F1YW50aWxlX2Jpbm9taWFsKCknIGJ5IE0uUi4gUmlvdG9ydG8uIAogICBNYXJpbyB1c2UgYSBuZXN0aW5nIG1ldGhvZCBieSBiaXNlY3Rpb24uCiovCmJpbm9JTlYocSxuLHApIDo9IGJsb2NrKFthOjAsIGI6biwgbV0sCiAgICAgICAgICAgICAgICAgICAgICAgIHdoaWxlIChiLWE_
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Exercise 67. (problem from Texas Instruments, cf. cf.: TI)
Assume the toss of a fair coin 30 times. What is the minimum number of heads you must
observe such that the cumulative binomial probability for that number of observed heads
is at least 0.95?
Hint:
• (idea:) set x = binCDF (k, 30, 0.5) and use a table of values (starting at 0 and increment
by 1) to find when the cumulative binomial probability is at or just above the given
cumulative binomial probability. This gives you a view of all values to make decisions. For
this example, search in the table to find the cumulative binomial probability just larger
than 0.95. So, the number of successes is 19.
• (motivation for binoINV , quoting TI:) The results on the screen first show that the
minimum number of successes to obtain at least the given cumulative binomial probability
of 0.95 is 19. Next, the cumulative probability for up to 19 is computed using binoCDF
and is approximately 0.9506314271 which meets the criteria of 0.9506314271 ≥ 0.95.
Abstracting this process we get our small function binoINV .

choose(n,x) := binomial(n,x)$

binoCDF(k,n,p) := sum( choose(n,j)*p^j*(1-p)^(n-j) , j,0,k) $

binoINV(alpha,n,p) := block( [x,k:0],

do( k : k+1,

x : binoCDF(k,n,p),

if x>alpha then return(k)))$

fpprintprec : 7$

binoINV(0.95, 30, 0.5);

Solution: Ex.67

https://education.ti.com/html/webhelp/EG_TI84PlusCE/EN/Subsystems/e-guide_ref84plus_en/content/m_appxa/aa_appxa_i.HTML
https://net124.reltub.ca/yamwi/index.php?c=buzapadsm0feelor6kgks&n=29&mode=1&max=Y2hvb3NlKG4seCkgICAgOj0gYmlub21pYWwobix4KSQKYmlub0NERihrLG4scCkgOj0gc3VtKCBjaG9vc2UobixqKSpwXmoqKDEtcCleKG4taikgLCBqLDAsaykgJAoKYmlub0lOVihhbHBoYSxuLHApIDo9IGJsb2NrKCBbeCxrOjBdLCAKICAgICAgICAgICAgICAgICAgICAgICBkbyggayA6IGsrMSwgCiAgICAgICAgICAgICAgICAgICAgICAgICAgIHggOiBiaW5vQ0RGKGssbixwKSwgCiAgICAgICAgICAgICAgICAgICAgICAgICAgIGlmIHg_YWxwaGEgdGhlbiByZXR1cm4oaykpKSQKCmZwcHJpbnRwcmVjIDogNyQKYmlub0lOVigwLjk1LCAzMCwgMC41KTs-


2 DISCRETE DISTRIBUTIONS 49

2.2 Geometric distribution

A geometric distribution is a discrete probability distribution that describes the chances of
achieving success in a series of independent trials, each having two possible outcomes. The
geometric distribution thus helps measure the probability of success after a given number of
trials. In the binomial distribution, the number of trials is fixed, and we count the number
of ”successes”. Whereas, in the geometric distribution, the number of ”successes” is fixed,
and we count the number of trials needed to obtain the desired number of ”successes”.
The geometric distribution is a discrete analog of the exponential distribution.
It is discrete, i.e. existing only on the nonnegative integers.

Definition Notation: X ∼ Geometric(n, p)

• The probability density function of a geometric distribution is defined as:

geoPDF(k, p) := Pr(X = k) = p(1− p)k, k = 0, 1, 2, 3, . . . and 0 < p < 1

where k is number of failures before the first success and p is the probability of success on

a given trial.

• The cumulative geometric distribution can be expressed as:

geoCDF(n, p) := Pr(X ≤ k) = 1− (1− p)n, n = 1, 2, 3, ...

• The quantile function (inverse cumulative geometric distribution) is12

geoINV(u, p) := ⌈ log(1− u)

log(1− p)− 1
⌉

i.e. we must find the smallest n such that u ≤ 1− (1− p)n for given u.

Examples from MatLAB solved with Maxima.

1. geoPDF : A man asking for help with a probability of getting help is 0.5 .Calculate the
probability hat the person experiences 5 ’failures’ before the first success. Check.

| geoPDF(5, 0.5) | 0.015625

2. geoCDF : The probability of getting the help is 0.6. Calculate the probability that
the person will have to talk to 8 or less people to find someone who helps. Check.

| geoCDF(8,0.6) | .9997

12⌈. . .⌉ is the ceiling function.

https://net124.reltub.ca/yamwi/index.php?c=5ydx0m3xm3wxqq1vjp3y6&n=28&mode=1&max=bG9hZChkaXN0cmliKSQKZnBwcmludHByZWMgOiA1JApwZGZfZ2VvbWV0cmljKDUsMC41KTs-
https://net124.reltub.ca/yamwi/index.php?c=6szadx0rrtjtbokworbms&n=29&mode=1&max=bG9hZChkaXN0cmliKSQKZnBwcmludHByZWMgOiA1JApjZGZfZ2VvbWV0cmljKDgsMC42KTs-
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3. geoINV : Suppose the probability of a five-year-old car battery not starting in cold
weather is 0.03. If we want no more than a ten percent chance that the car does not
start, what is the maximum number of days in a row that we should try to start the
car? Check.

| geoINV(0.1, 0.03) | 3

Graphical representation

Figure 15:

Experiment: rolling a six-sided die.
Left figure: • = plot for geoPDF(k, 1/6) for k = 0, . . . , 10.
Check geoPDF(4, 1/6) = 0.08 on the graph.
Right figure: • = plot for geoCDF(k, 1/6) for k = 0, . . . , 10.
Check geoCDF(5, 1/6) = 0.665 on graph.
Check geoINV(0.7, 1/6) = 6 on the CDF graph via y = 0.6 −→↓ 6 = k

General information

General mathematical information about the concept is here ▷ Wiki : Geometric distr.
Syntax and semantic of the function is here ▷ Matlab : geopdf
◦ Online calculator Bognar’s app

https://net124.reltub.ca/yamwi/index.php?c=jixnqm3dnt54lm56p5apj&n=30&mode=1&max=bG9hZChkaXN0cmliKSQKZnBwcmludHByZWMgOiA1JApxdWFudGlsZV9nZW9tZXRyaWMoMC4xLDAuMDMpOw--
https://en.wikipedia.org/wiki/Geometric_distribution
https://de.mathworks.com/help/stats/geopdf.html
https://mabognar.github.io/apps/geo1.html
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2.2.1 Exercises

Exercise 68. (user-defined function geoPDF in plain Maxima)
Write a user-defined function geoPDF() using the mathematical definition for geoPDF in
’plain’ Maxima, i.e. without using build-in functions from Maxima packages.
Check your function on example.1.

Solution: Ex.68

Exercise 69. (Table and plot for geoPDF)
a. Print 10 values for the geometric PDF for k = 1..10 and p = 1/6.
b. Plot the geometric PDF values from a. - if necessary by paper and pencil.

Solution: Ex.69

Exercise 70. (user-defined function geoCDF in plain Maxima)
Write a user-defined function geoCDF() using the mathematical definition for geoCDF in
’plain’ Maxima, i.e. without using build-in functions from Maxima packages.
Check your function on the example.2.

Solution: Ex.70

Exercise 71. (Table and plot for geoCDF)
a. Print 10 values for the geometric CDF for n = 1..10 and p = 1/6.
b. Plot the geometric CDF values from a. - if necessary by paper and pencil.
c. Do a plot for the geometric CDF for n = 40 and p = 0.5.

Solution: Ex.71

Exercise 72. (user-defined function geoINV using explicit formula)
Write a user-defined function geoINV() using the mathematical definition for geoINV in
’plain’ Maxima, i.e. without using build-in functions from Maxima packages.

Solution: Ex.72

Exercise 73. (alternative user-defined function geoINV using loop construct)
Write a user-defined function geoINV() using a loop construct for geoINV in ’plain’ Max-
ima, i.e. without using build-in functions from Maxima packages.

The inverse geometric cumulative distribution function geoINV() results in the min-

imum number of successes, such that the cumulative geometric probability for that

minimum number of successes is ≥ the given cumulative probability. Although there

is a closed formula for binoINV() in a., we do a simple search to solve the typical

problem of example.3 to understand the construction of binoINV(), see exercise 66.

Solution: Ex.73

Exercise 74. (inverse probability)
Verify, that the inverse probability at pin = 0.25, p = 0.6835 is 3.

https://net124.reltub.ca/yamwi/index.php?c=4qj6omf2w54c2gdv1suhc&n=2&mode=2&max=Z2VvUERGKGsscCkgOj0gZmxvYXQoIHAqKDEtcCleayAgKSQKCi8qICB3aGVyZQotLSBrIDogbnVtYmVyIG9mIGZhaWx1cmVzIGJlZm9yZSB0aGUgZmlyc3Qgc3VjY2Vzcywgaz0wLDEsMi4uCi0tIHAgOiBwcm9iYWJpbGl0eSBvZiBzdWNjZXNzIG9uIGEgZ2l2ZW4gdHJpYWwsIDA8cDwxLiAKLS0gVGhpcyBkZWZpbml0aW9uIHVzZXMgdGhlIGNvbnZlbnRpb24gb2YgTWF0bGFiLgoKLS0gUmVtYXJrOiAKLS0gVGhlIGdlb21ldHJpYyBkaXN0cmlidXRpb24gaXMgdGhlIG51bWJlciBvZiBmYWlsdXJlcyBiZWZvcmUgCi0tIGEgc3VjY2Vzcywgbm90IHRoZSBudW1iZXIgb2YgdHJpYWxzIGluY2x1ZGluZyB0aGUgc3VjY2VzcyEKKi8KCmdlb1BERig1LDAuNSk7Cgo-
https://net124.reltub.ca/yamwi/index.php?c=o6cesftqh3ovlfwp5dm0u&n=21&mode=3&max=WCA6IFsgMTYuNTAsIDE5LjE2LCAgNy42NCwgIDguMTQsICA4LjE0LCAgMi40OCwKICAgICAgOS4yMywgIDQuNzgsICA2LjkzLCAxMS45MSwgMTEuNjAsIDEzLjk3XSQKClkgOiBbIDE2LjUwLCAxOS4xNiwgIDcuNjQsICA4LjE0LCAgOC4xNCwgIDIuNDgsCiAgICAgIDkuMjMsICA0Ljc4LCAgNi45MywgMTEuOTEsIDExLjYwLCAxMy45N10gJAo-
https://net124.reltub.ca/yamwi/index.php?c=vkxthmoddvpjoiny46pdn&n=4&mode=1&max=Z2VvQ0RGKG4scCkgIDo9IGZsb2F0KCAxLSgxLXApXihuKzEpICkgICAgLyotLSBleHBsaWNpdCBmb3JtdWxhICovICQKCmdlb1BERihrLHApIDo9IGZsb2F0KCBwKigxLXApXmsgICkkCmdlb0NERjEobixwKSA6PSBzdW0oIGdlb1BERihrLHApLCBrLDAsbikgIC8qLS0gbWF0aC4gZGVmaW5pdGlvbiAqLyAkCgpnZW9DREYoOCwwLjYpOyAgICAgICAgCmdlb0NERjEoOCwwLjYpOw--
https://net124.reltub.ca/yamwi/index.php?c=wsr3w06k4iwiz4ckawpxt&n=43&mode=1&max=Y2hvb3NlKG4seCkgICAgOj0gYmlub21pYWwobix4KSQKYmlub0NERihrLG4scCkgOj0gc3VtKCBjaG9vc2UobixqKSpwXmoqKDEtcCleKG4taikgLCBqLDAsaykgJAoKZnBwcmludHByZWMgOiA3JApiaW5vQ0RGKDQsIDEwLCAwLjUpICAvKiA9IDAuMzc2ICovOwoKLyogSWYgb3VyIGJpbm9DREYgZG9lcyBub3Qgd29yayBvaywKICAgeW91IG1heSBpbnZva2UgdGhlIGJ1aWxkLWluIGZ1bmN0aW9uLCB3aGljaCB1c2VzIAogICB0aGUgaW5jb21wbGV0ZSBiZXRhIGZ1bmN0aW9uIC4uLiAqLwoKbG9hZChkaXN0cmliKSQKYmlub0NERjEoayxuLHApIDo9IGNkZl9iaW5vbWlhbChrLG4scCkgJApiaW5vQ0RGMSg0LCAxMCwgMC41KTsgCg--
https://net124.reltub.ca/yamwi/index.php?c=ehpb02gg4wbzt5usdfvej&n=7&mode=1&max=Z2VvSU5WKHUscCkgOj0gY2VpbGluZygoIGxvZygxLXUpL2xvZygxLXApIC0gMSkpICQKCi8qIEZ1bmN0aW9uOiBjZWlsaW5nICh4KQpXaGVuIHggaXMgYSByZWFsIG51bWJlciwgcmV0dXJuIHRoZSBsZWFzdCBpbnRlZ2VyIHRoYXQgaXMgZ3JlYXRlciB0aGFuIG9yIGVxdWFsIHRvIHguIApGdW5jdGlvbjogbG9nICh4KQpSZXByZXNlbnRzIHRoZSBuYXR1cmFsIChiYXNlKSBsb2dhcml0aG0gb2YgeC4KKi8KCmdlb0lOVigwLjcwLCAxLzYpOwpnZW9JTlYoMC43MCwgMC40KTsK
https://net124.reltub.ca/yamwi/index.php?c=3dnpx3hgrnq3c2ji3wyvb&n=10&mode=1&max=LyogLS0tLS0tLS0tLS0tLS0tLS0tLS0tLS0tLS0tLS0tLS0tLS0tLS0tLS0tLS0tLS0tLS0gCiAgIGdlb0lOVjEoYWxwaGEsIHAsIHgsaykgPSBkbyggaz0wLAogICAgICAgICAgbG9vcChrPWsrMSwgeD1nZW9DREYoayxwKSwgeCxrLCB0ZXN0KHg_YWxwaGEsIGJyZWFrKSkKICAgICAgICAgIHJldHVybihrKSkKLS0tLS0tLS0tLS0tLS0tLS0tLS0tLS0tLS0tLS0tLS0tLS0tLS0tLS0tLS0tLS0tLS0tLS0tLS0tCi0tIFRoaXMgaXMgYW4gYWx0ZXJuYXRpdmUgdG8gZ2VvSU5WIHVzaW5nIGEgbG9vcCBjb25zdHJ1Y3QuCi0tIFRoZSBmdW5jdGlvbiBpcyB1c2VkIHRvIGZpbmQgdGhlIG4udGggcXVhbnRpbGUsIAotLSB0aGF0IGlzIGlmIFAoeCA8PSBrKSBpcyBnaXZlbiwgaXQgZmluZHMgay4KKi8KCmdlb0lOVjEoYWxwaGEsIHApIDo9ICJ5b3VyIGNvZGUgZ29lcyBoZXJlIiQKCmdlb0lOVigwLjcwLCAxLzYpOwpnZW9JTlYoMC43MCwgMC40KTsK
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2.3 Negative binomial distribution

The simplest motivation for the negative binomial is the case of successive random trials,
each having a constant probability p of success. The number of extra trials you must per-
form in order to observe a given number r of successes has a negative binomial distribution.
The negative binomial distribution is a discrete, i.e. existing only on the nonnegative
integers.

Definition Notation: X ∼ NB(r, p)

• The probability density function of a geometric distribution is defined as:

nbinPDF(k, r, p) :=

(
k + r − 1

k

)
pr(1− p)k =: f(k, r, p) = Pr(X = k)

where k is number of failures before the first success and p is the probability of success on

a given trial.

• The cumulative geometric distribution can be expressed as:

nbinCDF(k, r, p) :=
k∑

i=0

(
i+ r − 1

r − 1

)
pr(1− p)i =: F (k, r, p) = Pr(X ≤ k)

• The quantile function (inverse cumulative geometric distribution) is13

nbinINV(α, r, p) := inf{k ∈ R : α ≤ F (k; r, p)}

i.e. we must find the smallest k such that α ≤
∑k

i=0

(
i+r−1
r−1

)
pr(1− p)i for given α.

nbinINV(alpha, size, prob) returns the number of trials (or failures before the size-th

success) such that the probability of observing that many or fewer failures is at least p.

Examples form Excel, Datacamp and MatLAB solved with Maxima.

1. nbinPDF : In quality control, if we need 3 defective units and each unit has a 10%
chance of being defective, what is the probability of getting exactly 5 non-defective
units before finding the third defective one? Check.

| nbinPDF(5, 3, 0.1) | 0.0124

2. nbinCDF : You have to identify five people who have excellent reflexes, you know
the probability that any one candidate meets this requirement is 0.25. What is the
probability that you will interview a certain number of unsuitable candidates before
identifying five suitable candidates. Check.

| nbinCDF(10, 5, 0.25) | 0.3135
13⌈. . .⌉ is the ceiling function.

https://net124.reltub.ca/yamwi/index.php?c=mk3oyz4t0i0py3jtbri1d&n=31&mode=1&max=bG9hZChkaXN0cmliKSQKZnBwcmludHByZWMgOiA1JAoKcGRmX25lZ2F0aXZlX2Jpbm9taWFsKDUsMywwLjEpOw--
https://net124.reltub.ca/yamwi/index.php?c=i3qtpimivxol4w3obfidt&n=32&mode=1&max=bG9hZChkaXN0cmliKSQKZnBwcmludHByZWMgOiA1JAoKY2RmX25lZ2F0aXZlX2Jpbm9taWFsKDEwLDUsMC4yNSk7 
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3. nbinINV : How many times would you need to flip a fair coin to have a 99% probability
of having observed 10 heads? Check.

| nbinINV(0.99, 10, 0.5) | 23

Graphical representation

Figure 16:

Left figure: + = plot for nbinPDF((x,3,0.5)) for x = 0, 1, 2, . . . , 10.
Check nbinPDF((3, 3, 0.5) = 0.15 on the graph.
Right figure: + = plot for nbinCDF((x,3,0.5) for k = 0, 1, 2, . . . , 10.
Check nbinCDF(4, 3, 0.5)) = 0.77 on graph.
Check nbinINV(0.75, 3, 0.5) = 4 on graph via y = 0.75 −→↓ 4 = x

General information

General mathematical information about the concept is here ▷ nbin.distribution
Syntax and semantic of the function is here ▷ Matlab : nbinpdf
◦ Online calculator Bognar’s app

https://net124.reltub.ca/yamwi/index.php?c=aaqllhu4d0cchpdgnqncw&n=34&mode=1&max=bG9hZChkaXN0cmliKSQKZnBwcmludHByZWMgOiA1JAoKcXVhbnRpbGVfbmVnYXRpdmVfYmlub21pYWwgKDAuOTksMTAsMC41KTs-
https://en.wikipedia.org/wiki/Negative_binomial_distribution
https://de.mathworks.com/help/stats/nbinpdf.html
https://mabognar.github.io/apps/nb1.html
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2.3.1 Exercises

Exercise 75. (user-defined function nbinPDF in plain Maxima)
Write a user-defined function nbinPDF() using the mathematical definition for nbinPDF
in ’plain’ Maxima, i.e. without using build-in functions from Maxima packages.
Check your function on example.1.

Solution: Ex.75

Exercise 76. (Table and plot for nbinPDF)
a. Print 10 values for the negative-binomial PDF for k = 1..10 and p = 1/6.
b. Plot the negative-binomial PDF values from a. - if necessary by paper and pencil.

Solution: Ex.76

Exercise 77. (candy problem, cf.wiki)
Pat Collis is required to sell candy bars to raise money for the 6th grade field trip. Pat is
(somewhat harshly) not supposed to return home until five candy bars have been sold. So
the child goes door to door, selling candy bars. At each house, there is a 0.6 probability
of selling one candy bar and a 0.4 probability of selling nothing.
a. What’s the probability of selling the last candy bar at the n-th house?
b. What’s the probability that Pat finishes on or before reaching the eighth house?
c. What’s the probability that Pat exhausts all 30 houses that happen to stand in the
neighborhood?

Solution: Ex.77

Exercise 78. (user-defined function nbinCDF in plain Maxima)
Write a user-defined function nbinCDF() using the mathematical definition for nbinCDF
in ’plain’ Maxima, i.e. without using build-in functions from Maxima packages.
Check your function on the example.2.

Solution: Ex.78

Exercise 79. (Table and plot for nbinPDF)
a. Print 10 values for the negative-binomial CDF for n = 1..10 and p = 1/6.
b. Plot the negative-binomial CDF values from a. - if necessary by paper and pencil.
c. Do a plot for the negative-binomial CDF for n = 40 and p = 0.5.

Solution: Ex.79

Exercise 80. (user-defined function nbinINV)
Write a user-defined function nbinINV() using the mathematical definition for nbinINV
in ’plain’ Maxima, i.e. without using build-in functions from Maxima packages.
a. Check your function on example.3.
b. Verify, that your function solves nbinINV(0.99,5,0.25) = 38

and nbinINV(0.95, 10, 0.7) = 9 correctly.
Solution: Ex.80

Exercise 81. (inverse probability)
Verify, that the inverse probability at pin = 0.25, p = 0.6835 is 3.

https://net124.reltub.ca/yamwi/index.php?c=jwdu2yvyv6ifm6nt5u6fs&n=40&mode=1&max=LyogZGlyZWN0IGltcGxlbWVudGF0aW9uIHdpdGhvdXQgZ2FtbWEgZnVuY3Rpb24gKi8KCmNob29zZShuLHgpICAgIDo9IGJpbm9taWFsKG4seCkkCm5iaW5QREYoeCxyLHApIDo9IGNob29zZSh4K3ItMSx4KSpwXnIqKDEtcCleeCAkCgovKiBpbXBsZW1lbnRhdGlvbiB3aXRoIGdhbW1hIGZ1bmN0aW9uICovCm5iaW5QREYxKHgsbixwKSA6PSBnYW1tYShuK3gpLyh4ISpnYW1tYShuKSkgKnBebiooMS1wKV54ICQKLyogZ2FtbWEobit4KS8oZ2FtbWEoeCkqZ2FtbWEobikpICpwXm4qKDEtcCleeCAkICovCgovKiAtLS0tLS0tLS0tLS0tLS0tLS0tLS0tLS0tLS0tLS0tLS0tLS0tLS0tLS0tLS0tLS0tLS0tLS0tLS0tLS0KLS0gd2hlcmUKLS0gbiA_
https://net124.reltub.ca/yamwi/index.php?c=u5hnavr65sdrrezavbioi&n=43&mode=1&max=bmJpblBERih4LG4scCkgOj0gZ2FtbWEobit4KS8oeCEqZ2FtbWEobikpICpwXm4qKDEtcCleeCAkCgpmcHByaW50cHJlYyA6IDckCmZvciBpOjEgdGhydSAxMCBkbyggcHJpbnQoaSwgZmxvYXQobmJpblBERihpLCAxMCwgMS82KSkpICk7Cgo-
https://net124.reltub.ca/yamwi/index.php?c=cautszibtvnmjzhu5auqg&n=45&mode=1&max=-
https://net124.reltub.ca/yamwi/index.php?c=r0ycxvxcbcc0bn2kpcmmi&n=46&mode=1&max=-
https://net124.reltub.ca/yamwi/index.php?c=wsr3w06k4iwiz4ckawpxt&n=43&mode=1&max=Y2hvb3NlKG4seCkgICAgOj0gYmlub21pYWwobix4KSQKYmlub0NERihrLG4scCkgOj0gc3VtKCBjaG9vc2UobixqKSpwXmoqKDEtcCleKG4taikgLCBqLDAsaykgJAoKZnBwcmludHByZWMgOiA3JApiaW5vQ0RGKDQsIDEwLCAwLjUpICAvKiA9IDAuMzc2ICovOwoKLyogSWYgb3VyIGJpbm9DREYgZG9lcyBub3Qgd29yayBvaywKICAgeW91IG1heSBpbnZva2UgdGhlIGJ1aWxkLWluIGZ1bmN0aW9uLCB3aGljaCB1c2VzIAogICB0aGUgaW5jb21wbGV0ZSBiZXRhIGZ1bmN0aW9uIC4uLiAqLwoKbG9hZChkaXN0cmliKSQKYmlub0NERjEoayxuLHApIDo9IGNkZl9iaW5vbWlhbChrLG4scCkgJApiaW5vQ0RGMSg0LCAxMCwgMC41KTsgCg--
https://net124.reltub.ca/yamwi/index.php?c=b23hy1k05cc2jlmsrwx0m&n=49&mode=1&max=--
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2.4 Hypergeometric distribution

‘Think of an urn with two colors of marbles, red and green. Define drawing a green marble
as a success and drawing a red marble as a failure. Let N describe the number of all
marbles in the urn and K describe the number of green marbles, then N −K corresponds
to the number of red marbles. Now, standing next to the urn, you close your eyes and
draw n marbles without replacement. Define X as a random variable whose outcome is k,
the number of green marbles drawn in the experiment.’, cf. [†3]
The hypergeometric distribution is discrete, i.e. existing only on the nonnegative integers.

Definition Notation: X ∼ hg(N,R, n)

• The probability density function of a hypergeometric distribution is defined as:

hgPDF(N, R, n, r) := Pr(X = r) =

(
R
r

)(
N−R
n−r

)(
N
n

)
where r is number of failures before the first success and p is the probability of success on

a given trial.

• The cumulative hypergeometric distribution can be expressed as:

hgCDF(N, R, n, x) := Pr(X ≤ x) =
x∑

r=0

(
R
r

)(
N−R
n−r

)(
N
n

)
• The quantile function (inverse cumulative hypergeometric distribution) is

hgINV(α,N,R, n) := inf{k ∈ R : α ≤ hgCDF(N,R, n, k)}

i.e. we must find the smallest k such that α ≤ Pr(X ≤ k) for given α.

hgINV(alpha, N,R,n): You can think of α as the probability of observing r defective

items in n drawings without replacement from a group of N items where R are defective.

Examples

1. hgPDF : What is the probability of selecting 14 red marbles from a sample of 20 taken
from an urn containing 70 red marbles and 30 green marbles? Check.

| hgPDF(100, 70, 20, 14) | 0.21409

2. hgCDF : (MatLAB) Suppose you have a lot of 100 floppy disks and you know that
20 of them are defective. What is the probability of drawing two defective floppies if
you select 10 at random? Check.

| hgCDF(100, 20, 10, 2) | 0.6812

https://net124.reltub.ca/yamwi/index.php?c=0nr3pw32c1004avkkjmnb&n=21&mode=1&max=bG9hZChkaXN0cmliKSQKCmZwcHJpbnRwcmVjIDogNSQKcGRmX2h5cGVyZ2VvbWV0cmljKDE0LDcwLDEwMC03MCwyMCksIG51bWVyICAvKiByLCBSLCBOLVIsIG4gICovOwo-
https://net124.reltub.ca/yamwi/index.php?c=nvn3wwl45g3w6daeezpqp&n=19&mode=1&max=bG9hZChkaXN0cmliKSQKLyogICAgICAgICAgICAgICAgIHggIFIgICBOLVIgICAgIG4gKi8KY2RmX2h5cGVyZ2VvbWV0cmljKDIsIDIwLCAxMDAtMjAsIDEwKSwgbnVtZXI7Cg--
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3. hgINV : (MatLAB) Suppose you are the Quality Assurance manager for a floppy disk
manufacturer. The production line turns out floppy disks in batches of 1,000. You
want to sample 50 disks from each batch to see if they have defects. You accept 99%
of the batches if there are no more than 10 defective disks in the batch. What is the
maximum number of defective disks should you allow in your sample of 50?

Check.

| hgINV(0.99, 1000, 10, 50) | 3

Graphical representation

Figure 17:

National lottery: from 49 including 6 red take 6 and get x red.
Left figure: • = plot for hgPDF(49,6,6,x) for x = 0, 1, 2, . . . , 6.
Check hgPDFhgPDF (49, 6, 6, 2) = 0.139 on the graph.
Right figure: • = plot for hgCDF(49,6,6,x) for x = 0, 1, 2, . . . , 6.
Check hgCDF(49, 6, 6, 1) = 0.84 on graph.
Check hgINV(0.75, 49, 6, 6) = 1 on graph via y = 0.75 −→↓ 1 = x

General information

General mathematical information about the concept is here ▷ hypergeometric. distr.
Syntax and semantic of the function is here ▷Matlab : hygepdf
◦ Online calculator Bognar’s app

https://net124.reltub.ca/yamwi/index.php?c=zhr60652lh3fft5oxpaj3&n=24&mode=1&max=bG9hZChkaXN0cmliKSQKLyogICAgICAgICAgICAgICAgICAgICAgeCAgICAgUiAgIE4tUiAgICAgIG4gKi8KLyogICAgICAgICAgICAgICAgICAgICAgcSAgICAgbjEgIG4yICAgICAgIG4gKi8KcXVhbnRpbGVfaHlwZXJnZW9tZXRyaWMoMC45OSwgNTAsIDEwMDAtNTAsIDEwKSwgbnVtZXI7Cg--
https://en.wikipedia.org/wiki/Hypergeometric_distribution
https://de.mathworks.com/help/stats/hygepdf.html
https://mabognar.github.io/apps/hg.html
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2.4.1 Exercises

Unfortunately, the parameter list for the set of hypergeometric functions varies from one
software package to another; therefore, we will address this peculiarity in the exercises –
specifically regarding R, MatLab, and Excel. We have the

LEXICON this book distrib
follows convention of MatLab R

parameter list N,R, n, r x, n1, n2, n
mental model urn

Exercise 82. (a user-defined function hgPDF in plain Maxima)
Write a user-defined function hgPDF() using the mathematical definition for hgPDF in
’plain’ Maxima, i.e. without using build-in functions from Maxima packages.
Check your function on example.1.

Solution: Ex.82

Exercise 83. (Table and plot for hgPDF)
a. Print 10 values for the hypergeometric PDF for k = 1..10 and p = 1/6.
b. Plot the hypergeometric PDF values from a. - if necessary by paper and pencil.

Solution: Ex.83

Exercise 84. (national lottery)
In a national lottery box there are 49 numbered balls.

6 balls are drawn.
a. What is the probability to predict 4 numbers correct of the 6?
b. Calculate the probabilities for exact k = 0, .., 6 ’red balls’ (successes).
c. Plot the hypergeometrical PDF for the lottery outcomes.

Solution: Ex.84

Exercise 85. (example from MatLab, hygepdf) Reproduce

MATLAB> p = hygepdf(0:5,100,20,10)

p = 0.0951 0.2679 0.3182 0.2092 0.0841 0.0215

Solution: Ex.85

Exercise 86. (Wikipedia ibid.: working example)
The WikiPedia definition of the hypergeometric PDF definition use another parameter
sequence:

hgPDFwiki(r,N,R,n) = hgPDF(N,R,n,r)

We are interested in calculating the probability of drawing r red marbles in n draws, given
that there are R red marbles out of a total of N marbles.

https://net124.reltub.ca/yamwi/index.php?c=kwgw5vxeoiyoll3joqfkp&n=22&mode=1&max=
https://net124.reltub.ca/yamwi/index.php?c=u5hnavr65sdrrezavbioi&n=43&mode=1&max=bmJpblBERih4LG4scCkgOj0gZ2FtbWEobit4KS8oeCEqZ2FtbWEobikpICpwXm4qKDEtcCleeCAkCgpmcHByaW50cHJlYyA6IDckCmZvciBpOjEgdGhydSAxMCBkbyggcHJpbnQoaSwgZmxvYXQobmJpblBERihpLCAxMCwgMS82KSkpICk7Cgo-
https://net124.reltub.ca/yamwi/index.php?c=p1ogbgwtjezpvt6406d61&n=8&mode=2&max=-
https://de.mathworks.com/help/stats/hygepdf.html
https://net124.reltub.ca/yamwi/index.php?c=jvipovmrry16lw64o4lko&n=10&mode=2&max=Y2hvb3NlKG4seCkgICAgOj0gYmlub21pYWwobix4KSQKaGdQREYoTixSLG4scikgOj0gZmxvYXQoY2hvb3NlKFIscikqY2hvb3NlKE4tUiwgbi1yKS9jaG9vc2UoTixuKSkkICAgIAoKZnBwcmludHByZWMgOiA1JAoKZm9yIGk6MCB0aHJ1IDUgZG8gcHJpbnQoaGdQREYoMTAwLDIwLDEwLCBpKSkgOwo-
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For this example, assume that there are 5 red and 45 green marbles in the urn. Standing
next to the urn, you close your eyes and draw 10 marbles without replacement.
What is the probability that exactly 4 of the 10 are red?

Solution: Ex.86

Exercise 87. (example with MS Excel, cf. Excel)
MS Excel use yet another parameter sequence for the hypergeometric PDF:

hgPDFexcel(x, n, k, m) = hgPDF(m,k,n,x)

in words: hgPDFexcel(x,n,k,m) is the probability of getting x successes from a sample of
size n, where the size of the population is m of which k are successes.
Examples:
a. A bag contains 12 balls, 8 red and 4 blue. You reach into the bag and pick 3 balls at
random without replacement.
What is the probability that at least 2 of the balls will be blue?
b. A warehouse contains 500 used computers. A random sample of 100 of these is tested
and three of them are found to be defective.
What is the most likely percentage of defective computers in the warehouse?

Solution: Ex.87

Exercise 88. (user-defined function hgCDF in plain Maxima)
Write a user-defined function hgCDF() using the mathematical definition for hgCDF in
’plain’ Maxima, i.e. without using build-in functions from Maxima packages.
Check your function on the example.2.
• Description: hgCDF (N,R, n, x) computes the hypergeometric CDF at the value in x
using the corresponding size of the population N , the number of the desired items in the
population R, and the number of samples drawn n.

Solution: Ex.88

Exercise 89. (table and plot of the hypergeometric CDF)
a. Print 9 values for the cumulative hypergeometric CDF for n = 1..9 and the parameter
set N = 100, R = 20, n = 10.
b. Plot the hypergeometric CDF values from a. - if necessary by paper and pencil.
c. Do a plot for the hypergeometric CDF for n = 40 and p = 0.5.

Solution: Ex.89

Exercise 90. (defective floppy disks, cf. hygecdf)
Suppose you have a lot of 100 floppy disks and you know that 20 of them are defective.
What is the probability of drawing zero to two defective floppies if you select 10 at random?

Solution: Ex.90

Exercise 91. (draw at least 3 numbers right)
What is the probability to draw at least 3 numbers right by drawing of 6 out of 49?

Solution: Ex.91

https://net124.reltub.ca/yamwi/index.php?c=uii5exlvle5fnjerjxqu2&n=23&mode=2&max=--
-- https://real-statistics.com/binomial-and-related-distributions/hypergeometric-distribution/
https://net124.reltub.ca/yamwi/index.php?c=ikeoytxevyk06ddmrstpf&n=30&mode=1&max=Y2hvb3NlKG4seCkgICAgOj0gYmlub21pYWwobix4KSQKaGdQREYoTixSLG4scikgOj0gZmxvYXQoY2hvb3NlKFIscikqY2hvb3NlKE4tUiwgbi1yKS9jaG9vc2UoTixuKSkkICAgIAoKLyogPUhZUEdFT00uRElTVCh4LG4sayxtKSBvZiBFeGNlbCBpcyBoZXJlIG5hbWVkIGhnUERGZXhjZWwoeCxuLGssbSkgCi0tICByZXNwZWN0aW5nIHRoZSBvdGhlciBvcmRlcmluZyBvZiB0aGUgcGFyYW1ldGVyIHNlcXVlbmNlIAoKRVhDRUw_
https://net124.reltub.ca/yamwi/index.php?c=4xseqhxfpc2qhr4ntl3ee&n=18&mode=1&max=Y2hvb3NlKG4seCkgICAgIDo9IGJpbm9taWFsKG4seCkkCmhnUERGKE4sUixuLHIpICA6PSBmbG9hdChjaG9vc2UoUixyKSpjaG9vc2UoTi1SLCBuLXIpL2Nob29zZShOLG4pKSQgICAgCmhnQ0RGKE4sUixuLCB4KSA6PSBzdW0oIGhnUERGKE4sUixuLGspLCBrLDAsIGZsb29yKHgpKSAkIAoKZnBwcmludHByZWMgOiA3JApoZ0NERigxMDAsMjAsMTAsMik7Cgpsb2FkKGRpc3RyaWIpJAovKiAgICAgICAgICAgICAgICAgeCAgUiAgIE4tUiAgICAgbiAqLwpjZGZfaHlwZXJnZW9tZXRyaWMoMiwgMjAsIDEwMC0yMCwgMTApLCBudW1lcjsK
https://net124.reltub.ca/yamwi/index.php?c=yh4twv10xbrikesa4g606&n=50&mode=1&max=Y2hvb3NlKG4seCkgICAgIDo9IGJpbm9taWFsKG4seCkkCmhnUERGKE4sUixuLHIpICA6PSBmbG9hdChjaG9vc2UoUixyKSpjaG9vc2UoTi1SLCBuLXIpL2Nob29zZShOLG4pKSQgICAgCmhnQ0RGKE4sUixuLCB4KSA6PSBzdW0oIGhnUERGKE4sUixuLGspLCBrLDAsIGZsb29yKHgpKSAkIAoKZnBwcmludHByZWMgOiA1JAoKZm9yIGk6MSB0aHJ1IDkgZG8oIHByaW50KGksIGhnQ0RGKDEwMCwyMCwxMCxpKSkpIDsKCg--
https://de.mathworks.com/help/stats/hygeinv.html
https://net124.reltub.ca/yamwi/index.php?c=szjns4ml3vmtveisafwoo&n=20&mode=1&max=--
https://net124.reltub.ca/yamwi/index.php?c=pikdktp15rwlw2tw4ivhz&n=21&mode=1&max=Y2hvb3NlKG4seCkgICAgIDo9IGJpbm9taWFsKG4seCkkCmhnUERGKE4sUixuLHIpICA6PSBmbG9hdChjaG9vc2UoUixyKSpjaG9vc2UoTi1SLCBuLXIpL2Nob29zZShOLG4pKSQgICAgCmhnQ0RGKE4sUixuLCB4KSA6PSBzdW0oIGhnUERGKE4sUixuLGspLCBrLDAsIGZsb29yKHgpKSAkIAoKZnBwcmludHByZWMgOiA3JAoKLyogU09MVVRJT046Ci0tIFdlIGhhdmUgRihYPj0zKSA9IDEgLSBGKFg8PTIpLCBzbyAqLwoKMSAtIGhnQ0RGKDQ5LDYsNiwgMik7CgovKi0tIFRhYmxlIHRvIGRyYXcgMC4uNiBudW1iZXJzIHJpZ2h0IG91dCBvZiA0OSAqLwoKZm9yIGk6MCB0aHJ1IDYgZG8gcHJpbnQoaSwgaGdDREYoNDksNiw2LGkpKTsK
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Exercise 92. (user-defined function hgINV)
Write a user-defined function hgINV() using the mathematical definition for hgINV in
’plain’ Maxima, i.e. without using build-in functions from Maxima packages.

Check your function on example.3.
Solution: Ex.92

• This function is used to find the n.th quantile, that is if P(x ¡= k) is given, it finds k.
• hgINV (alpha,N,R, n) returns the smallest integer x such that the hypergeometric CDF
evaluated at x equals or exceeds P . You may think of alpha as the probability of observing
x defective items in n drawings without replacement from a group of N items where R are
defective.

Exercise 93. (Table and plot for hgINV)
a. Print 10 values for the hypergeometric INV for α = 0.1 . . . 1 step 0.1
and N = 100, R = 10, n = 50.
b. Plot the hypergeometric INV values from a. - if necessary by paper and pencil.
c. Do a plot for the hypergeometric INV for n = 40 and p = 0.5.

Solution: Ex.93

Exercise 94. (A manufacturer produces shirts, cf. real-statistics)
A manufacturer produces shirts in batches of 3,000. They decide to sample 50 shirts from
each batch and count the number of defective shirts in each sample. If they want to make
sure that 99.5% of the batches have no more than 20 defects,
What is the maximum number of defects that they should allow in each sample?

Solution: Ex.94

Exercise 95. (example from R)
Warning: watch the other parameter list (same as in distrib ;)
Reproduce in Maxima:

R> qhyper(p, m, n, k, lower.tail = TRUE, log.p = FALSE)

R> qhyper(p = 0.90, m = 5, n = 11, k = 4)

[1] 2

Solution: Ex.95

https://net124.reltub.ca/yamwi/index.php?c=my2yzwhkwo5ei1dbcurts&n=22&mode=1&max=--
https://net124.reltub.ca/yamwi/index.php?c=2z10dem4e1yefhalu2o4t&n=23&mode=1&max= 
https://real-statistics.com/binomial-and-related-distributions/hypergeometric-distribution/
https://net124.reltub.ca/yamwi/index.php?c=des4fmmk1p2t0edqzkyev&n=23&mode=1&max=_PSAqLwpoZ0NERigzMDAwLDUwLDIwLDIpOw--
https://net124.reltub.ca/yamwi/index.php?c=wlbikt5xg1pr6vb3dc45d&n=25&mode=1&max=
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2.5 Poisson distribution

The Poisson distribution can be applied to systems with a large number of possible events,
each of which is rare. The Poisson probability density function lets you obtain the prob-
ability of an event occurring within a given time or space interval exactly k times if on
average the event occurs λ times within that interval.
The Poisson distribution is discrete, i.e. existing only on the nonnegative integers.

Definition Notation: X ∼ Poisson(k, λ)

• The probability density function of a Poisson distribution is defined as:

poissonPDF(k,λ) :=
λke−λ

k!
= f(k, λ) = Pr(X = k)

where k is number of failures before the first success and p is the probability of success on

a given trial.

• The cumulative Poisson distribution can be expressed as:

poissonCDF(x,λ) :=
x∑

k=0

λk

k!
e−λ = F (x;λ) = Pr(X ≤ x)

• The quantile function (inverse cumulative Poisson distribution) is

poissonINV(α, λ) := inf{x ∈ R : α ≤
x∑

k=0

λk

k!
e−λ}

i.e. we must find the smallest k such that α ≤ Pr(X ≤ k) for given α.

poissonINV(α, λ) returns the smallest value k such that the Poisson CDF evaluated at k

equals or exceeds p, using mean parameters in lambda.

Examples

1. poissonPDF : What is the probability of making 2 sales in a week if the average sales
rate is 3 per week? Check.

| poissonPDF(2,3) | 0.2240

2. poissonCDF : (MatLAB) A computer hard disk manufacturing facility performs ran-
dom tests of individual hard disks. The policy is to shut down the manufacturing
process if an inspector finds more than four bad sectors on a disk. Assuming that on
average a disk has two bad sectors, find the probability of a manufacturing process
shutdown after the first inspection. Check.

| 1 - poissonCDF(4,2) | 0.0526

https://net124.reltub.ca/yamwi/index.php?c=3vgcgbbispezacvbvxxe2&n=26&mode=1&max=bG9hZChkaXN0cmliKSQKCmZwcHJpbnRwcmVjIDogNSQKCnBkZl9wb2lzc29uKDIsMyksIG51bWVyOw--
https://net124.reltub.ca/yamwi/index.php?c=5agst1nn5o5dsd4n3uhwn&n=29&mode=1&max=bG9hZChkaXN0cmliKSQKCmZwcHJpbnRwcmVjIDogNSQKCjEgLSBjZGZfcG9pc3Nvbig0LDIpLCBudW1lcjs-
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3. poissonINV : If the average number of defects is two, what is the 95th percentile of
the number of defects? Check.

| poissonINV(0.95, 2) | 5

Graphical representation

Figure 18:

Plot of Poisson distribution for parameter λ = 2.5
Left figure: • = plot of poissonPDF(k,2.5) for k = 0, . . . , 10.
Check poissonPDF(2.5, 3) = 0.21 on the graph.
Right figure: • = plot of poissonCDF(k,2.5) for k = 0, . . . , 10.
Check poissonCDF(2.5, 3) = 0.75 on graph.
Check poissonINV(0.7, 2.5) = 3 on the CDF via y = 0.7 −→↓ 3 = k

General information

General mathematical information about the concept is here ▷ Wiki : Poisson.distr.
Syntax and semantic of the function is here ▷ Matlab : poisspdf
◦ Online calculator Bognar’s app

https://net124.reltub.ca/yamwi/index.php?c=02qng5kyhocccm04530g2&n=30&mode=1&max=bG9hZChkaXN0cmliKSQKCmZwcHJpbnRwcmVjIDogNSQKCnF1YW50aWxlX3BvaXNzb24oMC45NSwyKSwgbnVtZXI7
https://en.wikipedia.org/wiki/Poisson_distribution
https://de.mathworks.com/help/stats/poisspdf.html
https://mabognar.github.io/apps/pois.html
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2.5.1 Exercises

Exercise 96. (a user-defined function poissonPDF in plain Maxima)
Write a user-defined function poissonPDF() using the mathematical definition for poissonPDF
in ’plain’ Maxima, i.e. without using build-in functions from Maxima packages.
Check your function on example.1.

Solution: Ex.96

Exercise 97. (Table and plot for poissonPDF)
a. Calculate the 11 values of the poissonPDF shown in fig.18.left.
b. Plot the poisson PDF values from a. - if necessary by paper and pencil. It’s fig.18.

Solution: Ex.97

Exercise 98. (examples from wiki, cf. poisson)
Solve the examples (”Beispiele”) in [ibid.]

Solution: Ex.98

Exercise 99. (examples from Hermann [7, p.42])
a. On average, a book contains one typo error on every page. What is the probability that
there are two typographical errors on a given page? (solution: 18.4 %)
b. What is the probability that at a party with 25 people, everyone will have different
birthdays?
Hint : 25 people gives

(
25
2

)
= 300 birthday-pairs. So λ = 300/365. (Solution: 56%)

Solution: Ex.99

Exercise 100. (example from Hermann [7, p.42]
In a city, there are an average of two accidents per day.
What is the probability of more than four accidents per day?
Solution: lambda = 2. Pr(X¡4)=1-Pr(X¡=4) = .. =5.2%

Solution: Ex.100

Exercise 101. (user-defined function poissonCDF in plain Maxima)
Write a user-defined function poissonCDF() using the mathematical definition for poissonCDF
in ’plain’ Maxima, i.e. without using build-in functions from Maxima packages.
Check your function on the example.2.
• An alternative implementation uses the incomplete Gamma function, cf. package distrib.

Solution: Ex.101

Exercise 102. (table and plot of the poisson CDF)
a. Calculate the 11 values of the poissonCDF shown in fig.18.right.
b. Plot the poisson CDF values from a. - if necessary by paper and pencil.

Solution: Ex.102

https://net124.reltub.ca/yamwi/index.php?c=jje4jbu3t4qiveqiurdb3&n=32&mode=1&max=ZnBwcmludHByZWMgOiA1JAoKcG9pc3NvblBERihrLCBsYW1iZGEpIDo9IGZsb2F0KCAgbGFtYmRhIF5rKjEvayEgKiBleHAoLWxhbWJkYSkgICkkCgpwb2lzc29uUERGKDIsMyk7Cg--
https://net124.reltub.ca/yamwi/index.php?c=ugysjnzbw6drqac6orweg&n=52&mode=1&max=IHBvaXNzb25QREYoaywgbGFtYmRhKSA6PSBmbG9hdCggIGxhbWJkYSBeayoxL2shICogZXhwKC1sYW1iZGEpICApJAoKZnBwcmludHByZWMgOiA1JAoKZm9yIGs6MCB0aHJ1IDEwIGRvIHByaW50KGssIHBvaXNzb25QREYoaywyLjUpKSA7Cgo-
https://de.wikipedia.org/wiki/Poisson-Verteilung
https://net124.reltub.ca/yamwi/index.php?c=e4wg0mwnl4nz4oyfi6rip&n=53&mode=1&max=IHBvaXNzb25QREYoaywgbGFtYmRhKSA6PSBmbG9hdCggIGxhbWJkYSBeayoxL2shICogZXhwKC1sYW1iZGEpICApJAoKZnBwcmludHByZWMgOiA1JAoKLyogY2hlY2sgd2l0aCBSOgogUj4gICMgVXNpbmcgZXhhY3QgcHJvYmFiaWxpdHkKLS0gICAgIGRwb2lzKHg9MiwgbGFtYmRhPTMpICsgZHBvaXMoMywzKSArIGRwb2lzKDQsNCkKLS0gWzFdIDAuNjQzNDUwNAoqLyAKCnBvaXNzb25QREYoMiwgMykgKyBwb2lzc29uUERGKDMsMykgKyBwb2lzc29uUERGKDQsNCk7CgoK
https://net124.reltub.ca/yamwi/index.php?c=aa3nvgxfpd14zmvfv6hcf&n=12&mode=2&max=cG9pc3NvblBERihrLCBsYW1iZGEpIDo9IGZsb2F0KCAgbGFtYmRhIF5rKjEvayEgKiBleHAoLWxhbWJkYSkgICkkCgpmcHByaW50cHJlYyA6IDUkCgpwb2lzc29uUERGKCJ5b3VyIiwiSW5wdXQiKTsKCg--
https://net124.reltub.ca/yamwi/index.php?c=aa3nvgxfpd14zmvfv6hcf&n=12&mode=2&max=cG9pc3NvblBERihrLCBsYW1iZGEpIDo9IGZsb2F0KCAgbGFtYmRhIF5rKjEvayEgKiBleHAoLWxhbWJkYSkgICkkCgpmcHByaW50cHJlYyA6IDUkCgpwb2lzc29uUERGKCJ5b3VyIiwiSW5wdXQiKTsKCg--
https://net124.reltub.ca/yamwi/index.php?c=kkah0xv1apjwtz2qwulfb&n=22&mode=1&max=cG9pc3NvblBERihrLCBsYW1iZGEpIDo9IGZsb2F0KCAgbGFtYmRhIF5rKjEvayEgKiBleHAoLWxhbWJkYSkgICkkCnBvaXNzb25DREYoeCwgbGFtYmRhKSA6PSBzdW0oIHBvaXNzb25QREYoaywgbGFtYmRhKSAsaywgMCwgZmxvb3IoeCkpOwoKZnBwcmludHByZWMgOiA1JAoKMSAtIHBvaXNzb25DREYoNCwyKTsKCgovKiBQb2lzc29uIENERiB2ZXJzaW9uIGJ5IE0uIFJpb3RvcnRvIGluICdkaXN0cmliJyAqLwpsb2FkKGRpc3RyaWIpJApjZGZfcG9pc3Nvbih4LG0pIDo9IGdhbW1hX2luY29tcGxldGVfcmVndWxhcml6ZWQoZmxvb3IoeCkrMSwgbSkgJAoxIC0gY2RmX3BvaXNzb24oNCwyKSwgbnVtZXI7Cgo-
https://net124.reltub.ca/yamwi/index.php?c=l2masfymmnvjf06yo1rfo&n=53&mode=1&max=cG9pc3NvblBERihrLCBsYW1iZGEpIDo9IGZsb2F0KCAgbGFtYmRhIF5rKjEvayEgKiBleHAoLWxhbWJkYSkgICkkCnBvaXNzb25DREYoeCwgbGFtYmRhKSA6PSBzdW0oIHBvaXNzb25QREYoaywgbGFtYmRhKSAsaywgMCwgZmxvb3IoeCkpOwoKCmZwcHJpbnRwcmVjIDogNSQKCmZvciBrOjAgdGhydSAxMCBkbyBwcmludChrLCBwb2lzc29uQ0RGKGssMi41KSkgOwoK
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Exercise 103. (user-defined function poissonINV)
Write a user-defined function poissonINV() using the mathematical definition for poissonINV
in ’plain’ Maxima, i.e. without using build-in functions from Maxima packages.
Check your function on example.3.

Solution: Ex.103

Remark.
• This function is used to find the n.th quantile, that is if P(x ¡= k) is given, it finds k.
• X=poissonINV(alpha, lambda) returns the smallest value X such that the Poisson CDF
evaluated at X equals or exceeds P , using mean parameter in lambda. [ibid.]

Exercise 104. (Table and plot for poissonINV)
a. Print 10 values for the poisson INV for α = 0.1 . . . 1 step 0.1 and λ = 2.5.
b. Plot the poisson INV values from a. - if necessary by paper and pencil.

Solution: Ex.104

Exercise 105. (defects in a machine part, cf. poissinv)
Suppose the average number of defects in a machine part is two.
a.Use the inverse of the Poisson distribution to determine the 95th percentile of the number
of defects.
b. Calculate the median number of defects per machine part.

Solution: Ex.105

▷◁

You should now be able to implement other discrete distributions along the above examples
using CAS Maxima.

▷◁

https://net124.reltub.ca/yamwi/index.php?c=o0yg6sqwera0hwcp510fg&n=58&mode=1&max=-
https://net124.reltub.ca/yamwi/index.php?c=c3tiwsv6voepoemufwrsm&n=59&mode=1&max=
https://de.mathworks.com/help/stats/poissinv.html
https://net124.reltub.ca/yamwi/index.php?c=v1hkpkfuqgjqerotdhqml&n=2&mode=2&max=--
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3 Continuous distributions

3.1 Normal distribution

In probability theory and statistics, the Normal Distribution, also called the Gaussian Dis-
tribution by physicists, is the most significant continuous probability distribution. Social
scientists refer to it as the bell curve, because of its curved flaring shape. A large number
of random variables are either nearly or exactly represented by the normal distribution,
in every physical science and economics. In a normal distribution, the mean, median and
mode are equal. The total area under the curve is equal to 1. The normal distribution
curve is symmetric at the centre.
The standard normal distribution is one of the forms of the normal distribution. It occurs
when a normal random variable has mean µ = 0 and a standard deviation σ = 1.

Definition Notation: X ∼ N (µ, σ)

• The probability density function of the normal distribution is defined by14

ϕ(x, µ, σ) :=
1√

2π · σ
e−

(x−µ)2

2σ2 := Pr(X = x) =: normPDF(x, µ, σ)

• The cumulative normal distribution is defined by15

Φ(x, µ, σ) :=
1

2
+

1

2
· erf

(
x− µ

σ
√
2

)
:= Pr(X ≤ x) =: normCDF(x, µ, σ)

• The inverse normal distribution (’quantile function’) is defined by

Φ−1(p, µ, σ) := µ+ σ ·Ψ−1(p) = µ+ σ
√
2 erf−1(2p− 1) = normINV(p, µ, σ)

with p ∈ (0, 1), using the inverse standard normal function Ψ−1(p) =
√
2 erf−1(2p−

1). Because there is no build-in inverse error-function erfinv, we implement Φ−1 using Φ

and the defining relation x = Φ−1(p) with Φ(x) = p and a simple search method..

Examples

1. normPDF : A sample of 30 students has an average test score of 78 with a standard
deviation of 12. Assuming the distribution of test scores is normal, what is the
probability that the sample mean score is greater than 82? Check.

| normPDF(82, 78, 12) | 0.0314

14we adopt the notation convention of MatLab , i.e. normXXX with XXX ∈ {PDF,CDF,INV}
15using the build-in error-function erf

https://net124.reltub.ca/yamwi/index.php?c=msajbjnvkn0q3mtit0brm&n=6&mode=2&max=bm9ybVBERih4LG11LHNpZ21hKSA6PSAKICAgICAgICAgICAgIGZsb2F0KCAxL3NxcnQoMi4qJXBpKS9zaWdtYSpleHAoLTAuNSooKHgtbXUpL3NpZ21hKV4yKSApJAoKZnBwcmludHByZWMgOiA1JApub3JtUERGKDgyLCA3OCwgMTIpOwoKLyogbG9hZChkaXN0cmliKSQgKi8KcGRmX25vcm1hbCh4LG0scykgOj0KICAgICAgIGZsb2F0KCBleHAoLSh4LW0pXjIvKDIqc14yKSkvKHNxcnQoMiolcGkpKnMpICkkCgpwZGZfbm9ybWFsKDgyLCA3OCwgMTIpOwo-
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2. normCDF : A factory produces 100 Ω resistors, distributed via N(100, 62). What
proportion of the resistors have a maximum deviation of 10% from the mean value?
Cf. [7, p. 50] Check.

| normCDF(110,100,6) - normCDF(90,100,6) | 0.9044

3. normINV : Find the height at which 80% of the population falls below in a normal
distribution with mean 170 and standard deviation 5. Check.

| normINV(0.80, 170, 5) | 174.2

Graphical representation

Figure 19:

Standard normal distribution with parameters µ = 0 and σ equal to 1.
Left figure: ≀ = plot of stdnormPDF(x).
Check stdnormPDF(1) = 0.24 on the graph.
Right figure: ≀ = plot of stdnormCDF(x).
Check stdnormCDF(1) = 0.84 on graph.
Check stdnormINV(0.6) ≈ 0.25 on the CDF via y = 0.6 −→↓ 0.25 = x

General information

General mathematical information about the concept is here ▷ Normal.distribution
Syntax and semantic of the function is here ▷ Matlab : normpdf
◦ Online calculator Bognar’s app

https://net124.reltub.ca/yamwi/index.php?c=ctoekal6gsdnfhkfn6csh&n=8&mode=2&max=-
https://net124.reltub.ca/yamwi/index.php?c=ihlqw201gc1jxwjevsncr&n=10&mode=2&max=LyogcXVhbnRpbGVfbm9ybWFsIHRlcm0gZnJvbSBkaXN0cmliIGJ5IE0uIFJpb3RvcnRvICovCm5vcm1JTlYocSxtdSxzaWdtYSkgOj0gIGZsb2F0KCBtdSsgc3FydCgyKSpzaWdtYSppbnZlcnNlX2VyZigyKnEtMSkgKSQKCmZwcHJpbnRwcmVjIDogNSQKCm5vcm1JTlYoMC44MCwgMTcwLCA1KTs-
https://en.wikipedia.org/wiki/Normal_distribution
https://de.mathworks.com/help/stats/normpdf.html
https://mabognar.github.io/apps/pois.html
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3.1.1 Exercises

Exercise 106. (a user-defined function normPDF in plain Maxima)
A user-defined function normPDF() make use of the mathematical definition for ϕ(x, µ, σ),
no build-in function from a Maxima package is needed.
Check your function on example.1.

Solution: Ex.106

Exercise 107. (Table and plot for [standard] normal PDF)
a. Reproduce the following R session in Maxima, where dnorm|R is the density of the
normal distribution, i.e. our normal PDF.

R> # Create 10 numbers between 0 and 2 incrementing by 0.1:

R> x <- seq(0, 1, by = .1)

R> # Choose the mean as 0 and standard deviation as 1:

R> dnorm(x, mean = 0, sd = 1)

[1] 0.39894228 0.39695255 0.39104269 0.38138782 0.36827014 ..

b. Plot the PDF of the Standard Normal distribution f(x) = normPDF (x, 0, 1) for
xrange = (−5, 5) and yrange = (0, 1).

Solution: Ex.107

Exercise 108. (user-defined function normCDF in plain Maxima)
A user-defined function normCDF() make use of the mathematical definition for Φ(x, µ, σ),
using the build-in function erf in plain Maxima.
Check your function on example.2.

Solution: Ex.108

Exercise 109. (table and plot of the normal CDF)
a. Calculate the 7 values of the normCDF at −3,−2, .., 2, 3 shown in fig.19.right.
b. Plot the normal CDF values from a. - if necessary by paper and pencil.

Solution: Ex.109

Exercise 110. (examples from MatLab)
Construct a table for normCDF for x = -2,-1,0,1,2 and µ = 2;σ = 1 and verify theMatLab
session:

MatLAB> x = [-2,-1,0,1,2]; mu = 2; sigma = 1;

> p = normcdf(x,mu,sigma)

p = 1x5

0.0000 0.0013 0.0228 0.1587 0.5000

Solution: Ex.110

Exercise 111. (sugar in packs from [7, p.50]
A manufacturer fills sugar in packs, which have a distribution of N (1000, 122).
What percentage of the packs meet the printed minimum weight of 980 g?

Solution: Ex.111

https://net124.reltub.ca/yamwi/index.php?c=o66pq6bxlunmm40gxkjhu&n=10&mode=2&max=
https://net124.reltub.ca/yamwi/index.php?c=6xe4k4stgdthgswcgnx0r&n=21&mode=4&max=bm9ybVBERih4LG11LHNpZ21hKSA6PSAKICAgICAgICBmbG9hdCggMS9zcXJ0KDIuKiVwaSkvc2lnbWEqZXhwKC0wLjUqKCh4LW11KS9zaWdtYSleMikgKSQKCmZwcHJpbnRwcmVjIDogNSQKClQgOiB6ZXJvbWF0cml4ICgyLCAxMCkkCmZvciBpOjEgdGhydSAxMCBkbyBUWzEsaV0gOiAwLjEqKGktMSkkCmZvciBpOjEgdGhydSAxMCBkbyBUWzIsaV0gOiBmbG9hdChub3JtUERGKDAuMSooaS0xKSwgMCwxKSkkClQ7Cg--
https://net124.reltub.ca/yamwi/index.php?c=1xfscxc53t2fv1wvw0rx5&n=26&mode=4&max=bm9ybUNERih4LG0scykgOj0gZmxvYXQoIDEvMitlcmYoKHgtbSkvKHMqc3FydCgyKSkpLzIgKSQKCnN0ZG5vcm1DREYoeCkgIDo9IG5vcm1DREYoeCwgMCwxKSAgICAgICAvKiAtLSBzdGFuZGFyZCBub3JtYWwgQ0RGICovICQKUGhpKHgpICAgICAgICAgOj0gc3Rkbm9ybUNERih4KSAgICAgICAgLyotLSBjbGFzc2ljIG5vdGF0aW9uICovICQKCmZwcHJpbnRwcmVjIDogNSQKCm5vcm1DREYoMS4sIDAsMSk7CnN0ZG5vcm1DREYoMS4pOwpQaGkoMS4pOwo-
https://net124.reltub.ca/yamwi/index.php?c=3jotgp1agjoe22sgm5uhd&n=1&mode=2&max=bm9ybUNERih4LG0scykgOj0gZmxvYXQoIDEvMitlcmYoKHgtbSkvKHMqc3FydCgyKSkpLzIgKSQKc3Rkbm9ybUNERih4KSAgOj0gbm9ybUNERih4LCAwLDEpJCAgIApQaGkoeCkgICAgICAgICA6PSBzdGRub3JtQ0RGKHgpJAoKZnBwcmludHByZWMgOiA1JAoKbm9ybUNERigtMywgMCwxKTsKUGhpKC0zKTsKCmZvciBrOigtMykgdGhydSAzIGRvIHByaW50KGssIG5vcm1DREYoaywgMCwxKSkgOwo-
https://net124.reltub.ca/yamwi/index.php?c=dojaium13ybrk0prpo6ar&n=7&mode=4&max=bm9ybUNERih4LG0scykgOj0gZmxvYXQoIDEvMitlcmYoKHgtbSkvKHMqc3FydCgyKSkpLzIgKSQKc3Rkbm9ybUNERih4KSAgOj0gbm9ybUNERih4LCAwLDEpJCAgIApQaGkoeCkgICAgICAgICA6PSBzdGRub3JtQ0RGKHgpJAoKZnBwcmludHByZWMgOiA1JAoKWCA6IFstMiwtMSwwLDEsMl07CgpmKHgpOj0gbm9ybUNERih4LDIsMSk7CnAgOiBtYXAoIGYsIFgpOwoKcHJpbnQoIG1hdHJpeChYLHApICk7
https://net124.reltub.ca/yamwi/index.php?c=1ily45txqkjzokqhcrate&n=10&mode=4&max=bm9ybUNERih4LG0scykgOj0gZmxvYXQoIDEvMitlcmYoKHgtbSkvKHMqc3FydCgyKSkpLzIgKSQKc3Rkbm9ybUNERih4KSAgOj0gbm9ybUNERih4LCAwLDEpJCAgIApQaGkoeCkgICAgICAgICA6PSBzdGRub3JtQ0RGKHgpJAoKZnBwcmludHByZWMgOiA1JAoKLyogLS0gU09MVVRJT046ICBXZSBoYXZlICBQUihYPj05ODApID0gMSAtIFByKFg8OTgwKSA9ICovCgoxIC0gbm9ybUNERig5ODAsIDEwMDAsIDEyKSA7Cgo-
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Exercise 112. (examples from R)
a. Calculate the probability of a value less than or equal to 1.96 in a standard normal
distribution. [ R> pnorm(1.96) [1] 0.9750021 ]

b. Determine the probability of a value less than or equal to 2 in a normal distribution with
mean 1 and standard deviation 0.5? [ R> pnorm(2, mean = 1, sd = 0.5) [1] 0.9772499

Solution: Ex.112

Exercise 113. (resistors from Hermann [7, p.51]
A factory produces 100 Ω resistors, distributed via N (100, 62).
What proportion of the resistors have a maximum deviation of 10% from the mean value?

Solution: Ex.113

Exercise 114. (assortment of screws from [7, p.42]
From an assortment of screws distributed via N(10,0.32̂) in a all screws larger than 10.5
mm or smaller than 9.5 mm are removed.
What is the probability that one of the remaining screws is smaller than 10.3 mm?

Solution: Ex.114

Exercise 115. (men’s height from [7, p.50]
When measuring men, the mean height was 1.73 cm with a spread of 7 cm. Men between
the heights of 166 cm and 180 cm are therefore considered to be of ’normal’ height.
What is the probability that a man is shorter than 1.85 m according to this distribution?

Solution: Ex.115

Exercise 116. (alternativ definition of standard normal distribution using erfc(z))
erfc(z) is the so-called Complementary Error Function. This function is used byMatLab
to build normcdf(), cf. normcdf.
a. Write function stdnormCDF1 via erfc(z):

stdnormCDF1(x) = 1/2*erfc(-x/sqrt(2))

normCDF1(x,mu,sigma) = stdnormCDF1((x-mu)/sigma)

b. Solve exercise.115 using normCDF1.
Solution: Ex.116

Exercise 117. (user-defined function normINV)
Look up the build-in function normINV(), called ’quantile normal’ in package ’distrib’ and
so realizing the mathematical definition for normINV .
a. Check your function on example.3.

Solution: Ex.117

Remark.
• This function is used to find the nth quantile, that is if P (x ≤ k) is given, it finds k.
• The inverse normal distribution or normINV allows you to find the value of x of a
normal distribution given a probability p, the mean µ and the standard deviation σ of the

https://net124.reltub.ca/yamwi/index.php?c=hcnskyc65zhdfphndyroj&n=11&mode=4&max=bm9ybUNERih4LG0scykgOj0gZmxvYXQoIDEvMitlcmYoKHgtbSkvKHMqc3FydCgyKSkpLzIgKSQKc3Rkbm9ybUNERih4KSAgOj0gbm9ybUNERih4LCAwLDEpJCAgIApQaGkoeCkgICAgICAgICA6PSBzdGRub3JtQ0RGKHgpJAoKZnBwcmludHByZWMgOiA1JAoKUGhpKDEuOTYpICAvKiBhLiAqLzsKbm9ybUNERigyLCAxLjAsMC41KSAgLyogYi4gKi87Cgo-
https://net124.reltub.ca/yamwi/index.php?c=bza2wpo2cxu4m6ov35fpj&n=13&mode=4&max=bm9ybUNERih4LG0scykgOj0gZmxvYXQoIDEvMitlcmYoKHgtbSkvKHMqc3FydCgyKSkpLzIgKSQKc3Rkbm9ybUNERih4KSAgOj0gbm9ybUNERih4LCAwLDEpJCAgIApQaGkoeCkgICAgICAgICA6PSBzdGRub3JtQ0RGKHgpJAoKZnBwcmludHByZWMgOiA1JAoKLyogCi0tIFNPTFVUSU9OOiAgcmVzdWx0OiAwLjkwNDQyLCBpLmUuIDkwLDQlIGFyZSBmaXJzdCBjbGFzcy4KLS0gICAgICAgICAgICBQcig5MDxYPDExMCkgPSBQcihYPDExMCkgLSBQcihYPDkwKSA9ICAqLwoKUGhpKCgxMTAtMTAwKS82KSAtIFBoaSgoOTAtMTAwKS82KTsKCm5vcm1DREYoMTEwLDEwMCw2KSAtIG5vcm1DREYoOTAsMTAwLDYpOwoKCg--
https://net124.reltub.ca/yamwi/index.php?c=thhfpuhzvzagwyfu2obww&n=16&mode=4&max=
https://net124.reltub.ca/yamwi/index.php?c=4ugr1srkmii3gj23k0ime&n=17&mode=4&max=bm9ybUNERih4LG0scykgOj0gZmxvYXQoIDEvMitlcmYoKHgtbSkvKHMqc3FydCgyKSkpLzIgKSQKc3Rkbm9ybUNERih4KSAgOj0gbm9ybUNERih4LCAwLDEpJCAgIApQaGkoeCkgICAgICAgICA6PSBzdGRub3JtQ0RGKHgpJAoKZnBwcmludHByZWMgOiA1JAoKbm9ybUNERigxODUsMTczLDcpICA7CgpQaGkoICgxODUtMTczKS83ICk7Cg--
https://de.mathworks.com/help/stats/normcdf.html
https://net124.reltub.ca/yamwi/index.php?c=x4tlrg55mrmb0hxmvfr51&n=19&mode=4&max=c3Rkbm9ybUNERjEoeCkgICAgICAgOj0gZmxvYXQoICAxLzIqZXJmYygteC9zcXJ0KDIpKSAgKSQKbm9ybUNERjEoeCxtdSxzaWdtYSkgOj0gc3Rkbm9ybUNERjEoKHgtbXUpL3NpZ21hKSQKCi8qIGVyZmMgKHopIDogVGhlIENvbXBsZW1lbnRhcnkgRXJyb3IgRnVuY3Rpb24gKi8KCmZwcHJpbnRwcmVjIDogNSQKCnN0ZG5vcm1DREYxKCAoMTg1LTE3MykvNyApOwpub3JtQ0RGMSgxODUsMTczLDcpOyAgICAgCg--
https://net124.reltub.ca/yamwi/index.php?c=wccdjx4da6y1as05vz2m1&n=26&mode=4&max=LyogZXJmYyAoeikgOiBUaGUgQ29tcGxlbWVudGFyeSBFcnJvciBGdW5jdGlvbiAKICAnbm9ybUlOVicgIGlzIGNhbGxlZCAncXVhbnRpbGVfbm9ybWFsJyBpbiBwYWNrYWdlICdkaXN0cmliJyAqLwoKbm9ybUlOVihxLG0scykgOj0gZmxvYXQoIG0gKyBzcXJ0KDIpKnMqaW52ZXJzZV9lcmYoMipxLTEpICkkCgpzdGRub3JtSU5WKHEpIDo9IG5vcm1JTlYocSwwLDEpICQKCmZwcHJpbnRwcmVjIDogNSQKCnN0ZG5vcm1JTlYoMC44KTsKc3Rkbm9ybUlOVigwLjkpOwoKbm9ybUlOVigwLjgsIDAsMSk7Cm5vcm1JTlYoMC42LCAwLDEpOwoKbm9ybUlOVigwLjgwLCAxNzAsIDUpOwo-
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distribution. Simply put, it works backward from the area under the normal distribution
curve to find the x-value corresponding to that area.
• There is no simple algebraic formula; instead, the one may use an iterative search tech-
nique to find the x, that satisfies p=normCDF(x,mu,sigma). The standard normal version is
a special case where the mean is 0 and the standard deviation is 1.

*b. X=normalINV(alpha, lambda) returns the smallest value X such that the normal CDF
evaluated at X equals or exceeds P , using mean parameter in lambda.
Use this algorithm to implement the inverse of the standard cumulative normal distribution
using an iterative bisection method. Pseudocode:

stdnormINV(x, a,b,k,t,y) = test(x=0, "-Inf", x=1, "+Inf", and(0<x,x<1),

do( a = -10, b = 10, -- x in [a,b]

for(k,1,100, t = (a+b)/2,

y = stdnormCDF(t),

test(abs(x-y)<0.0000001, break,

y<x,a=t, b=t)),

float(t) ))

or use the implementation of ’quantile binomial’ in package ’distrib’ as pattern:

quantile_binomial(q,n,p):= /* partition method */

block([a:0, b:n, m],

while (b-a>1) do (

m: 0.5*(a+b),

if cdf_binomial(m,n,p) < q then a: m else b: m ),

floor(b))$

Exercise 118. (Table and plot for normINV)
a. Print 9 values for the normal INV for α = 0.1 . . . 0.9 step 0.1.
b. Plot the normal INV values from a. - if necessary by paper and pencil.

Solution: Ex.118

Exercise 119. (MatLab: norminv)
Compute the inverse of cdf values evaluated at the probability values in p for the normal
distribution with mean mu=2 and standard deviation sigma=1.

p = 0:0.25:1; mu = 2; sigma = 1;

norminv(p,mu,sigma)

ans = -Inf 1.3255 2.0000 2.6745 Inf

Solution: Ex.119

https://net124.reltub.ca/yamwi/index.php?c=qt2011oogcyw0b3d3ais6&n=63&mode=1&max=-
https://net124.reltub.ca/yamwi/index.php?c=latjk2owj1egnuoy4uuqb&n=29&mode=4&max=LyogZXJmYyAoeikgOiBUaGUgQ29tcGxlbWVudGFyeSBFcnJvciBGdW5jdGlvbiAKICAnbm9ybUlOVicgIGlzIGNhbGxlZCAncXVhbnRpbGVfbm9ybWFsJyBpbiBwYWNrYWdlICdkaXN0cmliJyAqLwoKbm9ybUlOVihxLG0scykgOj0gZmxvYXQoIG0gKyBzcXJ0KDIpKnMqaW52ZXJzZV9lcmYoMipxLTEpICkkCgpzdGRub3JtSU5WKHEpIDo9IG5vcm1JTlYocSwwLDEpICQKCnAgOiBbMCwgMC4yNSwgMC41LCAwLjc1LCAxXSAgICAgIC8qIC0tIHA9MDowLjI1OjEgKi8gJAoKZm9yIGs6MCB0aHJ1IDEgc3RlcCAwLjI1IGRvIHByaW50KFtrLCBzdGRub3JtSU5WKGspXSk7Cgo-
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Exercise 120. (Compare with R qnorm list)
Reproduce wit Maxima:

R> # Create 10 numbers between 0 and 2 incrementing by 0.1.

R> x <- seq(0, 1, by = .1)

R> # Choose the mean as 0 and standard deviation as 1.

R> qnorm(x, mean = 0, sd = 1)

[1] -Inf -1.2815516 -0.8416212 -0.5244005 -0.2533471 0.0 ..

Solution: Ex.120

Exercise 121. (confidence intervall, cf. MatLab)
Find an interval that contains 95% of the values from a standard normal distribution.

Matlab> x = norminv([0.025 0.975])

x = 1x2 -1.9600 1.9600

Interval =[-1.96, 1.96]

Use Maxima.
Solution: Ex.121

Exercise 122. (some Quantile of normal/GAUSS distribution)
Verify, that for X = (0.9, 0.95, 0.975, 0.99) we get the following quantile of the normal aka
GAUSS distribution: R = (1.281552, 1.644854, 1.959964, 2.326348) in CAS R.

Solution: Ex.122

Exercise 123. (The 68-95-99.7 rule)
Let us determine the area under the standard normal curve for ±1 standard deviation, for
±2 standard deviations, and for ±3 standard deviations.

Remark. Awesome, we just confirmed the Empirical Rule, also known as the ”68-95-99.7”
rule, which relates to the Chebyshev’s theorem.
For a bell-shaped distribution the 3 rules are, that approximately
◦ 68% of the observations lie within 1 std.deviation of the mean,
◦ 95% of the observations lie within 2 std.deviations of the mean,
◦ 99.7% of the observations lie within 3 std.deviations of the mean.

Solution: Ex.123

https://net124.reltub.ca/yamwi/index.php?c=2sb5cy2ccohkq6uwfxb2n&n=32&mode=4&max=LyogZXJmYyAoeikgOiBUaGUgQ29tcGxlbWVudGFyeSBFcnJvciBGdW5jdGlvbiAKICAnbm9ybUlOVicgIGlzIGNhbGxlZCAncXVhbnRpbGVfbm9ybWFsJyBpbiBwYWNrYWdlICdkaXN0cmliJyAqLwoKbm9ybUlOVihxLG0scykgOj0gZmxvYXQoIG0gKyBzcXJ0KDIpKnMqaW52ZXJzZV9lcmYoMipxLTEpICkkCgpzdGRub3JtSU5WKHEpIDo9IG5vcm1JTlYocSwwLDEpICQKCnAgOiBbMCwgMC4yNSwgMC41LCAwLjc1LCAxXSAgICAgIC8qIC0tIHA9MDowLjI1OjEgKi8gJAoKZm9yIGs6MC4wIHRocnUgMS4wIHN0ZXAgMC4xIGRvIHByaW50KGssIG5vcm1JTlYoazAsMSkpOwoK
https://net124.reltub.ca/yamwi/index.php?c=563lc5h0bryejfzg0w2ee&n=37&mode=4&max=bm9ybUlOVihxLG0scykgOj0gZmxvYXQoIG0gKyBzcXJ0KDIpKnMqaW52ZXJzZV9lcmYoMipxLTEpICkkCnN0ZG5vcm1JTlYocSkgOj0gbm9ybUlOVihxLDAsMSkgJAoKZnBwcmludHByZWMgOiA1JApbc3Rkbm9ybUlOVigwLjAyNSksIHN0ZG5vcm1JTlYoMC45NzUpIF0gOw--
https://net124.reltub.ca/yamwi/index.php?c=aa3nvgxfpd14zmvfv6hcf&n=12&mode=2&max=cG9pc3NvblBERihrLCBsYW1iZGEpIDo9IGZsb2F0KCAgbGFtYmRhIF5rKjEvayEgKiBleHAoLWxhbWJkYSkgICkkCgpmcHByaW50cHJlYyA6IDUkCgpwb2lzc29uUERGKCJ5b3VyIiwiSW5wdXQiKTsKCg--
https://net124.reltub.ca/yamwi/index.php?c=lwtgfzpsxd5wuz2w3bdqu&n=27&mode=4&max=--
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3.2 Exponential distribution

The exponential distribution is a probability distribution that is used to model the time
we must wait until a certain event occurs.
The exponential distribution is the continous analog of the geometric distribution.

Definition Notation: X ∼ Exp(λ)

• The probability density function of the Exponential distribution is

expPDF(x, λ) := f(x, λ) = Pr(X = x) =

{
λe−λx : x ≥ 0,

0 : x < 0

where λ > 0 is the ’rate’ parameter and x is the time until the next event occurs.

• The cumulative Exponential distribution is

expCDF(x, λ) := F (x, λ) = Pr(X ≤ x) =

{
1− e−λx : x ≥ 0,

0 : x < 0

• The inverse16 (quantile) Exponential distribution is

expINV(p, λ) := F−1(p, λ) =
− ln(1− p)

λ
, 0 ≤ p < 1

Examples

1. expPDF : Compute the density of the observed value 5 in the exponential distribution
specified by mean 3. Check.

| float( expPDF(5,1/3) ) | 0.0629

2. expCDF : The lifespan of a light bulb is exponentially distributed and averages 1,000
hours. What is the probability, that it will last 800 hours? Check.

| float( 1 - expCDF(800, 1/1000)) | 0.4493

3. expINV : (MatLAB) Assume that the lifetime of light bulbs are exponentially dis-
tributed with a mean of 700 hours. Find the median lifetime. Check.

| expINV(0.50, 1/700) | 485.2

16The ’quantile’ function of a distribution is the inverse of the cumulative distribution function.

https://net124.reltub.ca/yamwi/index.php?c=pgzjq1bm0rj3vu1alokat&n=2&mode=2&max=bG9hZChkaXN0cmliKSQKCnBkZl9leHAoNSwgMS8zKSwgbnVtZXI7
https://net124.reltub.ca/yamwi/index.php?c=k0o2n1ft6nwbryfnke2gf&n=3&mode=2&max=bG9hZChkaXN0cmliKSQKCjEtY2RmX2V4cCg4MDAsIDEvMTAwMCksIG51bWVyOw--
https://net124.reltub.ca/yamwi/index.php?c=pji5sd16fgehwohcp6o2b&n=4&mode=2&max=bG9hZChkaXN0cmliKSQKCnF1YW50aWxlX2V4cCgwLjUsIDEvNzAwKSwgbnVtZXI7


3 CONTINUOUS DISTRIBUTIONS 71

Graphical representation

Figure 20:

Exponential distributions with different rates λ.
Left figure: ≀ = plot of expPDF(x,λ), λ = 1; 1.5; 5.
Check expPDF(1) = 0.24 on the graph.
Right figure: ≀ = plot of expPDF(x,λ), λ = 1; 1.5; 5 .
Check expPDF (2, 1) ≈ 0.14 on the graph.
Check expINV(0.8, 1) ≈ 1.6 on the CDF via y = 0.8 −→↓ 1.6 = x

General information

◦General mathematical information about the concept is here▷ Exponential.distribution

◦ Syntax and semantic of the function is here ▷ Matlab : explpdf
◦ Online calculator Bognar’s app

https://en.wikipedia.org/wiki/Exponential_distribution
https://de.mathworks.com/help/stats/exppdf.html
https://mabognar.github.io/apps/exp.html
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3.2.1 Exercises

Exercise 124. (a user-defined function expPDF in plain Maxima)
Write a user-defined function expPDF() using the mathematical definition for expPDF in
’plain’ Maxima, i.e. without using build-in functions from Maxima packages.
expPDF returns the pdf of the exponential distribution with rate L, evaluated at the values
in x.
a. Check your function on example.1.
b. Verify: R> dexp(5,1/2) [1] 0.0410425

Solution: Ex.124

Exercise 125. (Table and plot for expPDF)
a. Calculate the 11 values of the expPDF shown in fig.20.left for λ = 5.
b. Plot the expPDF values from a. - if necessary by paper and pencil. It’s fig.18.

Solution: Ex.125

Exercise 126. (lifetime of a product; from [?, p.68])
The lifetime of a product with the parameter L = 1/2 is exponentially distributed.
What is the probability that the product will fail in a period between three and five years?

Solution: Ex.126

Exercise 127. (user-defined function expCDF in plain Maxima)
Write a user-defined function expCDF() using the mathematical definition for expCDF in
’plain’ Maxima, i.e. without using build-in functions from Maxima packages.
Check your function on the example expCDF (4, 2).

Solution: Ex.127

Exercise 128. (table and plot of the expCDF)
a. Calculate the 11 values of the expCDF shown in fig.18.right.
b. Plot the expCDF values from a. - if necessary by paper and pencil.

Solution: Ex.128

Exercise 129. (lifespan of a light bulb, cf. [7, p.63])
The lifespan of a light bulb is exponentially distributed and averages 1,000 hours.
What is the probability, that it will last 800 hours?

Solution: Ex.129

Exercise 130. (mean time between failures, cf. [7, p.63])
A printer has a mean time between failures (’MTBF’) of 2,000 hours.
What is the probability that the first 500 hours of the trip will be trouble-free?

Solution: Ex.130

Exercise 131. (refrigeration unit, cf. [7, p.63])
A refrigeration unit has a mean exponentially distributed lifespan of ten years.
What is the probability that it will last another five years, if it survives the first five years?

Solution: Ex.131

https://net124.reltub.ca/yamwi/index.php?c=6asuihitontm2z0b1bl2k&n=54&mode=1&max=cGRmX2V4cCh4LG0pIDo9ICBmbG9hdCggbSpleHAoLW0qeCkgKiB1bml0X3N0ZXAoeCkgKSQKZXhwUERGKHgsIG0pIDo9IGlmIHg8MCB0aGVuIDAgZWxzZSBmbG9hdCggbSpleHAoLW0qeCkgKSQKCmZsb2F0KCBleHBQREYoNSwxLzMpICk7CnBkZl9leHAoNSwxLzMpOw--
https://net124.reltub.ca/yamwi/index.php?c=fo4g6wddzdvuia54begeh&n=57&mode=1&max=cGRmX2V4cCh4LG0pIDo9ICBmbG9hdCggbSpleHAoLW0qeCkgKiB1bml0X3N0ZXAoeCkgKSQKZXhwUERGKHgsIG0pIDo9IGlmIHg8MCB0aGVuIDAgZWxzZSBmbG9hdCggbSpleHAoLW0qeCkgKSQKCmZwcHJpbnRwcmVjIDogNSQKClggOiBtYWtlbGlzdCh4LCB4LDAsMTApOwpmKHgpOj0gZXhwUERGKHgsIDUpOwpwOiBtYXAoIGYsIFgpOwp0cmFuc3Bvc2UobWF0cml4KFgscCkpOwo-
https://net124.reltub.ca/yamwi/index.php?c=hlejg4skrfsh4zd4abalh&n=59&mode=1&max=cGRmX2V4cCh4LG0pIDo9ICBmbG9hdCggbSpleHAoLW0qeCkgKiB1bml0X3N0ZXAoeCkgKSQKZXhwUERGKHgsIG0pIDo9IGlmIHg8MCB0aGVuIDAgZWxzZSBmbG9hdCggbSpleHAoLW0qeCkgKSQKCmZwcHJpbnRwcmVjIDogNSQKCkwgOiAxLzI7ClAzWTUgOiBpbnRlZ3JhdGUoIEwqZXhwKC1MKnQpLCB0LDMsNSksIG51bWVyIDs-
https://net124.reltub.ca/yamwi/index.php?c=mfm4qg5w4oagb563avz64&n=12&mode=1&max=ZXhwQ0RGKHgsIG0pIDo9IGlmIHg8MCB0aGVuIDAgZWxzZSBmbG9hdCggMSAtIGV4cCgtbSp4KSApJApjZGZfZXhwKHgsbSkgOj0gZmxvYXQoICgxLWV4cCgtbSp4KSkgKiB1bml0X3N0ZXAoeCkgKSQKCmZwcHJpbnRwcmVjIDogNSQKCmNkZl9leHAoNCwyKTsKZXhwQ0RGKDQsMikgIC8qICBSPiBwZXhwKDQsMikgICBbMV0gMC45OTk2NjQ1ICAgICovOwo-
https://net124.reltub.ca/yamwi/index.php?c=raygo1xffjt0cinn6zdvc&n=14&mode=1&max=ZXhwQ0RGKHgsIG0pIDo9IGlmIHg8MCB0aGVuIDAgZWxzZSBmbG9hdCggMSAtIGV4cCgtbSp4KSApJApjZGZfZXhwKHgsbSkgOj0gZmxvYXQoICgxLWV4cCgtbSp4KSkgKiB1bml0X3N0ZXAoeCkgKSQKCmZwcHJpbnRwcmVjIDogNSQKClggOiBtYWtlbGlzdCh4LCB4LDAsMTApOwpmKHgpOj0gZXhwQ0RGKHgsIDUpJApwOiBtYXAoIGYsIFgpJAp0cmFuc3Bvc2UobWF0cml4KFgscCkpOwo-
https://net124.reltub.ca/yamwi/index.php?c=hisqvbgund5m1fohchny2&n=15&mode=1&max=ZXhwQ0RGKHgsIG0pIDo9IGlmIHg8MCB0aGVuIDAgZWxzZSBmbG9hdCggMSAtIGV4cCgtbSp4KSApJApjZGZfZXhwKHgsbSkgOj0gZmxvYXQoICgxLWV4cCgtbSp4KSkgKiB1bml0X3N0ZXAoeCkgKSQKCmZwcHJpbnRwcmVjIDogNSQKCi8qLS0gU09MVVRJT046ICAgIFByKFg_ODAwKSA9IDEgLSBQcihYPD04MDApID0gKi8KCjEgLSBleHBDREYoODAwLCAxLzEwMDApOwoKLyotLSAuLiBUaGUgbGlnaHQgYmx1YiB3aWxsIGxhc3QgODAwIGhycyB3aXRoIHByb2IuIG9mIDQ0LjklLiAqLwoK
https://net124.reltub.ca/yamwi/index.php?c=wqamrknrqsvdwz3cdsq4u&n=17&mode=1&max=ZXhwQ0RGKHgsIG0pIDo9IGlmIHg8MCB0aGVuIDAgZWxzZSBmbG9hdCggMSAtIGV4cCgtbSp4KSApJApjZGZfZXhwKHgsbSkgOj0gZmxvYXQoICgxLWV4cCgtbSp4KSkgKiB1bml0X3N0ZXAoeCkgKSQKCmZwcHJpbnRwcmVjIDogNSQKCi8qIC0tIFNPTFVUSU9OOiAgICAgICAgICAgICAgIFByKFg8PTUwMCkgPSAqLwoKZXhwQ0RGKDEwLCAxLzIwMDApOwoKLyotLSAuLiB3aXRoIDIyLjIlIHRoZSBwcmludGVyIHdpbGwgd29yayBvay4gKi8KCg--
https://net124.reltub.ca/yamwi/index.php?c=aeafqw0rn2uv3etpx5wjj&n=21&mode=1&max=ZXhwQ0RGKHgsIG0pIDo9IGlmIHg8MCB0aGVuIDAgZWxzZSBmbG9hdCggMSAtIGV4cCgtbSp4KSApJApjZGZfZXhwKHgsbSkgOj0gZmxvYXQoICgxLWV4cCgtbSp4KSkgKiB1bml0X3N0ZXAoeCkgKSQKCmZwcHJpbnRwcmVjIDogNSQKCi8qLS0gU09MVVRJT046ICAgICAgICAgICAgUHIoWD4xMHxYPjUpID0gUHIoWD4xMCkvUHIoWD41KSA9ICovCgpsYW1iZGEgOiAxLzEwICQKCigxLWV4cENERigxMCwgbGFtYmRhKSkgLyAoMS1leHBDREYoNSwgbGFtYmRhKSk7CgovKi0tIC4uIHdpdGggNjAuNyUgdGhlIHJlZnJpZ2VyYXRvciB3aWxsIHdvcmsgb2sgZm9yIGFub3RoZXIgNSB5ZWFycy4gKi8K
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Exercise 132. (user-defined function expINV)
Write a user-defined function expINV() using the mathematical definition for expINV in
’plain’ Maxima, i.e. without using build-in functions from Maxima packages.

Remark.
• from MatLab: The result x is the value such that an observation from an exponential
distribution with parameter m will falls in the range [0, x] with probability p.
• the quantile function (or inverse CDF) is given by F−1(u) = −(1/L) ∗ ln(1− u), where
0 < u < 1. This inverse function takes a uniform random variable (between 0 and 1) as
input and produces a value that would be expected from the exponential distribution.
• This function is used to find the nth quantile, that is if P (x ≤ k) is given, it finds k.
• x=expINV(p, lambda) returns the smallest value x such that expCDF evaluated at x
equals or exceeds p, using mean parameter in lambda.

Check your function on example.3.
Solution: Ex.132

Exercise 133. (Table and plot for expINV)
a. Print 10 values for the expINV for p = 0.1 . . . 1 step 0.1 and λ = 2.5.
b. Plot the expINV values from a. - if necessary by paper and pencil.

Solution: Ex.133

Exercise 134. (median lifetime, from expinv)
Assume that the lifetime of light bulbs are exponentially distributed with a mean of 700
hours.
Find the median lifetime using expinv.
Verify:

MATLAB> expinv(0.50,700)

ans = 485.2030

.. Half of the light bulbs will burn out within the first 485 hours of use.

R> qexp(0.5, 1/700)

[1] 485.203

Solution: Ex.134

https://net124.reltub.ca/yamwi/index.php?c=hyx3lc36zp6vl4xhkffai&n=22&mode=1&max=ZXhwSU5WKHAsbSkgOj0gLSBsb2coMS1wKS9tICQKcXVhbnRpbGVfZXhwKHEsbSkgOj0gIDEvbSAqICgtbG9nKDEtcSkpICQKCmZwcHJpbnRwcmVjIDogNSQKCmV4cElOVigwLjUwLCAxLzcwMCk7
https://net124.reltub.ca/yamwi/index.php?c=g5puynppxvvcfxvbw5h5b&n=26&mode=1&max=ZXhwSU5WKHAsbSkgOj0gLSBsb2coMS1wKS9tICQKcXVhbnRpbGVfZXhwKHEsbSkgOj0gIDEvbSAqICgtbG9nKDEtcSkpICQKCmZwcHJpbnRwcmVjIDogNSQKCnAgOiBtYWtlbGlzdCh4LCB4LCAwLjEsIDEsIDAuMSk7CmYoeCk6PSBleHBJTlYoeCwgNSkkCnEgOiBtYXAoIGYsIHApJAp0cmFuc3Bvc2UobWF0cml4KHAscSkpOwo-
https://de.mathworks.com/help/stats/expinv.html
https://net124.reltub.ca/yamwi/index.php?c=5nuy4vqk1j1sihskc3rvg&n=27&mode=1&max=ZXhwSU5WKHAsbSkgOj0gLSBsb2coMS1wKS9tICQKcXVhbnRpbGVfZXhwKHEsbSkgOj0gIDEvbSAqICgtbG9nKDEtcSkpICQKCmZwcHJpbnRwcmVjIDogNSQKCmV4cElOVigwLjUwLDEvNzAwKTsK
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3.3 Student’s t-distribution

As we know the normal distribution assumes two important characteristics about the
dataset: a large sample size and knowledge of the population standard deviation. However,
if we do not meet these two criteria, and we have a small sample size (i.e. the sample size
is 30 or less than 30) or an unknown population standard deviation, then we use the t-
distribution. It is similar to the standard normal distribution (’Z’-distribution), but it has
heavier tails. The t-score represents the number of standard deviations the sample mean
is away from the population mean. ▷ [g4g]

Definition Notation: X ∼ T (t, ν)

• The probability density function of Student’s t-distribution is defined as:

tPDF(t, ν) := Pr(X = k) =
1

√
ν B
(
1
2
, ν
2

) (1 + t2

ν

)−(ν+1)/2

where ν is the number of degrees of freedom, t ∈ (0, 1) is a probability value and B
is the beta function.

• The cumulative probability of Student’s t-distributiont can be expressed as

tCDF(t, ν) := Pr(X ≤ k) = = I

(
t+

√
t2 + ν

2
√
t2 + ν

,
ν

2
,
ν

2

)

using the regularized incomplete beta function I.

• The quantile function (inverse cumulative Student’s t-distribution) is approximately

tINV(α, ν) ≈
√

ν · exp (c · u2
α) , where c :=

ν − 5
6

(ν − 2
3
+ 1

10ν
)2

uα is the α-quantile of the standard normal distribution.

We give this approximation formula by Preizer & Pratt, [7, p. 70] only as reference. 17

The approximation error for 0.5 < α < 0.99 and ν ≥ 3 is maximal 0.08.

Instead we implement Student’s t inverse function using Student’s t CDF via the defining

relation F := Pr(X ≤ k) and x = F−1(p, ν) with F (x, ν) = p and a simple search method.

17See also G. W.Hill: ACM Algorithm 396. https://dl.acm.org/doi/10.1145/355598.355599. A
formula for the quantile function of the t-distribution does not exist in a closed form.

https://dl.acm.org/doi/10.1145/355598.355599
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Graphical representation

Figure 21:

Student’s t distributions with different degrees of freedom df := ν.
Left figure: ≀ = plot of tPDF(x,ν), ν = 1; 2; 5.
Check tPDF(0, 1) = 0.3 on the graph.
Right figure: ≀ = plot of tCDF(x,ν), ν = 1; 2; 5.
Check tCDF (0, 1) ≈ 0.5 on the graph.
Check tINV(0.2, 1) ≈ −1 on the CDF via y = 0.2 −→↓ −1 = x

Examples

1. tPDF : (MatLAB) The mode of the Student’s t distribution is at x = 0. Compute
the pdf at the mode for degree of freedom 3. Check.

| tPDF(0,3) | 0.3675

2. tCDF : (MatLAB) Determine the probability that an observation from the Student’s
t distribution with degrees of freedom 99 falls on the interval [10, .., Inf]. Check.

| 1 - tCDF(10,99) | 0

3. tINV : (MatLAB) Compute the 99th percentile of the Student’s t distribution for 3
degrees of freedom. Check.

| tINV(.99, 3) | 4.5407

General information

General mathematical information about the concept is here ▷ Student-t.distribution
Syntax and semantic of the function is here ▷ Matlab : tpdf
◦ Online calculator Bognar’s app

https://net124.reltub.ca/yamwi/index.php?c=ewzlykgdbwk6hejenbron&n=3&mode=2&max=bG9hZChkaXN0cmliKSQKCmZwcHJpbnRwcmVjIDogNSQKcGRmX3N0dWRlbnRfdCgwLDMpLCBudW1lcjs-
https://net124.reltub.ca/yamwi/index.php?c=42d3hcbgicqlr0bigzp5y&n=5&mode=2&max=bG9hZChkaXN0cmliKSQKCmZwcHJpbnRwcmVjIDogNSQKMSAtIGNkZl9zdHVkZW50X3QoMTAsOTkpLCBudW1lcjs-
https://net124.reltub.ca/yamwi/index.php?c=ko2ry6ywsnxadbclmqxwg&n=4&mode=2&max=bG9hZChkaXN0cmliKSQKCmZwcHJpbnRwcmVjIDogNSQKcXVhbnRpbGVfc3R1ZGVudF90KDAuOTksIDMpLCBudW1lcjs-
https://en.wikipedia.org/wiki/Student-s-t-distribution
https://de.mathworks.com/help/stats/tpdf.html
https://mabognar.github.io/apps/F.html
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3.3.1 Exercises

Exercise 135. (a user-defined function tPDF in plain Maxima)
A user-defined function tPDF() for student t distribution using the mathematical defini-
tion for tPDF in ’plain’ Maxima needs the special function Beta(a, b).
There is no simple term. Look e.g. at the definition in distrib by M. Riotorto.
Check our function on example.1.

Solution: Ex.135

Exercise 136. (Table and plot for tPDF)
a. Calculate the 11 values of the tPDF shown in fig.21.left.
b. Plot the tPDF values from a.

Solution: Ex.136

Exercise 137. (degree of freedom table for Student’s t distribution from MatLab)
The value of the pdf at the mode is an increasing function of the degrees of freedom. Let
the mode of the Student’s t distribution at x = 0.
Compute the pdf at the mode for degrees of freedom 1 to 6 with Maxima.

MATLAB> tpdf(0,1:6)

ans = 0.3183 0.3536 0.3676 0.3750 0.3796 0.3827

Solution: Ex.137

Exercise 138. (t distribution converges to the standard normal distribution, cf. poisson)
The t distribution converges to the standard normal distribution as the degrees of freedom
approach infinity.
Compute the difference between the pdfs of the standard normal distribution and the
Student’s t distribution pdf with 30 degrees of freedom.

Solution: Ex.138

Exercise 139. (user-defined function tCDF in plain Maxima)
A user-defined function tCDF() for cumulate student t distribution using the mathemat-
ical definition for tCDF in ’plain’ Maxima needs the special function betainc(a, b, c).
There is no simple term. Look e.g. at the definition in distrib by M. Riotorto.
Check your function on the example.2.

Solution: Ex.139

Exercise 140. (table and plot of the student-t-CDF)
a. Calculate the 11 values of the tCDF shown in fig.21.right.
b. Plot the poisson CDF values from a. - if necessary by paper and pencil.

Solution: Ex.140

Exercise 141. (example from MatLab, cf. tcdf)
Determine the probability that an observation from the Student’s t distribution with de-
grees of freedom 99 falls on the interval [10 Inf].

Solution: Ex.141

https://net124.reltub.ca/yamwi/index.php?c=v5wn45eg5uevtyqaetvup&n=7&mode=2&max=bG9hZChkaXN0cmliKSQKCkJldGEoYSxiKSA6PSBnYW1tYShhKSpnYW1tYShiKS9nYW1tYShhK2IpJAovKiA9IGxvZ19nYW1tYShiICsgYSkgKyBsb2dfZ2FtbWEoYikgKyBsb2dfZ2FtbWEoYSkgCiAgQmV0YSBmdW5jdGlvbiBCLCBub3RlZCBhcyBcQmV0YSwgaS5lLiBncmVlayBjYXBpdGFsIEIgKi8KCnRQREYoeCxmKSA6PSBmbG9hdCggIDEvKHNxcnQoZikqQmV0YSgxLzIsZi8yKSkqKDErIHheMi9mKV4oLTAuNSooZisxKSkgICkkCnN0dWRlbnQoeCxmKSA6PSB0UERGKHgsZikgICAgICAvKiAtLSBhbGlhcyAqLyAkCgpmcHByaW50cHJlYyA6IDUkCnRQREYoMCwzKTs-
https://net124.reltub.ca/yamwi/index.php?c=1t6lofib226p40ul2hfxq&n=55&mode=1&max=QmV0YShhLGIpIDo9IGdhbW1hKGEpKmdhbW1hKGIpL2dhbW1hKGErYikkCnRQREYoeCxmKSA6PSBmbG9hdCggIDEvKHNxcnQoZikqQmV0YSgxLzIsZi8yKSkqKDErIHheMi9mKV4oLTAuNSooZisxKSkgICkkCgpmcHByaW50cHJlYyA6IDUkCgpmb3IgazotNSB0aHJ1IDUgZG8gcHJpbnQoW2ssIHRQREYoayw1KV0pIDsKCnRQREYoMCwzKTs-
https://net124.reltub.ca/yamwi/index.php?c=bnjtjqp3ljffxeqt5lrjb&n=58&mode=1&max=QmV0YShhLGIpIDo9IGdhbW1hKGEpKmdhbW1hKGIpL2dhbW1hKGErYikgJAp0UERGKHgsZikgOj0gZmxvYXQoICAxLyhzcXJ0KGYpKkJldGEoMS8yLGYvMikpKigxKyB4XjIvZileKC0wLjUqKGYrMSkpICApJAoKZnBwcmludHByZWMgOiA1JAoKZm9yIGY6MSB0aHJ1IDYgZG8gcHJpbnQoW2YsIHRQREYoMCxmKV0pIDsK
https://de.mathworks.com/help/stats/tcdf.html
https://net124.reltub.ca/yamwi/index.php?c=czjj5mc1whiobrjccta1s&n=72&mode=1&max=bm9ybVBERih4LG0scykgOj0gZmxvYXQoIGV4cCgtKHgtbSleMi8oMipzXjIpKS8oc3FydCgyKiVwaSkqcykgKSQKdFBERih4LG4pIDo9IGZsb2F0KCBnYW1tYSgobisxKS8yKSooMSt4KngvbileKC0obisxKS8yKS8oc3FydChuKiVwaSkqZ2FtbWEobi8yKSkgKSQKCmZwcHJpbnRwcmVjIDogNSQKCi8qICBvY3RhdmU_IC0yLjU6Mi41Ci0tICAgICAgICAgIGFucyA9IC0yLjUwMDAgIC0xLjUwMDAgIC0wLjUwMDAgIDAuNTAwMCAgIDEuNTAwMCAgMi41MDAwCi0tICAgICBkaWZmZXJlbmNlID0gdHBkZigtMi41OjIuNSwzMCkgLSBub3JtcGRmKC0yLjU6Mi41KQotLSAgICAgZGlmZmVyZW5jZSA9IDAuMDAzNSAgLTAuMDAwNiAgLTAuMDA0MiAgLTAuMDA0MiAtMC4wMDA2ICAwLjAwMzUKKi8KCgpmb3IgaTowIHRocnUgNSBkbyAgcHJpbnQoWy0yLjUraSwgdFBERigtMi41K2ksMzApIC0gbm9ybVBERigtMi41K2ksMCwxKSBdICk7CgoKCg--
https://net124.reltub.ca/yamwi/index.php?c=kkkpyg23cjg3eftzgt3yg&n=10&mode=2&max=Lyogd2UgY2l0ZSBwYXJ0IG9mIHRoZSBkZWZpbml0aW9uIGluIGRpc3RyaWIgYnkgTS5SLiBSaW90b3J0byAqLwoKYmV0YWluYyhhLGIsYykgOj0gYmV0YV9pbmNvbXBsZXRlX3JlZ3VsYXJpemVkKGEsYixjKSQKdENERih4LG4pIDo9IGZsb2F0KCAoMStzaWdudW0oeCkpLzIgLSBzaWdudW0oeCkgKiBiZXRhaW5jKG4vMiwxLzIsbi8obit4XjIpKSAvIDIgICkkCgpmcHByaW50cHJlYyA6IDUkCjEgLSB0Q0RGKDEwLDk5KTs-
https://net124.reltub.ca/yamwi/index.php?c=2xtzeex234uwqf5xpfuga&n=57&mode=1&max=YmV0YWluYyhhLGIsYykgOj0gYmV0YV9pbmNvbXBsZXRlX3JlZ3VsYXJpemVkKGEsYixjKSQKdENERih4LG4pIDo9IGZsb2F0KCAoMStzaWdudW0oeCkpLzItc2lnbnVtKHgpKmJldGFpbmMobi8yLDEvMixuLyhuK3heMikpLzIgKSQKCmZwcHJpbnRwcmVjIDogNSQKCmZvciBrOi01IHRocnUgNSBkbyBwcmludChbaywgdENERihrLDUpXSkgOwo-
https://de.mathworks.com/help/stats/tcdf.html
https://net124.reltub.ca/yamwi/index.php?c=da4sjz3ghmhqvaqjyjzfo&n=58&mode=1&max=YmV0YWluYyhhLGIsYykgOj0gYmV0YV9pbmNvbXBsZXRlX3JlZ3VsYXJpemVkKGEsYixjKSQKdENERih4LG4pIDo9IGZsb2F0KCAoMStzaWdudW0oeCkpLzItc2lnbnVtKHgpKmJldGFpbmMobi8yLDEvMixuLyhuK3heMikpLzIgKSQKCmZwcHJpbnRwcmVjIDogNSQKCjEgLSB0Q0RGKDEwLDk5KTsK
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Exercise 142. (user-defined function tINV)
A user-defined function tINV() for inverse student t distribution using the mathematical
definition for tINV in ’plain’ Maxima needs the special function iibeta(a, b, c).
There is no simple term. Look e.g. at the definition in distrib by M. Riotorto.
heck your function on example.3.

Solution: Ex.142

Remark.
• This function is used to find the n.th quantile, that is if P(x ¡= k) is given, it finds k.
• X=poissonINV(alpha, lambda) returns the smallest value X such that the Poisson CDF
evaluated at X equals or exceeds P , using mean parameter in lambda. [ibid.]

Exercise 143. (user-defined search method for tINV)
Implement Student’s t inverse function using Student’s tCDF via the defining relation
F := Pr(X ≤ k) and x = F−1(p, ν) with F (x, ν) = p and a simple search method.
Check your function on example.3.

Exercise 144. (an approximation for tINV)
Because there is no simple term for the inverse student t distribution tINV() we try the
following approximation after Preizer & Pratt, cf. [7, p.71]:

tINV1(x,f, q,c,t) = -- 0<x<1

do( PI = 3.1415926535898,

test( f==1, tan(PI*(x-0.5)),

f==2, do(t=2.*x-1., sqrt(2.)*t/sqrt(1.-t*t) ),

do( q = normINV(x),

c = f -2/3 + 1/(10*f),

c = (f-5/6)/(c*c),

t = sqrt(f*exp(c*q*q)-f),

test(x>0.5, t, -t) )))

Write tINV1() in Maxima and test it w.r.t.

MATLAB> tinv(.95,50) ans = 1.6759

R> qt(.95,50) [1] 1.675905

Solution: Ex.144

Exercise 145. (Table and plot for tINV)
a. Print 10 values for the tINV for α = 0.1 . . . 1 step 0.1 and f = 5.
b. Plot the tINV values from a.

Solution: Ex.145

https://net124.reltub.ca/yamwi/index.php?c=jqch40ez66t1jttn2n1nd&n=21&mode=2&max=bG9hZChkaXN0cmliKSQKCnRJTlYodCxkZikgOj0gcXVhbnRpbGVfc3R1ZGVudF90KHQsZGYpICAvKiB1c2UgZnVuY3Rpb24gZnJvbSBkaXN0cmliICovICQKCmZwcHJpbnRwcmVjIDogNSQKdElOVigwLjk5LDMpLCBudW1lcjsK
https://net124.reltub.ca/yamwi/index.php?c=s4up3ylgdyzhyzicwp4qr&n=36&mode=2&max=
https://net124.reltub.ca/yamwi/index.php?c=1hwwjx22bfeez43q4uvuu&n=58&mode=1&max=bG9hZChkaXN0cmliKSQKdElOVih0LGRmKSA6PSBxdWFudGlsZV9zdHVkZW50X3QodCxkZikkCgpmcHByaW50cHJlYyA6IDUkCgpmb3IgdDowLjEgdGhydSAxIHN0ZXAgMC4xIGRvIHByaW50KFt0LCB0SU5WKHQsNSldKSA7Cg--
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Exercise 146. (the 99th percentile of the Student’s t distribution, cf. tinv)
Compute the 99th percentile of the Student’s t distribution for 1 to 6 degrees of freedom
(df), i.e. verify

MATLAB> percentile = tinv(0.99,1:6)

31.8205 6.9646 4.5407 3.7469 3.3649 3.1427

Solution: Ex.146

Exercise 147. (Quantiles of the t distribution, cf. [7, p.74ff])
Produce a table for the quantiles of t-distribution for f = 1..20 andX = (0.9, 0.95, 0.975, 0.99).
The result should be

...
Solution: Ex.147

https://de.mathworks.com/help/stats/tinv.html
https://net124.reltub.ca/yamwi/index.php?c=4mvrjb3ck5hsbc2ieqw4c&n=67&mode=1&max=bG9hZChkaXN0cmliKSQKdElOVih0LGRmKSA6PSBxdWFudGlsZV9zdHVkZW50X3QodCxkZikkCgpmcHByaW50cHJlYyA6IDUkCgovKiAgU09MVVRJT046Ci0tIE1BVExBQj4gcGVyY2VudGlsZSA9IHRpbnYoMC45OSwxOjYpCi0tICAgICAgICAgMzEuODIwNSAgNi45NjQ2ICA0LjU0MDcgIDMuNzQ2OSAgMy4zNjQ5ICAzLjE0MjcKKi8KCmZvciBkZjoxIHRocnUgNiBkbyBwcmludChbZGYsIHRJTlYoLjk5LCBkZildKTsK
https://net124.reltub.ca/yamwi/index.php?c=rdpfqo54hjf6x1hspemv1&n=65&mode=1&max=bG9hZChkaXN0cmliKSQKdElOVih0LGRmKSA6PSBxdWFudGlsZV9zdHVkZW50X3QodCxkZikkCgpmcHByaW50cHJlYyA6IDUkCgpYIDogWzAuOSwwLjk1LDAuOTc1LDAuOTldJAoKVCA6IHplcm9tYXRyaXgoNSwyMCkkIApmb3IgZjoxIHRocnUgMjAgZG8gVFsxLGZdIDogZiQKZm9yIGY6MSB0aHJ1IDIwIGRvIFRbMixmXSA6IHRJTlYoWFsxXSxmKSQKZm9yIGY6MSB0aHJ1IDIwIGRvIFRbMyxmXSA6IHRJTlYoWFsyXSxmKSQKZm9yIGY6MSB0aHJ1IDIwIGRvIFRbNCxmXSA6IHRJTlYoWFszXSxmKSQKZm9yIGY6MSB0aHJ1IDIwIGRvIFRbNSxmXSA6IHRJTlYoWFs0XSxmKSQKdHJhbnNwb3NlKFQpOwo-
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3.4 Snedecor’s F distribution

The confidence interval for the ratio of two variances requires the use of the probability
distribution known as the F-distribution.
In particular, this distribution arises from ratios of sums of squares when sampling from
a normal distribution, and is important in estimation and in hypothesis testing in the
two-sample normal model. The distribution function and its quantile function do not have
simple, closed-form representations. ▷ [g4g]

Definition Notation: X ∼ F (d1, d2)

• The probability density function of the F -distribution is defined as

fPDF(x, d1, d2) := Pr(X = k) =

√
(d1x)d1 · dd22

(d1x+d2)d1+d2

x · B
(
d1
2
, d2

2

)
where d1, d2 are the ’degrees of freedom’, x is a probability value and B is the beta

function.

• The cumulative probability of the F -distribution can be expressed as

fCDF(x, d1, d2) := Pr(X ≤ k) = I d1x
d1x+d2

(
d1
2
, d2

2

)
where Ix is the regularized incomplete beta function.

• The quantile function (inverse cumulative the F -distribution) is approximately

fINV(α, f1, f2) ≈ invers(Φ

x1/3 · (1− 2
9f2

)− (1− 2
9f1

)√
2

9f1
+ x2/3 · 2

9f2

)

i.e. we have to invert the Φ(..) expression to x = Φ−1(..), so that we find the smallest
k such that α ≤ Pr(X ≤ k) for given α. We do not use this approximation formula by

E. Paulson, [7, p. 72], for the implementation, but cite it here for your information.

Instead we implement Snedecor’s F inverse function using the F CDF via the defining

relation F := Pr(X ≤ k) and x = F−1(p, d1, d2) with F (x, d1, d2) = p and a simple search

method.
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Graphical representation

Figure 22:

Snedecor’s F distribution with different degrees of freedom di.
Left figure: ≀ = plot of FPDF(x,d1, d2).
Check FPDF(0, 1) = 0.3 on the graph.
Right figure: ≀ = plot of FCDF(x,d1, d2).
Check FCDF (1, 5, 2) ≈ 0.4 on the graph.
Check FINV(0.6, 100, 100) ≈ 1 on the CDF via y = 0.6 −→↓ 1 = x

Examples

1. fPDF : Calculate the density of a F -curve with d1 = 10, d2 = 20 at the value of 1.2.
Check.

| fPDF(1.2, 10, 20) | 0.5626

2. fCDF : Calculate the area under the F -curve for the interval [0, 1.5] with d1 = 10,
d2 = 20. Check.

| fCDF(1.5, 10, 20) | 0.7890

3. fINV : Let X be an F random variable with 4 numerator degrees of freedom and 5
denominator degrees of freedom. What is the upper 5th percentile? Check.

| fINV(0.95, 4, 5) | 5.1921

General information

◦ General mathematical information about the concept is here ▷ wiki : F distribution
◦ Syntax and semantic of the function is here ▷ Matlab : fpdf
◦ Online calculator Bognar’s app

https://net124.reltub.ca/yamwi/index.php?c=w5znkghcvt3f4chyu1kwm&n=4&mode=2&max=LyogZnJvbSBkaXN0cmliIGJ5IE0uUi4gUmlvdG9ydG8gKi8KbG9hZChkaXN0cmliKSQKCmZwcHJpbnRwcmVjIDogNSQKCnBkZl9mKDEuMiwgMTAsIDIwKTsK
https://net124.reltub.ca/yamwi/index.php?c=fdd1apv6z346dzxjfblwp&n=5&mode=2&max=LyogZnJvbSBkaXN0cmliIGJ5IE0uUi4gUmlvdG9ydG8gKi8KbG9hZChkaXN0cmliKSQKCmZwcHJpbnRwcmVjIDogNSQKCmNkZl9mKDEuNSwgMTAsIDIwKTs-
https://net124.reltub.ca/yamwi/index.php?c=pvaaq32yd63ecfdavrkxw&n=6&mode=2&max=LyogZnJvbSBkaXN0cmliIGJ5IE0uUi4gUmlvdG9ydG8gKi8KbG9hZChkaXN0cmliKSQKCmZwcHJpbnRwcmVjIDogNSQKCnF1YW50aWxlX2YoMC45NSwgNCwgNSk7
https://en.wikipedia.org/wiki/F-distribution
https://de.mathworks.com/help/stats/fpdf.html
https://mabognar.github.io/apps/f.html


3 CONTINUOUS DISTRIBUTIONS 81

3.4.1 Exercises

Exercise 148. (a user-defined function fPDF in plain Maxima)
A user-defined function fPDF() for the f distribution using the mathematical definition
for fPDF in ’plain’ Maxima needs the special function Beta(a, b) or Γ(x).
There is no simple term. Look e.g. at the definition in distrib by M. Riotorto.
Check the function on example.1.

Solution: Ex.148

Exercise 149. (Table and plot for fPDF)
a. Calculate the 9 values of the fPDF plot (red’) shown in fig.22.left.
b. Plot the fPDF values from a.

Solution: Ex.149

Exercise 150. (examples from MatLab, cf. fpdf)
Verify the example from MatLab:

MatLAB> y = fpdf(1:6,2,2)

y = 0.2500 0.1111 0.0625 0.0400 0.0278 0.0204

Solution: Ex.150

Exercise 151. (user-defined function fCDF in plain Maxima) A user-defined function
fCDF() for the f distribution using the mathematical definition for fCDF in ’plain’

Maxima needs the special function betainc(a, b) or Γ(x).
There is no simple term. Look e.g. at the definition in distrib by M. Riotorto.

Check your function on example.2. Solution: Ex.151

Exercise 152. (table and plot of the fCDF)
a. Calculate the 9 values of the fCDF shown in fig.22.right.
b. Plot the fCDF values from a.

Solution: Ex.152

Exercise 153. (user-defined function fINV)
A user-defined function fINV() for the f distribution using the mathematical definition
for fINV in ’plain’ Maxima needs the special function betainc(a, b) or Γ(x).
There is no simple term. Look e.g. at the definition in distrib by M. Riotorto.
Check your function on example.3.

Solution: Ex.153

Remark.
• This function is used to find the n.th quantile, that is if P (x ≤ k) is given, it finds k.
• X=fINV(alpha, lambda) returns the smallest value X such that the fCDF evaluated at X
equals or exceeds P , using mean parameter in lambda. [ibid.]

https://net124.reltub.ca/yamwi/index.php?c=k6ovefsi1v4daqs51eax0&n=18&mode=2&max=
https://net124.reltub.ca/yamwi/index.php?c=njg10aogdasf4ml33r4le&n=21&mode=2&max=LyogdGhlIHZlcnNpb24gYnkgTS5SLiBSaW90b3J0byBpbiAnZGlzdHJpYicgKi8KZlBERih4LG0sbikgOj0gZ2FtbWEoKG0rbikvMikqKG0vbileKG0vMikqeF4obS8yLTEpKigxK20qeC9uKV4oLShtK24pLzIpIC8gCiAgICAgICAgICAgICAgKGdhbW1hKG0vMikqZ2FtbWEobi8yKSkgKiB1bml0X3N0ZXAoeCkgJAoKZnBwcmludHByZWMgOiA1JAoKZm9yIHg6MCB0aHJ1IDQgc3RlcCAwLjUgZG8gcHJpbnQoIFt4LCBmUERGKHgsIDEwLCAyMCldKTsK
https://de.mathworks.com/help/stats/fpdf.html
https://net124.reltub.ca/yamwi/index.php?c=fwqf15vtqneorottkd4pn&n=26&mode=2&max=--
https://net124.reltub.ca/yamwi/index.php?c=obsiwc0azexpdpk1vab0h&n=32&mode=2&max=--
https://net124.reltub.ca/yamwi/index.php?c=400v1lc36qkbc6ozorvep&n=6&mode=2&max=LyogdmVyc2lvbiBvZiAnZGlzdHJpYicgYnkgTS5SLiBSaW90b3J0byAqLwpiZXRhaW5jKGEsYixjKSA6PSBiZXRhX2luY29tcGxldGVfcmVndWxhcml6ZWQoYSxiLGMpJApmQ0RGKHgsbSxuKSA6PSAoMSAtIGJldGFpbmMobi8yLCBtLzIsIG4vKG4rbSp4KSkpICogdW5pdF9zdGVwKHgpICQKCmZwcHJpbnRwcmVjIDogNSQKCmZvciB0OjAgdGhydSA0IHN0ZXAgMC41IGRvIHByaW50KFt0LCBmQ0RGKHQsNSwyKV0pOw--
https://net124.reltub.ca/yamwi/index.php?c=n2axh3bvfjp01gvaxabhw&n=1&mode=2&max=bG9hZChkaXN0cmliKSQKZklOVihxLG0sbikgOj0gcXVhbnRpbGVfZihxLG0sbikkCgpmSU5WKDAuOTUsOCwxKTs-
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Exercise 154. (Table and plot for fINV )
a. Print 10 values for the fINV for α = 0.1 . . . 1 step 0.1 and λ = 2.5.
b. Plot the fINV values from a.

Solution: Ex.154

Exercise 155. (Table from MatLAB)
Reproduce the following table with Maxima:

octave:1> pkg load statistics

octave:2> X = [0.25, 0.5, 0.75, 0.999]

octave:3> finv(X,10,20)

ans = 0.6564 0.9663 1.3995 5.0752

Solution: Ex.155

Exercise 156. (user-defined search method for fINV)
Implement the f inverse function using fCDF via the defining relation F := Pr(X ≤ k) and
x = F−1(p, ν) with F (x, ν) = p and a simple search method, e.g.

-- works only if df1>6 & df2>4

fINV1(x,df1,df2, a,b,k,t,y) = do(

a = -10.0, b = 10.0,

for(k,1,100, t = (a + b) / 2,

y = fCDF(t,df1,df2),

test(abs(x - y) < 0.000001, break,

y < x, a = t, b = t)), t)

a. Write fINV1() in Maxima and test it w.r.t. the table of exercise.155.
b. WARNING: df1 > 6 and df2 > 4 must be fulfilled!
Check: fINV(0.95,8,1) w.r.t. R> qf(0.95,8,1) [1] 238.8827

ChecK fINV(0.6,2,9) w.r.t. R> qf(0.6,2,9) [1] 1.016246

or octave:1> finv(0.6, 2, 9) ans = 1.0162

Solution: Ex.156

Exercise 157. (an approximation for fINV after Paulson)
Because there is no simple term for the inverse f distribution fINV() implement the ap-
proximation after Paulson, cf. [7, p.71], cited in the definition above.
Write fINV2() in Maxima and test it w.r.t. R> qt(.95,50) [1] 1.6759.

Solution: Ex.157

https://net124.reltub.ca/yamwi/index.php?c=c3tiwsv6voepoemufwrsm&n=59&mode=1&max=
https://net124.reltub.ca/yamwi/index.php?c=c3tiwsv6voepoemufwrsm&n=59&mode=1&max=
https://net124.reltub.ca/yamwi/index.php?c=1holf6p5cdtn2oswsbd4i&n=7&mode=2&max=YmV0YWluYyhhLGIsYykgOj0gYmV0YV9pbmNvbXBsZXRlX3JlZ3VsYXJpemVkKGEsYixjKSQKZkNERih4LG0sbikgOj0gKDEgLSBiZXRhaW5jKG4vMiwgbS8yLCBuLyhuK20qeCkpKSAqIHVuaXRfc3RlcCh4KSAkCgpmcHByaW50cHJlYyA6IDUkCgovKgogICAgLS0gIHdvcmtzIG9ubHkgaWYgZGYxPjYgJiBkZjI_NCAKICAgIGZJTlYxKHgsZGYxLGRmMiwgYSxiLGssdCx5KSA9IGRvKAogICAgICAgICAgIGEgPSAtMTAuMCwgYiA9IDEwLjAsCiAgICAgICAgICAgZm9yKGssMSwxMDAsICB0ID0gKGEgKyBiKSAvIDIsCiAgICAgICAgICAgICAgICAgICAgICAgICB5ID0gZkNERih0LGRmMSxkZjIpLAogICAgICAgICAgICAgICAgICAgICAgICAgdGVzdChhYnMoeCAtIHkpIDwgMC4wMDAwMDEsIGJyZWFrLCAKICAgICAgICAgICAgICAgICAgICAgICAgICAgICAgeSA8IHgsIGEgPSB0LCBiID0gdCkpLCAgdCkgIAoqLwoKZklOVjEoeCxkZjEsZGYyKSA6PSBwcmludCgieW91ciBleGVyY2lzZSA7KSIpOw--
https://net124.reltub.ca/yamwi/index.php?c=ppdjpj1fovpbojux1bip0&n=37&mode=2&max=bm9ybUlOVihxLG0scykgOj0gZmxvYXQoIG0gKyBzcXJ0KDIpKnMqaW52ZXJzZV9lcmYoMipxLTEpICkkCgpmcHByaW50cHJlYyA6IDUkCgoK


3 CONTINUOUS DISTRIBUTIONS 83

3.5 Chi-Square distribution

The χ2-distribution is the distribution of a sum of the squares of independent standard
normal random variables. The chi-squared distribution is used in the common chi-squared
tests for goodness of fit of an observed distribution to a theoretical one, the independence
of two criteria of classification of qualitative data, and in finding the confidence interval
for estimating the population standard deviation of a normal distribution from a sample
standard deviation. ▷ [wiki]

Definition Notation: X ∼ χ2(k)

• The probability density function of the Chi-squared distribution χ2 is defined by

chiPDF(x, k) := Pr(X = k) =


xk/2−1e−x/2

2k/2Γ
(
k
2

) : x > 0

0 : otherwise.

where k is the number of degrees of freedom, and Γ is the Gamma function.

• The cumulative probability of χ2-distribution can be expressed by

chiCDF(x, k) := Pr(X ≤ k) = P

(
k

2
,
x

2

)
where P (s, t) is the regularized gamma function.

• The quantile function (inverse cumulative of χ2-distribution) is approximately

chiINV(α, k) ≈ k ·

(
1− 2

9k
+ uα ·

√
2

9k

)3

i.e. we will find the smallest k such that α ≤ Pr(X ≤ k) for given α.
uα is the α-quantile of the standard normal distribution. – We do not use this approx-

imation formula by Wilson & Hilferty, [7, p. 73], for our implementation, but cite it

here for your information.

Instead we implement the χ inverse function using the χ CDF via the defining relation
F := Pr(X ≤ k) and x = F−1(p, k) with F (x, k) = p and a simple search method..
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Graphical representation

Figure 23:

χ2-distribution with different degrees of freedom k. ▷wiki.
Left figure: ≀ = plot of chiPDF(x,k), k = 1; 2; 3, 4; 6; 9.
Check chiPDF(2, 4) = 0.18 on the graph.
Right figure: ≀ = plot of chiCDF(x,ν), ν = 1; 2; ....
Check chiCDF (4, 4) ≈ 0.6 on the graph.
Check chiINV(0.6, 4) ≈ 4 on the CDF via y = 0.6 −→↓ 4 = x

Examples

1. chiPDF : Let X follow a χ2-distribution with 3 df . What is the density if the value
of X is 2? Check.

| chi2PDF(2, 3) | 0.2075

2. chiCDF : LetX be a chi-square random variable with 3 degrees of freedom.. Compute
the probability P (0.35 ≤ X ≤ 7.81). Check.

| chi2CDF(7.81, 3) - chi2CDF(0.35, 3) | 0.9002

3. chiINV : Find the 95th percentile for the chi-square distribution with 10 degrees of
freedom. Check.

| chi2INV(0.95, 10) | 18.307

General information

◦General mathematical information about the concept is here ▷ Wiki : Chi squared
◦ Syntax and semantic of the function is here ▷ Matlab : chi2
◦ Online calculator Bognar’s app

https://net124.reltub.ca/yamwi/index.php?c=t1qn00j5yjcbnq66lqk0t&n=9&mode=2&max=bG9hZChkaXN0cmliKSQKCmZwcHJpbnRwcmVjIDogNSQKcGRmX2NoaTIoMiwzKSwgbnVtZXI7Cg--
https://net124.reltub.ca/yamwi/index.php?c=dkix0zutq6bnz4t1hwx5h&n=10&mode=2&max=bG9hZChkaXN0cmliKSQKCmZwcHJpbnRwcmVjIDogNSQKY2RmX2NoaTIoNy44MSwgMykgLSBjZGZfY2hpMigwLjM1LCAzKTs-
https://net124.reltub.ca/yamwi/index.php?c=fdonzqdwu54gow5fn65f5&n=11&mode=2&max=bG9hZChkaXN0cmliKSQKCmZwcHJpbnRwcmVjIDogNSQKcXVhbnRpbGVfY2hpMigwLjk1LCAxMCkgOw--
https://en.wikipedia.org/wiki/Chi-squared_distribution
https://de.mathworks.com/help/stats/chi2cdf.html
https://mabognar.github.io/apps/chi2.html
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3.5.1 Exercises

Exercise 158. (a user-defined function chi2PDF in plain Maxima)
A user-defined function chi2PDF() for the f distribution using the mathematical definition
for chi2PDF in ’plain’ Maxima uses the special function Γ(x).
Check the function on example.1.

Solution: Ex.158

Exercise 159. (Table and plot for chi2PDF)
a. Do the following calculation in Maxima:

" x chi2PDF(x, 6) Chi-squared table for df=6"

T = zero(2,9)

for(i,1,9, T[1,i] = 0.1*i)

for(i,1,9, T[2,i] = chi2PDF(0.1*i ,6))

transpose(T)

b. Calculate the values of the chi2PDF plot (red’) shown in fig.23.left.
c. Plot the chi2PDF values from a.

Solution: Ex.159

Exercise 160. (user-defined function chi2CDF in plain Maxima)
A user-defined function chi2CDF() for the chi2 distribution using the mathematical defini-
tion for chi2CDF in ’plain’ Maxima needs the special function GammaP(x), the incomplete
Gamma function.
◦ There is no simple term. Look e.g. at the definition in distrib by M. Riotorto.
Check our function on example.2. Solution: Ex.161

Exercise 161. (table and plot of the chi2CDF)
a. Calculate the 9 values of the chi2CDF shown in fig.22.right.
b. Plot the chi2CDF values from a.
c. Check with Maxima: octave> gammainc(3,2) ans = 0.8009

Solution: Ex.162.c
d. Plot the incomplete gamma function ’GammaP’ for k = 3, cf. gammainc

Exercise 162. (χ2 table for df = 3)
Do the following calculation in Maxima:

Values for chi^2 with 3 degrees of freedom, i.e. df=3

x Chi^2(x) P value (df=3)

x Chi^2cdf P-value

1 0.198748 0.801252

2 0.427593 0.572407

https://net124.reltub.ca/yamwi/index.php?c=bbdyve4x6bpcxxozsdcdj&n=12&mode=2&max=Y2hpMlBERih4LCBrKSA6PSAxLygyXihrLzIpKmdhbW1hKGsvMikpKnheKGsvMi0xKSpleHAoLXgvMi4pICQKCmZwcHJpbnRwcmVjIDogNSQKCmNoaTJQREYoMiwzKSwgbnVtZXI7Cg--
https://net124.reltub.ca/yamwi/index.php?c=1bmnkykw5qgrxswk2fxww&n=15&mode=2&max=Y2hpMlBERih4LCBrKSA6PSBmbG9hdCggMS8oMl4oay8yKSpnYW1tYShrLzIpKSp4XihrLzItMSkqZXhwKC14LzIuKSApJAoKZnBwcmludHByZWMgOiA1JAoKWCA6IG1ha2VsaXN0KHgsIHgsMC4xLDAuOSwgMC4xKTsKZih4KTo9IGNoaTJQREYoeCwgNik7CnA6IG1hcCggZiwgWCk7CnRyYW5zcG9zZShtYXRyaXgoWCxwKSk7Cg--
https://net124.reltub.ca/yamwi/index.php?c=5bi4eb44maf3gzf204iyu&n=25&mode=2&max=R2FtbWFQKHgsaykgOj0geF5rKmV4cCgteCkgKiBzdW0oIHhebS9nYW1tYShrK20rMSksIG0sMCwxMDApJApjaGkyQ0RGKHgsIGspIDo9ICBpZiB4PD0wIG9yIGs8PTAgdGhlbiByZXR1cm4oMCkgCiAgICAgICAgICAgICAgICAgICAgIGVsc2UgZmxvYXQoR2FtbWFQKHgqMC41LCBrKjAuNSApKSAkCgpmcHByaW50cHJlYyA6IDUkCgpjaGkyQ0RGKDcuODEsIDMpIC0gY2hpMkNERigwLjM1LCAzKTsKCi8qIGNoZWNrIHdpdGggYnVpbGQtaW4gZnVuY3Rpb24gKi8KbG9hZChkaXN0cmliKSQKY2hpMmNkZih4LG4pIDo9IGNkZl9nYW1tYSh4LG4vMiwyKSQKY2hpMmNkZig3LjgxLCAzKSAtIGNoaTJjZGYoMC4zNSwgMyk7Cg--
https://net124.reltub.ca/yamwi/index.php?c=0143rm1xh5a5w0wumih0h&n=18&mode=2&max=R2FtbWFQKHgsaykgOj0geF5rKmV4cCgteCkgKiBzdW0oIHhebS9nYW1tYShrK20rMSksIG0sMCwxMDApJAoKZnBwcmludHByZWMgOiA1JAoKR2FtbWFQKDMsMiksIG51bWVyOw--
https://de.mathworks.com/help/matlab/ref/gammainc.html
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4 0.738536 0.261464

8 0.953988 0.046012

16 0.998866 0.001134

32 0.999999 0.000001

Solution: Ex.162

Exercise 163. (user-defined function chi2INV)
A user-defined function chi2INV() for the f distribution using the mathematical definition
for chi2INV in ’plain’ Maxima needs the special function iigamma, the inverse incomplete
gamma function, with source in numdist.lisp.
There is no simple term. Therfore we use the definition in distrib by M. Riotorto.
Check this function on example.3 and w.r.t.

MATLAB> chi2inv(0.95,10) ans = 18.3070

R> qchisq(x = 0.95, df = 10) [1] 18.30704

Solution: Ex.163

Remark.
• This function is used to find the n.th quantile, that is if P (x ≤ k) is given, it finds k.
• X=chi2INV(alpha, lambda) returns the smallest value X such that the chi2INV evaluated
at X equals or exceeds P , using mean parameter in lambda. [ibid.]

Exercise 164. (χ2 quantiles for k = 3 )
Let X = (0.9, 0.95, 0.975, 0.99).
Calculate chi2INV(x, 10) for x in (1, 2, 3, 4).
Result: (15.987, 18.307, 20.483, 23.209).

Solution: Ex.164

Exercise 165. (Table from MatLAB)
Reproduce the following table with Maxima:

octave> chi2inv(0.1:0.1:1.0, 10)

ans = 4.8652 6.1791 7.2672 8.2955 9.3418 10.4732 11.7807 13.4420

15.9872 Inf (is our right limit b=20 ;)

Solution: Ex.165

Exercise 166. (user-defined search method for chi2INV)
Implement the f inverse function using chi2INV via the defining relation F := Pr(X ≤ k)
and x = F−1(p, ν) with F (x, ν) = p and a simple search method,.
Write chiINV1() in Maxima and test it w.r.t. the table of exercise.164.

Solution: Ex.166

Exercise 167. (an approximation for chi2INV after Wilson & Hilferty)
Because there is no simple term for the inverse chi2INV distribution fchi2NV() implement
the approximation after Wilson & Hilferty, cf. [7, p.73], cited in the definition above.
Write chi2INV2() in Maxima and test it w.r.t. R> qt(.95,50) [1] 1.6759.

Solution: Ex.167

https://net124.reltub.ca/yamwi/index.php?c=wisqrf5wjwlx6jyehmgot&n=28&mode=2&max=R2FtbWFQKHgsaykgOj0geF5rKmV4cCgteCkgKiBzdW0oIHhebS9nYW1tYShrK20rMSksIG0sMCwxMDApJApjaGkyQ0RGKHgsIGspIDo9ICBpZiB4PD0wIG9yIGs8PTAgdGhlbiByZXR1cm4oMCkgCiAgICAgICAgICAgICAgICAgICAgIGVsc2UgZmxvYXQoR2FtbWFQKHgqMC41LCBrKjAuNSApKSAkCgpmcHByaW50cHJlYyA6IDUkCgpYIDogWzEsMiw0LDgsMTYsMzJdJAoKcHJpbnQoInggICBjaGkyQ0RGKHgpICAgUC12YWx1ZSIpJApmb3IgeCBpbiBYIGRvIHByaW50KFt4LCAgY2hpMkNERih4LDMpLCAxLWNoaTJDREYoeCwzKV0pOwo-
https://net124.reltub.ca/yamwi/index.php?c=lucwhqddnvquxfh3atnyk&n=29&mode=1&max=LyogYnkgTS5SLiBSaW90b3J0byAqLwpsb2FkKGRpc3RyaWIpJApxdWFudGlsZV9jaGkyKHEsbikgOj0gcXVhbnRpbGVfZ2FtbWEocSxuLzIsMikkCmNoaTJJTlYocSxuKSA6PSBxdWFudGlsZV9nYW1tYShxLG4vMiwyKSAgIC8qIGFsaWFzICovICQKCmZwcHJpbnRwcmVjIDogNSQKCmNoaTJJTlYoMC45NSwgMTApOw--
https://net124.reltub.ca/yamwi/index.php?c=ujmynci6cmklyo62q2yd6&n=33&mode=1&max=LyogYnkgTS5SLiBSaW90b3J0byAqLwpsb2FkKGRpc3RyaWIpJApxdWFudGlsZV9jaGkyKHEsbikgOj0gcXVhbnRpbGVfZ2FtbWEocSxuLzIsMikkCmNoaTJJTlYocSxuKSA6PSBxdWFudGlsZV9nYW1tYShxLG4vMiwyKSAgIC8qIGFsaWFzICovICQKCmZwcHJpbnRwcmVjIDogNSQKCmRpc3AoIkRvIGl0IHlvdXJzZWxmLiIpJA--
https://net124.reltub.ca/yamwi/index.php?c=c3tiwsv6voepoemufwrsm&n=59&mode=1&max=
https://net124.reltub.ca/yamwi/index.php?c=rht10cov4zfty4jujbmuu&n=26&mode=2&max=-
https://net124.reltub.ca/yamwi/index.php?c=ppdjpj1fovpbojux1bip0&n=37&mode=2&max=bm9ybUlOVihxLG0scykgOj0gZmxvYXQoIG0gKyBzcXJ0KDIpKnMqaW52ZXJzZV9lcmYoMipxLTEpICkkCgpmcHByaW50cHJlYyA6IDUkCgoK
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3.6 Pareto distribution

▷ [g4g:]The Pareto distribution is a power-law probability distribution that is used in
description of social, quality control, scientific, geophysical, actuarial, and many other types
of observable phenomena; the principle originally applied to describing the distribution of
wealth in a society, fitting the trend that a large portion of wealth is held by a small fraction
of the population. The Pareto principle or ”80:20 rule” stating that 80% of outcomes
are due to 20% of causes was named in honour of Pareto.
▷ [MatLab:] Fitting a parametric distribution to data sometimes results in a model that
agrees well with the data in high density regions, but poorly in areas of low density. For
unimodal distributions, such as the normal or Student’s t, these low density regions are
known as the ”tails” of the distribution. One reason why a model might fit poorly in the
tails is that by definition, there are fewer data in the tails on which to base a choice of
model, and so models are often chosen based on their ability to fit data near the mode.

If X is a random variable with a Pareto distribution, then the probability that X is greater
than some number x, i.e., the ’survival’ function (also called ’tail’ function) is given by α·xα

m

xα+1 .
Here xm is the (positive) minimum possible value of X, and α is a positive parameter. The
Pareto distribution is characterized by this scale parameter xm and this shape parameter
α, which is known as the ’tail index’.

Definition Notation: X ∼ Pareto(α, xm)

• The probability density function of the Pareto-distribution is defined as

paretoPDF(x, µ, α) := Pr(X = k) =

{
α·µα

xα+1 : x ≥ µ

0 : x < xm

where µ is the scale parameter and the shape parameter is α.

• The cumulative probability of a Pareto distribution18 with parameters α and xm is

paretoCDF(x, µ, α) := Pr(X ≤ k) =

{
1−

(
µ
x

)α
: x ≥ xm

0 : x < xm

• The quantile function (inverse cumulative Pareto -distribution) is19

paretoINV(p, µ, α) := µ · (1− p)−
1
α =: xp

where p is a a probability value and xp is the p’s quantile.

18The CDF function for the Pareto distribution returns the probability that an observation from a Pareto
distribution with the shape parameter α and the scale parameter xm, is less than or equal to x.

19This formula takes a probability p with (0 < p < 1) and returns the value of x at which the CDF is
equal to p.
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Graphical representation

Figure 24:

Pareto distributions with different shape parameters α. ▷wiki.
Left figure: ≀ = plot of paretoPDF(x,α), α = 1; 2; 3.
Check paretoPDF(1, 1) = 1 on the graph.
Right figure: ≀ = plot of paretoCDF(x,α), α = 1; 2; 3.
Check paretoCDF (2, 1) ≈ 0.5 on the graph.
Check paretoINV(0.6, 1) ≈ 3 on the CDF via y = 0.6 −→↓ 3 = x

Examples In the case where the shape parameter is α = log45 = 1.160964, we get the famous Pareto

principle, aka the 80-20 rule, which states that 80% of the outcomes are due to 20% of the causes.

E.g. 20% of the workers do 80% of the work. 80% of the wealth is owned by 20% of the people.

▷ We adopt the R convention (x, µ, α), whereas pareto|distrib use (x, α, µ)!

1. paretoPDF : If X follows a Pareto distribution with shape parameter α = 5 and scale
parameter µ = 2, find the probability density of the distribution at x = 3. Check.

| paretoPDF(3, 2, 5) | 0.2194

2. paretoCDF : Suppose X follows a Pareto distribution with shape parameter α = 2.5
and scale parameter µ = 1. What is the probability that X ≥ 5? Check.

| 1 - paretoCDF(5, 1, 2.5) | 0.0178

3. paretoINV : Calculate the 25’th percentile of a Pareto distribution with parameters
location=1 and shape=2. Check.

| paretoINV(0.25, 1,2) | 1.1547

General information
◦ General mathematical information about the concept is here ▷ Wiki : Pareto
◦ Syntax and semantic of the function is here ▷ Matlab : gppdf
◦ Online calculator Bognar’s app

https://net124.reltub.ca/yamwi/index.php?c=tko6m54jlkci0mbqj1fys&n=31&mode=2&max=bG9hZChkaXN0cmliKSQKLyogb3RoZXIgcGFyYW1ldGVyIE9yZGVyOiB4LGFscGhhLG11ICovCnBkZl9wYXJldG8oMywgNSwgMiksIG51bWVyOw--
https://net124.reltub.ca/yamwi/index.php?c=m4kmkcs0znxwcvksave4p&n=35&mode=2&max=bG9hZChkaXN0cmliKSQKLyogb3RoZXIgcGFyYW1ldGVyIE9yZGVyOiB4LGFscGhhLG11ICovCgpmcHByaW50cHJlYyA6IDUkCgpxdWFudGlsZV9wYXJldG8oMC4yNSwgMiwxKSwgbnVtZXI7
https://net124.reltub.ca/yamwi/index.php?c=ewzlykgdbwk6hejenbron&n=3&mode=2&max=bG9hZChkaXN0cmliKSQKCmZwcHJpbnRwcmVjIDogNSQKcGRmX3N0dWRlbnRfdCgwLDMpLCBudW1lcjs-
https://en.wikipedia.org/wiki/Pareto_distribution
https://de.mathworks.com/help/stats/gppdf.html
https://mabognar.github.io/apps/pareto.html
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3.6.1 Exercises

Exercise 168. (a user-defined function paretoPDF in plain Maxima)
Write a user-defined function paretoPDF() for the Pareto distribution using the mathe-
matical definition for paretoPDF in ’plain’ Maxima.
Check the function on example.1.

Solution: Ex.168

Exercise 169. (Table and plot for paretoPDF)
a. Calculate 9 values of the paretoPDF plot (red’) shown in fig.24.left.
b. Plot the paretoPDF values from a.
c. MatLab: Compute the density of the observed value 3 in the Pareto distributions with
scale parameter 2 and shape parameters 1 through 5.

Solution: Ex.169.c

Exercise 170. (user-defined function paretoCDF in plain Maxima) Write a user-defined
function paretoCDF() for the cumulative pareto distribution using the mathematical def-
inition for paretoPDF in ’plain’ Maxima .
Check your function on example.2.

Solution: Ex.170

Exercise 171. (table and plot of the paretoCDF)
a. Calculate 9 values of the paretoCDF shown in fig.24.right.
b. Plot the paretoCDF values from a.
c. R: calculate the cdf’s of a Pareto distribution with parameters location=2 and shape=1,
evaluated at 3, 4, and 5.

Solution: Ex.171.c

Exercise 172. (user-defined function paretoINV)
Write a user-defined function paretoINV() for the inverse pareto distribution using the
mathematical definition for fINV in ’plain’ Maxima.
Check your function on example.3.

Solution: Ex.172

Remark.
paretoINV() solves the task: find x, given y = p, shape m, scale a,
s.t. paretoINV() (x,m, a) = p = y.
The result u is the value such that an observation from an Pareto distribution with pa-
rameters a,m will fall in the range [0, x] with probability p.

Exercise 173. (Table and special value for paretoINV )
a. Print 10 values for the paretoINV for α = 0.1 . . . 1 step 0.1 and µ = 2.5.
b. MatLab: Determine the 25’th percentile of a Pareto distribution with parameters
location=1 and shape=1.

Solution: Ex.173.b

https://net124.reltub.ca/yamwi/index.php?c=5cwo13fgmpeetzpb6g2nt&n=44&mode=2&max=
https://net124.reltub.ca/yamwi/index.php?c=j1qjsgw6irldtrwerapjy&n=48&mode=2&max=cGFyZXRvUERGKHgsIG0sIGEpIDo9IGlmICB4PG0gdGhlbiAwIGVsc2UgCiAgICAgICAgICAgICAgICAgICAgICBmbG9hdCggYSAqIG1eYSAvIHheKGErMSkgKSAkCgpmcHByaW50cHJlYyA6IDUkCgpzaGFwZSA6IFsxLDIsMyw0LDVdJApmb3IgeSBpbiBzaGFwZSBkbyBwcmludChbeSwgcGFyZXRvUERGKDMsMix5KV0pIDsK
https://net124.reltub.ca/yamwi/index.php?c=md63oe1y6feax04nrsduq&n=46&mode=2&max=LyogIGNkZiBvZiBhIFBhcmV0byBkaXN0cmlidXRpb24gd2l0aCBwYXJhbWV0ZXJzIAotLSBtPSdtdSc9bG9jYXRpb24gYW5kIGE9J2FscGhhJz1zaGFwZSBwYXJhbWV0ZXIuCi0tIGh0dHBzOi8vc2VhcmNoLnItcHJvamVjdC5vcmcvQ1JBTi9yZWZtYW5zL0VudlN0YXRzL2h0bWwvUGFyZXRvLmh0bWwKLS0gV2UgYWRwb3QgdGhpcyBSIGNvbnZlbnRpb24uCiovCgpwYXJldG9DREYoeCxtLGEpIDo9IGlmICB4PG0gdGhlbiAgMCBlbHNlICAgZmxvYXQoIDEgLSAobS94KV5hICApJAoKZnBwcmludHByZWMgOiA1JAoKLyogUj4gZHBhcmV0byg0LCAxLCAxKSAgICAgWzFdICAwLjA2MjUwMDAgKi8KCjEgLSBwYXJldG9DREYoNSwgMSwgMi41KSA7
https://net124.reltub.ca/yamwi/index.php?c=p2u3pvazguw1as3xc3uks&n=47&mode=2&max=CnBhcmV0b0NERih4LG0sYSkgOj0gaWYgIHg8bSB0aGVuICAwIGVsc2UgICBmbG9hdCggMSAtIChtL3gpXmEgICkkCgpmcHByaW50cHJlYyA6IDUkCgpwYXJldG9DREYoMywgMiwxKSA7CnBhcmV0b0NERig0LCAyLDEpIDsKcGFyZXRvQ0RGKDUsIDIsMSkgOwoKLyogQ2hlY2sKLS0gUj4gIHBwYXJldG8oMzo1LCAyLCAxKSAKLS0gICAgIFsxXSAwLjMzMzMzMzMgMC41MDAwMDAwIDAuNjAwMDAwMAoqLw--
https://net124.reltub.ca/yamwi/index.php?c=h3lykqp41vr3hlqgt640a&n=48&mode=2&max=LyogIElOViBvZiBhIFBhcmV0byBkaXN0cmlidXRpb24gd2l0aCBwYXJhbWV0ZXJzIAotLSBtPSdtdSc9bG9jYXRpb24gYW5kIGE9J2FscGhhJz1zaGFwZSBwYXJhbWV0ZXIuCi0tIGh0dHBzOi8vc2VhcmNoLnItcHJvamVjdC5vcmcvQ1JBTi9yZWZtYW5zL0VudlN0YXRzL2h0bWwvUGFyZXRvLmh0bWwKLS0gV2UgYWRwb3QgdGhpcyBSIGNvbnZlbnRpb24uCiovCgpwYXJldG9JTlYocCxtLGEpIDo9IGZsb2F0KCBtICogKDEtcCleKC0xL2EpICApJAoKZnBwcmludHByZWMgOiA1JAoKcGFyZXRvSU5WKDAuMjUsIDEsMik7
https://net124.reltub.ca/yamwi/index.php?c=g3ftl0gblde2sctxsbwz1&n=49&mode=2&max=cGFyZXRvSU5WKHAsbSxhKSA6PSBmbG9hdCggbSAqICgxLXApXigtMS9hKSAgKSQKCmZwcHJpbnRwcmVjIDogNSQKCnBhcmV0b0lOVigwLjI1LCAxLDEpOw--
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3.7 Weibull distribution

The Weibull distribution is a continuous probability distribution. It models a broad
range of random variables, largely in the nature of a time to failure or time between
events. Examples are maximum one-day rainfalls and the time a user spends on a web
page. ▷ [wiki]

Definition Notation: X ∼ Weibull(λ, k)

• The probability density function of a Weibull random variable is

weibullPDF(x, λ, k) := Pr(X = k) =

{
k
λ

(
x
λ

)k−1
e−(x/λ)k : x ≥ 0,

0 : x < 0,

where k > 0 is the shape parameter and λ > 0 is the scale parameter.

• The cumulative Weibull distribution is

weibullCDF(x, λ, k) := F (p, λ) = Pr(X ≤ k) =

{
1− e−(x/λ)k , x ≥ 0,

0, x < 0.

• The quantile function (inverse cumulative Weibull distribution) is

weibullINV(p, λ, k) := F−1(p, λ) = λ(− ln(1− p))
1
k

Examples

▷ We adopt the R convention (x, λ, k), whereas weibull|distrib use (x, k, λ)!

1. (MatLAB) Compute the density of the observed value 3 in the Weibull distribution
with unit scale and shape. Check.

| weibullPDF(3,1,1) | 0.0497

2. (MatLAB) What is the probability that a value from a Weibull distribution with
parameters a = 0.15 and b = 0.8 is less than 0.5? Check.

| weibullCDF(0.5, 0.15, 0.8) | 0.9272

3. (MatLAB) The lifetimes (in hours) of a batch of light bulbs has a Weibull distribution
with parameters a = 200 and b = 6. Find the median lifetime of the bulbs. Check.

| weibullINV(0.5, 200, 6) | 188.15

General information

◦ General mathematical information about the concept is here ▷ Wiki : Weibull
◦ Syntax and semantic of the function is here ▷ Matlab : wblpdf
◦ Online calculator Bognar’s app

https://net124.reltub.ca/yamwi/index.php?c=d2hv4qf15m5mhhykjeh0c&n=52&mode=2&max=bG9hZChkaXN0cmliKSQKCmZwcHJpbnRwcmVjIDogNSQKCi8qICh4LGIsYSkgdy5yLnQgQ0FTIFIgKi8KcGRmX3dlaWJ1bGwgKDMsMSwxKSwgbnVtZXI7
https://net124.reltub.ca/yamwi/index.php?c=b6nhiubk3fqfbdyizfjsd&n=54&mode=2&max=bG9hZChkaXN0cmliKSQKCmZwcHJpbnRwcmVjIDogNSQKCi8qICh4LGIsYSkgdy5yLnQgQ0FTIFIgKi8KY2RmX3dlaWJ1bGwgKDAuNSwwLjgsIDAuMTUpLCBudW1lcjs-
https://net124.reltub.ca/yamwi/index.php?c=upfl6p23g1afe6kqd5ifo&n=56&mode=2&max=bG9hZChkaXN0cmliKSQKCmZwcHJpbnRwcmVjIDogNSQKCi8qICh4LGIsYSkgdy5yLnQuIENBUyBSICovCnF1YW50aWxlX3dlaWJ1bGwgKDAuNSwgNiwyMDApLCBudW1lcjs-
https://de.wikipedia.org/wiki/Weibull-Verteilung
https://de.mathworks.com/help/stats/wblpdf.html
https://mabognar.github.io/apps/f.html
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Graphical representation

Figure 25:

Weibull distributions with different parameters λ, k.
Left figure: ≀ = plot of weibullPDF(x,λ, k), λ = 1, k = 0.5; ..; 5.
Check weibullPDF(1, 1, 5) = 1.8 on the graph.
Right figure: ≀ = plot of weibullCDF(x,λ,k), λ = 1, k = 0.5; ..; 5.
Check weibullCDF (1, 1, 5) ≈ 0.6 on the graph.
Check weibullINV(0.8, 1, 5) ≈ 1.2 on the CDF via y = 0.8 −→↓ 1.2 = x

3.7.1 Exercises

Exercise 174. (a user-defined function weibullPDF in plain Maxima)
Write a user-defined function weibullPDF() for the density of the weibull distribution
using the mathematical definition for weibullPDF in ’plain’ Maxima.
Check the function on example.1.

Solution: Ex.174

Exercise 175. (Table and plot for weibullPDF)
a. Calculate the 9 values of the weibullPDF plot (’green’) shown in fig.25.left.
b. Plot the weibullPDF values from a.

Solution: Ex.175

Exercise 176. (example from MatLab, cf. wblpdf)
Compute the density of the observed value 3 in the Weibull distributions with scale pa-
rameter 2 and shape parameters 1 through 5.

Solution: Ex.176

Exercise 177. (user-defined function weibullCDF in plain Maxima) Write a user-defined
function weibullCDF() for the cumulative weibullCDF distribution using the mathemati-
cal definition for weibullCDF in ’plain’ Maxima.
Check your function on example.2.

Solution: Ex.177

https://net124.reltub.ca/yamwi/index.php?c=d54z60gb2m3aka56ojzzo&n=59&mode=2&max=_IGR3ZWlidWxsKHggPSAzLCBzaGFwZSA9IDEsIHNjYWxlID0gMSwgbG9nID0gRkFMU0UpCi0tICAgIFsxXSAwLjA0OTc4NzA3ICovCg--
https://net124.reltub.ca/yamwi/index.php?c=njg10aogdasf4ml33r4le&n=21&mode=2&max=LyogdGhlIHZlcnNpb24gYnkgTS5SLiBSaW90b3J0byBpbiAnZGlzdHJpYicgKi8KZlBERih4LG0sbikgOj0gZ2FtbWEoKG0rbikvMikqKG0vbileKG0vMikqeF4obS8yLTEpKigxK20qeC9uKV4oLShtK24pLzIpIC8gCiAgICAgICAgICAgICAgKGdhbW1hKG0vMikqZ2FtbWEobi8yKSkgKiB1bml0X3N0ZXAoeCkgJAoKZnBwcmludHByZWMgOiA1JAoKZm9yIHg6MCB0aHJ1IDQgc3RlcCAwLjUgZG8gcHJpbnQoIFt4LCBmUERGKHgsIDEwLCAyMCldKTsK
https://de.mathworks.com/help/stats/wbkpdf.html
https://net124.reltub.ca/yamwi/index.php?c=fpgrzrzolijwesoa2a4gc&n=60&mode=2&max=d2VpYnVsbFBERih4LGEsYikgOj0gaWYgKHg8MCkgdGhlbiAwIGVsc2UKICAgICAgICAgICAgICAgICAgICAgIGZsb2F0KCBiL2EqKHgvYSleKGItMSkqZXhwKC0oeC9hKV5iKSApJAoKZnBwcmludHByZWMgOiA1JAoKc2hhcGUgOiBbMSwyLDMsNCw1XSQKZm9yIGkgaW4gIHNoYXBlIGRvIHByaW50KFtpLCB3ZWlidWxsUERGKDMsMixpKV0pOwo-
https://net124.reltub.ca/yamwi/index.php?c=gm1mh2gajwh3yex1bazr6&n=67&mode=2&max=d2VpYnVsbENERih4LGEsYikgOj0gaWYgKHg8MCkgdGhlbiAwIGVsc2UKICAgICAgICAgICAgICAgICAgICAgIGZsb2F0KCAxIC0gZXhwKC0oeC9hKV5iKSkgJAoKZnBwcmludHByZWMgOiA1JAoKd2VpYnVsbENERigwLjUsIDAuMTUsIDAuOCk7CgovKiAgIENoZWNrOgotLSAgIG9jdGF2ZToxPiBwa2cgbG9hZCBzdGF0aXN0aWNzCi0tICAgb2N0YXZlOjI_IHdibGNkZigwLjUsIDAuMTUsIDAuOCkKLS0gICAgICAgICAgICAgICAgYW5zID0gMC45MjcyCi0tICAgUj4gcHdlaWJ1bGwoMC41LCAwLjgsIDAuMTUpCi0tICAgICAgWzFdIDAuOTI3MTk3OQoqLwoxJA--
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Exercise 178. (table and plot of the weibullCDF)
a. Calculate the 9 values of the weibullCDF ’green’ shown in fig.25.right.
b. Plot the weibullCDF values from a.

Solution: Ex.178

Exercise 179. (user-defined function weibullINV)
A user-defined function weibullINV() for the inverse weibullINV distribution using the
mathematical definition for weibullINV in ’plain’ Maxima .
Check your function on example.3.

Solution: Ex.179

Exercise 180. (Table and plot for weibullINV )
a. Print 10 values for the weibullINV for λ = 0.1 . . . 1 step 0.1 and k = 2.5.
b. Plot the weibullINV values from a.

Solution: Ex.180

Exercise 181. (1st optional parameterization used by wiki: weibull1)
Wikipedia use the transformation b := λ( − k), e.g. [6], p.12,64 wiki:weibull.
a. Write the three weibull-distribution functions weibull1XXX w.r.t. Wikipedia.
b. Solve the problem:
A particular switch has a Weibull distributed lifetime with k := α = 0.01 (1/year) and
β = 2.
What guarantee period can be given for the switch if the survival probability during this
time is to be 99%?

Solution: Ex.181

Exercise 182. (2nd optional parameterization: weibull2)
In wiki2 the shape parameter k is the same as in the standard case, while the scale param-
eter (λ is replaced with a rate parameter β = 1/λ.
a. Write the three weibull-distribution functions weibull2XXX w.r.t. Wikipedia.
b. Calculate 1− weibullCDF2(1, 0.01, 2)

Solution: Ex.182

https://net124.reltub.ca/yamwi/index.php?c=400v1lc36qkbc6ozorvep&n=6&mode=2&max=LyogdmVyc2lvbiBvZiAnZGlzdHJpYicgYnkgTS5SLiBSaW90b3J0byAqLwpiZXRhaW5jKGEsYixjKSA6PSBiZXRhX2luY29tcGxldGVfcmVndWxhcml6ZWQoYSxiLGMpJApmQ0RGKHgsbSxuKSA6PSAoMSAtIGJldGFpbmMobi8yLCBtLzIsIG4vKG4rbSp4KSkpICogdW5pdF9zdGVwKHgpICQKCmZwcHJpbnRwcmVjIDogNSQKCmZvciB0OjAgdGhydSA0IHN0ZXAgMC41IGRvIHByaW50KFt0LCBmQ0RGKHQsNSwyKV0pOw--
https://net124.reltub.ca/yamwi/index.php?c=l5mrye42dxzyv4lyal1ua&n=69&mode=2&max=--
https://net124.reltub.ca/yamwi/index.php?c=c3tiwsv6voepoemufwrsm&n=59&mode=1&max=
https://en.wikipedia.org/wiki/Weibull_distribution
https://net124.reltub.ca/yamwi/index.php?c=0hsbxbxotlzo3opay1svx&n=71&mode=2&max=d2VpYnVsbFBERjEoeCxrLGIpIDo9IGlmICB4PDAgdGhlbiAwIGVsc2UgCiAgICAgICAgICAgICAgICAgICAgICBmbG9hdChiKmsqeF4oay0xKSpleHAoLWIqeF5rKSApJAoKd2VpYnVsbENERjEoeCxrLGIpIDo9ICAxIC0gZXhwKC1iKnheaykgICAvKi0tIGZvciB4PjAgKi8kCgp3ZWlidWxsSU5WMShwLGEsYikgOj0gIGZsb2F0KCAoLTEvYiAqIGxvZygxLXApKV4oMS9rKSApJAoKZnBwcmludHByZWMgOiA1JAoKLyotLSBTT0xVVElPTjogY2YuIFs2XSwgcC42NiBhZCBiOiAqLwoKMSAtIHdlaWJ1bGxDREYxKDEsMC4wMSwyKTs-
https://en.wikipedia.org/wiki/Weibull_distribution
https://net124.reltub.ca/yamwi/index.php?c=qyl2aasi4kxhye6d5m4mo&n=76&mode=2&max=LyotLSB1c2luZyB0cmFuc2Zvcm1hdGlvbiAgICBiPWxhbWJkYV4oLWspICovCgp3ZWlidWxsUERGMih4LGssYmV0YSkgOj0gaWYgIHg8MCB0aGVuICAwIGVsc2UgCiAgICAgICAgICAgICAgICAgICAgICAgICAgZmxvYXQoIGJldGEqayooYmV0YSp4KV4oay0xKSpleHAoLShiZXRhKngpXmspICkkCgoKd2VpYnVsbENERjIoeCxrLGJldGEpIDo9ICBmbG9hdCggMSAtIGV4cCgtKGJldGEqeCleaykgKSQgICAgICAgIC8qLS0gZm9yIHg_PTAgKi8KCndlaWJ1bGxJTlYyKHAsayxiZXRhKSA6PSBmbG9hdCggMS9iZXRhICogKCAtIGxvZygxLXApKV4oMS9rKSApJAoKZnBwcmludHByZWMgOiA1JAoKMSAtIHdlaWJ1bGxDREYyKDEsMC4wMSwyKTs-
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Exercise 183. (example from Beucher )
Translate the following MatLab/Octave snippet to Maxima, cf. [?], warning: (a, b) =
(b, T ):

x=(0:1:10); % values for x: 0 until 10 step 1

b = 0.444; T=0.767; % parameter of Weibull-distribution

a = 1/(T^b); % adaption of parameters to MATLAB

% calculate the Weibull-density

pdfwb = wblpdf(x, a, b)

pdfwb =

Columns 1 through 6:

Inf 1.6312e-01 7.8813e-02 4.8763e-02 3.3664e-02 2.4765e-02

Columns 7 through 11:

1.9002e-02 1.5028e-02 1.2160e-02 1.0018e-02 8.3746e-03

Solution: Ex.183

https://net124.reltub.ca/yamwi/index.php?c=f2j0gs3ha16j43jcbmtsm&n=77&mode=2&max=Ci8qCng9KDA6MToxMCk7ICAgICAgICAgICAgICAgJSB2YWx1ZXMgZm9yIHg6ICAwIHVudGlsIDEwIHN0ZXAgMQpiID0gMC40NDQ7ICBUPTAuNzY3OyAgICAgICUgcGFyYW1ldGVyIG9mIFdlaWJ1bGwtZGlzdHJpYnV0aW9uCmEgPSAxLyhUXmIpOyAgICAgICAgICAgICAgJSBhZGFwdGlvbiBvZiBwYXJhbWV0ZXJzIHRvIE1BVExBQiAKICAgICAgICAgICAgICAgICAgICAgICAgICAlIGNhbGN1bGF0ZSB0aGUgV2VpYnVsbC1kZW5zaXR5CnBkZndiID0gd2JscGRmKHgsIGEsIGIpCiovCjEk


4 TEST STATISTICS 94

4 Test Statistics

We now show, how the distributions of chapter 3 are used to implement diverse parame-
ter tests. We translate the mathematical concepts and definitions in Maxima code and
demonstrate exemplary calls and examples.

A: Parameter Tests We do all tests first semi-automatic in Maxima, so that the
user can follow the essential steps and can do the steps also by hand. This procedural way
is followed by a fully automatic solution using plain Maxima.

4.1 One Sample Z-Test alias Gauss test

The z-test is a parametric hypothesis test used to determine whether a sample data set
comes from a normal distributed population with a particular mean and a known standard
deviation. The one sample Gauss–test tests the sample for a certain mean value µ0. For
this, the parameters of the normal distribution must not estimated from the sample.

Mental image

Figure 26:
Visualization of Z-test for a Hypothesized Mean µ0:
• : sample X with sample mean X.
• : population with population mean µ.

Procedure One sample Z-test alias Gauss -test

1. Assumptions The sample X = (x1, · · · , xn) must be N (µ, σ2) distributed.

2. Null hypothesis H0 : µ = µ0 (two-sided)

3. Test statistics Calculate the normal distributed test value

T :=

√
n

σ
· (X − µ0).

4. Decision Reject H0, if |T | > u1−α/2.
uα is the α-quantile of the standard normal distribution, i.e. stdnormalINV(α).

Remark. one-sided test µ > µ0: T > u1−α resp. one-sided test µ ≤ µ0 : T < uα
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Example (female blood pressure)

The female blood pressure of a certain population is known to follow Gaussian (alias:
normal) distribution with mean 124.6 and standard deviation 14.5 measured in units of
mmHg. In order to test the effect of a food product on the female blood pressure, a
clinical trial was performed in which 12 female volunteers of this population consumed the
product for 3 months and their blood pressure were measured in the end. The readings
are as follows:

Sample of female blood pressure
n : 1 2 3 4 5 6 7 8 9 10 11 12

mmHg 141.5 152.3 121.2 123.0 151.6 124.8 138.9 137.4 145.6 135.6 135.4 121.5

Let α = 0.05 be the probability of rejecting the null hypothesis.
Can we conclude from this data, that the population mean of the data set from which
these random observations are drawn is not equal to (ie., different from) 124.6?

Solution:

| X : [141.5, 152.3, 121.2,123.0,151.6,124.8,138.9,137.4,145.6,135.6,135.4,121.5]$
| ....... mu0 sigma alpha type

| ztest(X, 124.6, 14.5, 0.05, 0);

Solution: step-by-step, Example.4.1.a
Solution: automatic, Example.4.1.b

General information
General mathematical information about the concept is here ▷ WikipediA : Z-Test
Syntax and semantic of the implementation is here ▷Matlab : Z-Test

4.1.1 Exercises

Exercise 184. (example at CountBio)
Study this example at ▷ CountBio.

Exercise 185. (example at FU Berlin)
Study using Maxima the example ▷ FU Berlin script.

Exercise 186. (One Sample z-test in R)
Do using Maxima the ’ Example of One Sample z-test in R’ ▷ Tutorial.

Exercise 187. (One Sample z-test of a sample with given parameters)
Suppose, a sample of n = 50 items has x̄ = 105, µ = 100 and σ = 15.
Determine the z-test on the significance level α = 0.05.
Use only build-in functions from ’distrib’. Solution: Ex.187

https://net124.reltub.ca/yamwi/index.php?c=o1vfa0hciemqdd6sdsioz&n=50&mode=1&max=--
https://net124.reltub.ca/yamwi/index.php?c=erpr6mj10xhgphbe13ste&n=89&mode=3&max=_IFggPSBbMTQxLjUsIDE1Mi4zLCAxMjEuMiwgMTIzLjAsIDE1MS42LCAxMjQuOCwgMTM4LjksCi0tICAgICAgICAgICAgICAxMzcuNCwgMTQ1LjYsIDEzNS42LCAxMzUuNCwgMTIxLjVdCi0tIG9jdGF2ZT4gW2gsIHB2YWwsIGNpLCB6dmFsdWVdID0gCi0tICAgICAgICAgenRlc3QoWCwgMTI0LjYsIDE0LjUsImFscGhhIiwgMC4wNSwgInRhaWwiLCAiYm90aCIpIAotLSAgICAgICAgIGFucyA9ICAgIGggID0gMQotLSAgICAgICAgICAgICAgIHB2YWwgID0gNy44MTg5ZS0wMwotLSAgICAgICAgICAgICAgIGNpICAgID0gMTI3LjUzICAgMTQzLjk0Ci0tICAgICAgICAgICAgICB6dmFsdWUgPSAyLjY1OTgKKi8KJ2RvbmUgJA--
https://en.wikipedia.org/wiki/Mean
https://de.mathworks.com/help/stats/ztest.html
http://www.countbio.com/web_pages/left_object/R_for_biology/R_biostatistics_part-1/one_sample_Z_test.html
https://www.geo.fu-berlin.de/en/v/soga-r/Basics-of-statistics/Hypothesis-Tests/Hypothesis-Tests-for-One-Population-Mean/Sigma-Is-Known/index.html
https://statstutorial.com/how-to-perform-a-one-sample-z-test-in-r-with-examples/#more-56
https://net124.reltub.ca/yamwi/index.php?c=h03sfyuwzjaa2h2db42yq&n=95&mode=3&max=
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4.2 Two Sample Z-Test

Two sample Z-Test for two samples with two means and two known variances is to test
the null hypothesis that there is no difference between the means of the two independent
samples. The assumptions are: 1. Normal but independent populations. 2. Variances for
the populations are known.

Mental image

Figure 27:
Visualization of Z-test for a Hypothesized Mean µ0:
• : samples X and Y with sample means X resp. Y
• : population with population mean µ.

Procedure Two sample Z-test

1. Assumptions X = (x1, · · · , xm) ∼ N (µ1, σ
2
1) and Y = (y1, · · · , yn) ∼ N (µ2, σ

2
2)

normal distributed. X and Y independent.

2. Null hypothesis H0 : µ1 = µ2 (two-sided)

3. Test statistics Calculate the normal distributed test value

T :=
X − Y√
σ2
1

m
− σ2

2

n

.

4. Decision Reject H0, if |T | > u1−α/2.
uα is the α-quantile of the standard normal distribution, i.e. stdnormalINV(α).

Remark. one-sided test of H0 : µ1 > µ2 ⇒ T > u1−α

one-sided test of H0 : µ1 ≤ µ2 ⇒ T < uα

1. The Z-score T (aka the ’test statistics’) represents the number of standard deviations
that the difference between the two sample means is from zero.
2. The ’critical values’ are based on the standard normal distribution and are used to
determine whether the calculated z-score is statistically significant. If the calculated Z-
score is greater than the critical value, the null hypothesis is rejected, and the alternative
hypothesis is accepted.
3. For a two-tail test with a significance level of α = 0.05, the critical value is 1.96. You
can find the critical values using the Maxima function stdnormINV(α/2) for the two-tail
test.
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Example two samples drawn from a population.

The figure show two samples X and Y ,
blindly drawn from a box with balls num-
bered (30) until (70) (the ’population’).
Check using e.g. a QQ-plot that X and Y
are approximately normal distributed.
Calculate (µ1, σ1) and (µ2, σ2).
Let α = 0.05 be the probability of rejecting
the null hypothesis µ1 = µ2.
Calculate the value ’test statistic’ T and the
critical value.
Decide, wether the null hypothesis can be ac-
cepted or must be rejected.

Solution:
| X : [47,37,46,38,35,38,40,37]$ | ’.’ to get float results
| Y : [59,56,61,59,65,56,57,50];

| /*-- X,Y, muX, muY, sigmaX, sigmaY, alpha, altHyp */

| ztest2(X,Y, 0, 0, 4.11552, 2.78388, 0.05, 0);

Solution: step-by-step, example.4.2.a
Solution: automatic, example.4.2.b

General information

General mathematical information about the concept is here ▷ WikipediA : Z-Test
Syntax and semantic of the implementation is here ▷Matlab : Z-Test

https://net124.reltub.ca/yamwi/index.php?c=ykxyu2jsr12a22loagmbt&n=64&mode=1&max=-
https://net124.reltub.ca/yamwi/index.php?c=6fbnz4cit5lq0ins1jfpb&n=96&mode=1&max=_
https://en.wikipedia.org/wiki/Mean
https://de.mathworks.com/help/stats/ztest.html
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4.2.1 Exercises

Exercise 188. Study the example at ▷ statkat.
Use Maxima to follow and control the argumentation.

Exercise 189. (Sperling data” samples from ▷ openeducator.)
We have the ”Sperling data” samples from US vs. Sweden:

US =(69.12,66.88,74.82,67.00,69.12,65.00,71.00,66.76,72.12,72.94,

69.18,66.18,64.94,71.76,70.12,71.00,71.88,65.24,70.06,71.94,

72.12,66.88,73.82,74.00,71.18,67.88,65.94,68.88,68.00,75.12)

Sw =(74.56,71.89,73.00,67.78,72.22,68.00,73.56,75.00,68.22,69.00,

68.00,72.00,73.56,72.56,75.00,68.33,71.67,72.44,75.00,71.89,

72.00,70.00,69.22,74.44,68.00,73.89,70.00,70.44,70.22,73.33)

with population means 69.98 vs. 70.43 and stdDevs 3.12 vs. 2.44.
a. Do a step-by-step two-sample-z-test analog example.4.2.1
b. Do the two-sample-z-test for US vs. Sw using the function ztest2() from example.4.2.2.

Exercise 190. (Two-sampled z-test for two medications ▷ g4g.)
A researcher wants to compare the effectiveness of two different medications for reducing
blood pressure. Medication A is tested on 50 patients, resulting in a mean reduction of
15 mmHg with a standard deviation of 3 mmHg. Medication B is tested on 60 patients,
resulting in a mean reduction of 13 mmHg with a standard deviation of 4 mmHg.
At a 1% significance level, is there a significant difference between the two medications?
a. Do a step-by-step two-sample-z-test analog example.4.2.1.
b. Do the two-sample-z-test for US vs. Sw using the function ztest2() from example.4.2.2
.

Exercise 191. (Example from REAL STATISTICS ▷ real-statistics.)
Here are the data

X=(82.67,90.11,89.20,119.15,83.01,93.61,88.42,97.02,126.11,127.96,

89.03,94.51,93.32,89.26,110.36,92.52,112.87,64.05,80.06,74.13,

109.13,81.59,94.99,101.34,104.82,106.92,80.50,106.31,85.46,103.69)

Y=(106.18,100.86,129.85,100.30,87.56,96.87,112.57,148.36,131.62,

114.60,95.47,108.66,83.32,117.64,96.90,66.46,87.80,115.52,102.34,

97.01,117.51,115.64,97.22,131.04,101.58,103.80,111.99,119.34,95.10,

107.62)

Do the two-sample-z-test following the text.

Exercise 192. (Examples from www.countbio.com, countbio)
Do example 1 and example 2 in www.countbio.com.

https://statkat.com/stat-tests/two-sample-z-test.php
https://www.theopeneducator.com/doe/hypothesis-Testing-Inferential-Statistics-Analysis-of-Variance-ANOVA/Two-Sample-Z-Test
https://www.geeksforgeeks.org/data-science/z-test/
https://real-statistics.com/sampling-distributions/comparing-two-means-with-known-variancesi/
http://www.countbio.com/web_pages/left_object/R_for_biology/R_biostatistics_part-1/two_sample_Z_test.htm
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4.3 One Sample t-Test

The one sample t-test is a parametric hypothesis test used to determine whether a sample
data set X comes from a normal distributed population with a particular mean µ0. In
contrast to the one-sample Z-test, the standard deviation σ of the population is estimated
using the sample’s standard deviation s.

Mental image

Figure 28:
X

Visualization of one-sample-t-test for a hypothesized mean µ0: ▷ wiki

Procedure One sample t-test

1. Assumptions independent sample X = (x1, · · · , xn) is N (µ, σ2) distributed.

2. Null hypothesis H0 : µ = µ0 (two-sided)

3. Test statistics Calculate the t-distributed test value with n− 1 degrees of freedom.

T :=

√
n

s
· (X − µ0) where s := sd(X).

4. Decision Reject H0, if |T | > t1−α/2 ;n−1 = tINV(1− α/2 , n− 1).
tα,ν is the α-quantile of the t- distribution, i.e. tINV(α, ν).

Remark. one-sided test µ > µ0: T > t1−α, n−1 resp. one-sided test µ ≤ µ0 : T < tα, n−1
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Example Students weight in Europe, cf. geo.fu-berlin.

A students data set consists of 8239 rows, each of them representing a particular student,
and 16 columns, each of them corresponding to a variable/feature related to that particular
student. We examine the average weight of a random sample of students from the students
data set and compare it to the average weight of all European adults. Walpole et al.
(2012) published data on the average body mass (kg) per region, including Europe. They
report the average body mass for the European adult population to be 70.8 kg. We therefore
set µ0, the population mean, accordingly to µ0 = 70.8. Further, we take a random sample
(X) with a sample size of n = 9. The sample consists of the weights in kg of 9 randomly
picked students from the students data set.

Sample of students weight in Europe
n : 1 2 3 4 5 6 7 8 9

kg: 64.4 68.5 64.8 58.9 64.5 68.6 68.7 62.9 73.5

The null hypothesis H0 states that the average weight of students equals the average weight
of European adults as reported byWalpole. In other words, there is no difference between
the mean weight of students and the mean weight of European adults. Let α = 0.05 be
the significance level of rejecting the null hypothesis.

◦ Compute the value of the test statistic T and determine the critical value.
Conclude, whether the null hypothesis H0 is rejected or accepted.

Solution:
| X : [64.4 , 68.5 , 64.8 , 58.9 , 64.5 , 68.6 , 68.7 , 62.9 , 73.5]$
| mu0 : 70.8$
| alpha : 0.05$
| ttest(X, mu0, alpha, 0);

Solution: step-by-step, example.4.3.1
Solution: automatic, example.4.3.2

General information

General mathematical information about the concept is here ▷ WikipediA : t-Test
Syntax and semantic of the implementation is here ▷Matlab : t-test

https://www.geo.fu-berlin.de/en/v/soga-r/Basics-of-statistics/Hypothesis-Tests/Hypothesis-Tests-for-One-Population-Mean/Sigma-Is-Unknown/index.html
https://net124.reltub.ca/yamwi/index.php?c=u4uzblohe2dk6smsekkir&n=28&mode=2&max=-
https://net124.reltub.ca/yamwi/index.php?c=odd0152ut0vbleeyo4u14&n=36&mode=2&max=_-
https://de.wikipedia.org/wiki/T-Test
https://de.mathworks.com/help/stats/ttest.html
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4.3.1 Exercises

Exercise 193. (p-value and confidence interval)
is to calculate for the example ”Students weight in Europe”.

Exercise 194. (Example from statstutorial, cf. screws)
A random sample of screws have weights

29.99, 30.01, 29.97, 30.11, 29.99, 30.02.

a. Calculate a 95% confidence interval for the population’s mean weight.
Assume the population is distributed as N (µ, σ2).
b. Do a step-by-step one-sample-t-test analog example.4.3.1
c. Do the one-sample-t-test using the function ttest() from example.4.3.2.
◦ Result: If we sampled many times, our interval would capture the true mean weight 95% of

the time; thus, we are 95% confident that the true mean weight of all screws will fall between

29.96 and 30.07.

Exercise 195. (example from R) Study this example at its source Rvignette

Exercise 196. (example from [7, p.81, p.96])
This is a normal N (100, 32)-distributed sample of length 100.

X = (96.3, 95.8, 91.7, 91.6, 98.7, 105.0, 99.4, 101.1, 92.9, 97.2,

110.6, 94.9, 101.2, 92.3, 106.1, 96.5, 107.9, 101.5, 99.0, 97.1,

90.8, 101.1, 101.0, 100., 106.9, 101.2, 95.7, 92.6, 101.1, 104.9,

101.1, 104.5, 105.5, 114.1, 91.8, 95.8, 93.5, 98.2, 98.8, 98.5,

108.1, 99.9, 105.1, 95.6, 98.3, 96.5, 94.9, 101.3, 94.7, 103.7,

99.0, 98.5, 94.4, 104.7, 93.2, 97.3, 104.3, 101.3, 96.9, 107.0,

95.0, 101.0, 103.4, 100.5, 100.2, 102.3, 95.1, 95.8, 102.9, 95.0,

102.7, 101.0, 105.5, 97.9, 104.0, 103.3, 97.7, 88.5, 95.5, 100.5,

102.3, 101.0, 100.0, 106.0, 102.8, 106.7, 106.6, 99.2, 112.2, 100.1,

99.3, 100.9, 99.8, 96.0, 97.9, 93.0, 93.7, 97.0, 95.8, 99.9)

Use the std.Dev σ = 4.1 and check the hypothesis Ho : µ = 100.

https://statstutorial.com/two-sample-z-test-in-r-with-examples/
https://cran.r-project.org/web/packages/distributions3/vignettes/two-sample-z-test.html
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4.4 Two Sample t-Test

The two-sample t-test tests two normally distributed samples for the same mean value. In
contrast to the two-sample Z-test, only the sample variances are used.

Mental image

Figure 29:
Visualization of two-sample-t-test for 2 populations: ▷ wiki
Left: the two samples X1 and X2 with sample means x1 and x2.
Right: the two populations with their normal probability distribution.

Procedure Two Sample t-test

1. Assumptions independent samplesX = (x1, · · · , xn) isN (µ1, σ
2
1) and Y = (y1, · · · , yn)

is N (µ2, σ
2
2) distributed.

2. Null hypothesis H0 : µ1 = µ2 (two-sided)

3. Test statistics T is approximately t-distributed

T :=
X − Y√
s21
n1

+
s22
n2

where s1 := sd(X), n1 = dim(X) . . .

if the number of degrees of freedom f following Welch is chosen as

f :=
(
s21
n1

+
s22
n2
)2

(
s21
n1

)2

n1−1
+

(
s22
n2

)2

n2−1

4. Decision Reject H0, if |T | > t1−α/2 ; f = tINV(1− α/2 , f).
tα,ν is the α-quantile of the t-distribution, i.e. tINV(α, ν).

Remark. one-sided test µ1 > µ2: T > t1−α,f resp. one-sided test µ1 ≤ µ2 : T < tα,f
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Example Students test scores, cf scores.

Suppose we have data from two groups (Group A and Group B), each representing the test
scores of different students. We want to know if there is a significant difference between
the mean test scores of the two groups.

Samples of students scores
A: 88 92 94 78 88 95

B: 75 80 79 88 85 92

The null hypothesis H0 states that the mean test score of the two student groups A and B
are equal, i.e. there is no difference between the mean scores of both student groups. Let
α = 0.05 be the significance level of rejecting the null hypothesis.

◦ Solution with Maxima of this example in

| A : [88, 92, 94, 78, 88, 95.]$
| B : [75, 80, 79, 88, 85, 92.]$
| ttest2(A, B, 0.05, 0) ;

Solution: step-by-step, example.4.4.1
Solution: automatic, example.4.4.2

General information

General mathematical information about the concept is here ▷ WikipediA : t-Test
Syntax and semantic of the implementation is here ▷Matlab : t-test

https://statistiknachhilfe.ch/2024/02/26/wie-man-einen-t-test-in-r-durchfuehrt-ein-umfassender-leitfaden/
https://net124.reltub.ca/yamwi/index.php?c=e36p1e01chouhvrfpwgqv&n=7&mode=1&max=
https://net124.reltub.ca/yamwi/index.php?c=t3f615pnrono1cfgiek6v&n=40&mode=3&max=_
https://de.wikipedia.org/wiki/T-Test
https://de.mathworks.com/help/stats/ttest.html
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4.4.1 Exercises

Exercise 197. (Octave t-test tutorial)
Reproduce the following tutorial in Maxima.
First generate some toy data

N = 20;

d = [randn(N,1) randn(N,1)+0.7]; \% Each column is one dataset

d =

-0.269943 0.727796

0.234784 0.656962

0.286618 0.107063

-0.246098 -0.796628

-0.365948 0.844111

-0.830328 -0.988360

0.555346 1.202737

-0.431598 0.282257

0.025352 1.049475

1.304216 -0.617381

-0.511775 0.190412

-0.184626 0.299169

-0.335331 0.386240

-0.149371 0.809719

-0.038682 1.536842

-0.281365 -0.632293

-1.210282 0.250702

-0.557427 1.395904

-0.203508 0.083293

0.050512 0.206742

Then verify the following calculation

% Paired-samples t-test

octave:6> [h,p,ci,stats] = ttest(d(:,1), d(:,2));

octave:7> h

h = 1

octave:9> p

p = 0.017092

octave:10> ci

ci = -0.9143

-0.1011

octave:11> stats

stats = scalar structure containing the fields:

tstat = -2.6133

df = 19

sd = 0.8688

Exercise 198. Follow the example at ’MatLab.help’ using Maxima : ▷ ttest2/MatLab

Exercise 199. Follow this example using Maxima : ▷ theopeneducator

https://de.mathworks.com/help/stats/ttest2.html
https://www.theopeneducator.com/doe/hypothesis-Testing-Inferential-Statistics-Analysis-of-Variance-ANOVA/Two-Sample-T-Test-Unequal-Variance
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4.5 Paired t-Test alias Differences t-Test

The Differences t-Test checks two dependent and normally distributed samples for the
same mean value. As common with all tests of the t-tests group, it uses the t-distribution
to calculate the test statistics, i.e. the critical resp. p-value.

Mental image

Figure 30:
Visualization of paired-t-test for 2 dependent samples
above: the sample X with sample mean µX .
bottom: the sample Y with sample mean µY .

Procedure Paired alias Differences t-test

1. Assumptions dependent samples X = (x1, · · · , xn) and Y = (y1, · · · , yn),
where d := (x1 − y1, · · · , xn − yn) is N (µd, σ

2
d) distributed.

2. Null hypothesis H0 : µd = 0 (two-sided)

3. Test statistics T is for H0 approximately t-distributed

T :=
1
n
·
∑n

i=1 di

1
n(n−1)

·
√∑n

i=1 d
2
i − 1

n
· (
∑n

i=1 di)
2

with df = n− 1 degrees of freedom.

4. Decision Reject H0, if |T | > tα/2 ;n−1 = tINV(α/2 , n− 1).
tα,ν is the α-quantile of the t-distribution, i.e. tINV(α, ν).

Remark. one-sided test µ1 > 0: T > t1−α; n−1 resp. one-sided test µ1 ≤ 0 : T < tα, n−1
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Example Monthly Rainfall.

We use the example in [7, p. 99] The monthly rainfall in millimeters over the course of two
years is considered. We assume that the differences in rainfall are normally distributed.
The null hypothesis is the assumption of the same rainfall with a 5% probability of error.

Rainfall in mm
month : 1 2 3 4 5 6 7 8 9 10 11 12

A: 52.4 37.4 41.2 71.5 51.3 21.6 17.7 21.2 41.3 32.0 53.0 61.4

B: 47.8 42.0 33.2 41.0 29.5 28.1 17.4 21.5 41.4 51.3 49.5 53.7

We have α = 0.05 as the significance level of rejecting the null hypothesis.

◦ Solution with Maxima :
| X : [52.4,37.4,41.2,71.5,51.3,21.6,17.7,21.2,41.3,32.0,53.0,61.4]$
| Y : [47.8,42.0,33.2,41.0,29.5,28.1,17.4,21.5,41.4,51.3,49.5,53.7]$
| alternative hypothesis: true mean difference is not equal to 0

Solution: step-by-step, example.4.5.1
Solution: automatic, example.4.5.2

General information

General mathematical information about the concept is here ▷ WikipediA : t-Test
Syntax and semantic of the implementation is here ▷Matlab : t-test

https://net124.reltub.ca/yamwi/index.php?c=4iw6kre1pkuzdf16i0vor&n=45&mode=1&max=--
https://net124.reltub.ca/yamwi/index.php?c=orgxlmcr6mdbye1vimb3l&n=56&mode=1&max=
https://de.wikipedia.org/wiki/T-Test
https://de.mathworks.com/help/stats/ttest.html


4 TEST STATISTICS 107

4.5.1 Exercises

Exercise 200. (Lowering cholesterol levels, cf. ttest)
To test a new therapy for lowering cholesterol levels, cholesterol levels are measured in ten
subjects before and after treatment. The following measurement results were obtained:

LEXICON German English
Vor der Behandlung before treatment

Nach der Behandlung after treatment

Do the example 2 (’Beispiel 2’) w.r.t. lowering cholesterol levels.

Exercise 201. (example from R)
Ceck our example alternatively with R.

R> X = c(52.4,37.4,41.2,71.5,51.3,21.6,17.7,21.2,41.3,32.0,53.0,61.4)

> Y = c(47.8,42.0,33.2,41.0,29.5,28.1,17.4,21.5,41.4,51.3,49.5,53.7)

> result <- t.test(X, Y, paired = TRUE)

> print(result)

Paired t-test

data: X and Y

t = 1.022, df = 11, p-value = 0.3287

alternative hypothesis: true mean difference is not equal to 0

95 percent confidence interval:

-4.383924 11.983924

sample estimates:

mean difference

3.8

https://de.wikipedia.org/wiki/Zweistichproben-t-Test
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4.6 Chi-Squared Test on Variance

The Chi-Squared Test on Variance is a statistical test used to compare observed results
with expected results. The purpose of this test is to determine if a difference between
observed data and expected data is due to chance, or if it is due to a relationship between
the variables you are studying. ▷ AI
The χ2-variance test checks a normally distributed sample for a given variance σ2

0.

Mental image

Figure 31:
Visualization of Chi-Squared Test on Variance, cf. ▷ Foley, enhanced.
LCL = Lower Confidence Level; UCL = Upper CL; chisq = chi2INV.
The values shown are from the solution of the example, see below.

Procedure Chi-Squared Test on Variance

1. Assumptions a normal distributed sample X = (x1, · · · , xn) with N (µ, σ2).

2. Null hypothesis H0 : σ
2 = σ2

0 (two-sided)

3. Test statistics T is for H0 χ2-distributed with df = n− 1 degrees of freedom.

T :=
(n− 1) · s2

σ2
0

where s is the sample standard deviation, σ0 is the hypothesized standard deviation.

4. Decision Reject H0, if T > χ2
1−α/2 ;n−1 = tINV(1− α/2 , n− 1).

χ2
α,ν is the α-quantile of the χ2-distribution, i.e. tINV(α, ν).
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Remark. one-sided test σ2 > σ2
0: T > χ2

1−α; n−1 resp. one-sided test σ2 ≤ σ2
0 : T < χ2

α, n−1.

Remark. The further the ratio s2

σ2
0
deviates from 1, the more likely you are to reject the

null hypothesis.

Example The size of prey.

We use the example in ▷ M. Foley’s RPubs: The size of prey (millimeters) of two
species of net-casting spiders, deinopis (X) and menneus (Y) are sampled for 10 spiders
each species.
What is the difference in the variance of the prey of the two species?
The null hypothesis is the assumption of the same mean with a 5% probability of error.

The size of prey (millimeters) of two species

X: 12.43 11.71 14.41 11.05 9.53 11.66 9.33 11.71 14.35 13.81

We have α = 0.05 as the significance level of rejecting the null hypothesis.

◦ Solution of this example in Maxima:

| X:[12.43, 11.71, 14.41, 11.05, 9.53, 11.66, 9.33, 11.71, 14.35, 13.81]$
| vartest(X, 0.05, 1);

◦ Result: the p-value = 0.001196 < α = 0.05, so reject H0 that s2 = σ2.

Solution: step-by-step, example.4.6.1
Solution: automatic, example.4.6.2

General information
General mathematical information about the concept is here ▷ WikipediA : χ2-test
Syntax and semantic of the implementation is here ▷Matlab : vartest

https://rpubs.com/mpfoley73/460916
https://net124.reltub.ca/yamwi/index.php?c=isrc2hbc3cyxx25on1dms&n=31&mode=1&max=--
https://net124.reltub.ca/yamwi/index.php?c=j0c5gvelfmcf6i3kavmxi&n=33&mode=1&max=-
https://en.wikipedia.org/wiki/Chi-squared_test
https://de.mathworks.com/help/stats/vartest.html
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4.6.1 Exercises

Exercise 202. (the NIST example, cf. GEAR)
A chi-square test was performed for the GEAR.DAT data set. The observed variance for
the 100 measurements of gear diameter is 0.00003969 (the standard deviation is 0.0063).
The following are the data used for the chi-square test for the variance example.
We will test the null hypothesis that the true variance is equal to 0.01.

a. Do the example from NIST with the following first 20 items from a. of the data
GEAR.DAT. The following data is the gear diameter:

1.006 0.996 0.998 1.000 0.992

0.993 1.002 0.999 0.994 1.000

0.998 1.006 1.000 1.002 0.997

0.998 0.996 1.000 1.006 0.988

b. Calculate the test statistic value for the sample of 20 items and compare it with the
value of 0.3903 for the whole sample.
c. Check, wether the test statistic value is much smaller than the lower critical value, so
we also may reject the null hypothesis and conclude that the variance is not equal to 0.01.

Exercise 203. (example from R)
Check our solution using the varTest(..) function of R.

R> library(EnvStats)

> X <- c(12.43, 11.71, 14.41, 11.05, 9.53, 11.66, 9.33, 11.71, 14.35, 13.81)

> alpha <- 0.05

> sigma = 1.00

> result <- varTest(X, "two.sided", 0.95, sigma.squared = 1)

> print(result)

Null Hypothesis: variance = 1 [=sigma.squared]

Alternative Hypothesis: True variance is not equal to 1

Test Name: Chi-Squared Test on Variance

Estimated Parameter(s): variance = 3.245299

Data: X

Test Statistic: Chi-Squared = 29.20769

Test Statistic Parameter: df = 9

P-value: 0.001195555

95\% Confidence Interval: LCL = 1.535407

UCL = 10.816103

https://www.itl.nist.gov/div898/handbook/eda/section3/eda358.htm


4 TEST STATISTICS 111

4.7 F test

The F -test tests two normally distributed independent samples for equal variance σ2.

Mental image

Figure 32:
Visualization of F -test on equal variances, Fα is the α-quantile of F .
The values shown are from the solution of the example, see below.
1− α/2 gives the area spanned inside between the limits | · · · |.

Procedure F–test for equal variances

1. Assumptions normal distributed samples X = (x1, · · · , xm) with N (µ1, σ
2
1)

and Y = (y1, · · · , yn) with N (µ2, σ
2
2)

2. Null hypothesis H0 : σ
2
1 = σ2

2 (two-sided)

3. Test statistics

T :=
s21
s22

T is for H0 F -distributed with df1 = m−1 and df2 = n−1 degrees of freedom, where
si are the sample’s standard deviations.

4. Decision Reject H0, if T < Fα/2, m−1, n−1 =: fINV(α/2, m− 1, n− 1).
Fα,ν is the α-quantile of the F -distribution, i.e. fINV(α, ν) in Maxima.
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Remark. one-sided test σ2
1 > σ2

2: T > F1−α;m−1, n−1 resp. one-sided test σ2
1 ≤ σ2

2 :
T < Fα,m−1, n−1.

Remark. Note, that Fα,m−1, n−1 is the critical value of the F distribution with m− 1 and
n− 1 degrees of freedom and a significance level of α.

Remark. It should be noted that the F -test is not robust, i.e. it is very sensitive to small
deviations from the normal distribution.

Example Groundwater sulfate concentrations.
We use the example from ▷ M. Gimond : Groundwater sulfate concentrations are moni-
tored at a contaminated site over the course of a year. Those concentrations are compared
to ones measured at background sites for the same time period. We seek to compare the
concentration of sulfates between background sites and a contaminated well (data taken
from Millard et al., p. 418). Did the two samples have equal variances?
The concentrations of sulfate (in ppm) for both sites are as follows:

Groundwater sulfate concentrations in ppm
Contaminated: 600 590 590 630 610 630

Background: 560 530 570 490 510 550 550 530

◦ Solution of this example in Maxima:
| X : [560, 530, 570, 490, 510, 550, 550, 530]; /*-- Background */

| Y : [600, 590, 590, 630, 610, 630]; /*- Contaminated */

| varTest(X, Y, 0.05); /*-- F test to compare two variances */

|

Result : the p-value = 0.4263 > α = 0.05, and with such a high p, we cannot reject the null
hypothesis and therefore state that the variances between both populations are the same.

Solution: step-by-step, example.4.7.1
Solution: automatic, example.4.7.2

General information
General mathematical information about the concept is here ▷ WikipediA : F -test
Syntax and semantic of the implementation is here ▷Matlab : vartest2

https://mgimond.github.io/Stats-in-R/F_test.html
https://net124.reltub.ca/yamwi/index.php?c=03soune3r43quzmdcdgm1&n=6&mode=1&max=--
https://net124.reltub.ca/yamwi/index.php?c=nasl114iwpbihkknfqf3q&n=5&mode=2&max=--
https://en.wikipedia.org/wiki/F-test
 https://de.mathworks.com/help/stats/vartest2.html
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4.7.1 Exercises

Exercise 204. (Prices of shares, cf. f-test)
The prices of two shares A and B over eleven months at the beginning of each month are

A: 44.32 49.28 65.12 69.44 59.20 70.56

60.60 87.16 102.60 97.96 93.00

B: 59.35 54.24 59.61 58.68 67.28 60.28

65.93 73.63 82.84 76.01 78.55

Verify: Your risk when investing in shares B of Bernhard is significantly lower than when
investing in shares A of Albert.

Exercise 205. (groundwater example in R)
Check the following solution using var.test(..)20 function of base R.

R> Backg <- c(560, 530, 570, 490, 510, 550, 550, 530)

> Conta <- c(600, 590, 590, 630, 610, 630)

> var.test(Backg, Conta, alternative="two.sided")

F test to compare two variances

data: Backg and Conta

F = 2.1163, num df = 7, denom df = 5, p-value = 0.4263

alternative hypothesis: true ratio of variances is not equal to 1

95 percent confidence interval:

0.3088156 11.1853404

sample estimates:

ratio of variances

2.116337

20Gimond, ibid.: ”Note that the var.test() computes the F ratio using the first variable name in
the list as the numerator. For example, had we reversed the order of variables (i.e. var.test(Conta,
Backg, alternative=”two-sided”)), the returned F value would be the inverse of the original F value, or
1/2.12 = 0.47. The p value would have stayed the same however.”

https://www.statistik-nachhilfe.de/ratgeber/statistik/induktive-statistik/signifikanztests-hypothesentests/pruefung-auf-streuung/f-test
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B: Parameter tests

We quote Hermann[7, p.134]:

”In contrast to the parameter tests of the last Chapter, non-parametric tests
do not require the presence of a normal distribution of the data or a specific
parameter. The parameterfree tests are therefore based on a nominal or or-
dinal scale of the data as they are usually given in sociology, pedagogy and
psychology.

Since a nominal or original scale, in contrast to interval scales, do not allow a
mean concept, only combinatorial arrangements such as rank or sign distribu-
tions, iterations (’runs’) or information statistics can be evaluated. This make
parameterfree test methods universally applicable, but leads, for example, to
information loss with normally distributed data.”

Hereinafter, we do all tests first in a semi-automatic way, so that the user can follow the
essential steps and can do these steps also by hand. This procedural way is accompanied
by a fully automatic solution using functions in CAS Maxima.

We discuss using Maxima the

1. Sign tests

2. Wilcoxon tests

3. Mann–Whitney U test

4. Pearson χ2 test

5. Fisher test

6. McNemar test
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4.8 One Sample Sign Test

The sign test checks the symmetry of a sample with respect to a central value, e.g., the
median, by counting the signs that result from the differences to the median.

Mental image

Figure 33:
Visualization of F -test on equal variances, Fα is the α-quantile of F .
The values shown are from the solution of the example, see below.
1− α/2 gives the area spanned inside between the limits | · · · |.

Procedure One-Sample sign–test

1. Assumptions ordinal distributed independent sample X = (x1, · · · , xm) with
continous CDF symmetric to the median x0.5

2. Null hypothesis H0 : x0.5 = x0 (two-sided)

3. Test statistics

T :=
n∑

i=1

yi where yi =

{
1, xi − x0 ≥ 0,

0, xi − x0 < 0.

T for H0 is
∑n

k=0B(k, n, 0.5)-distributed, where B(k, n, p) is the density of the bino-
mial distribution.

The T -Statistic the number of positive differences between the data and the hypoth-
esized median x0.5.

4. Decision Reject H0, if T < Bα/2 =: binINV(α/2) or T > B1−α/2.
Bα is the α-quantile of the binomial B-distribution, i.e. binINV(α) in Maxima.
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Example Average age of men at first marriage.

Herrmann [7, p.135] gives the following example of a one-sample sign test: The following
table shows the average age of men at first marriage (Federal Republic of Germany, 1971-
1984):

average age of men at first marriage
year : 1971 1972 1973 1974 1975 1976 1977 1978 1979 1980 1981 1982 1983 1984

age: 26.0 25.6 25.5 25.6 25.3 25.6 25.7 25.9 26.0 26.1 26.3 26.6 26.9 27.0

The table is to be examined for a trend.
Check, if the age of 1st marriage has median 26.
Use the one-sample-sign-test to analyze the experiment.

◦ Solution of this example with Maxima :

| X : [26.0, 25.6, 25.5, 25.6, 25.3, 25.6, 25.7,

| 25.9, 26.0, 26.1, 26.3, 26.6, 26.9, 27.0]$
| signtest(X, 26.0, "both") ;

Interpretation:

5 differences with a positive sign,

i.e. 5 data elements have a value > median.

probability p for s = 5 is 0.7744 > 0.05 = α

Result : The null hypothesis, Ho : median = 26, can be rejected.

Solution: step-by-step, example.4.8.1
Solution: automatic, example.4.8.2

General information

General mathematical information about the concept is here ▷ WikipediA : Sign-test
Syntax and semantic of the implementation is here ▷Matlab : signtest

https://net124.reltub.ca/yamwi/index.php?c=vv42yfae3ahvikkvvj0ln&n=34&mode=1&max=_MjYpICAgICAgICAgLS0gaS5lLiBzdW0oZGlmZiA_-
https://net124.reltub.ca/yamwi/index.php?c=wdw51aya2geykq3bgetan&n=61&mode=4&max=_
https://en.wikipedia.org/wiki/Sign_test
https://de.mathworks.com/help/stats/signtest.html
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4.8.1 Exercises

Exercise 206. (Remark and surplus)
We can do the decision about the H0 in the ’age’ example using alpha-quantiles of the
binomial distribution.
a. Look up our function binoINV() or the ’distrib’ version quantile binomial(q,n,p).
b. Then do:

...

alpha : 0.05 $

nt : 12 /*-- n total */$

T : 5 /*-- T =s test statistic */$

qt1 :binoINV(alpha/2, nt, 0.5) /*-- alpha quantile */ ;

qt2 : binoINV(1-alpha/2, nt, 0.5) /* -- alpha quantile */;

/* 5 3 5 9 */

if (T < qt1) or (T > qt2) then print("reject H0") else print("accept H0");

Exercise 207. (Check example ’Average age of men..’ with Octave)
We use Octave function signtest().

octave:1> pkg load statistics

octave:2> X=[26.0, 25.6, 25.5, 25.6, 25.3, 25.6, 25.7,

25.9, 26.0, 26.1, 26.3, 26.6, 26.9, 27.0];

octave:3> [p,h,stats] = signtest(X,26)

ans =

p = 0.7744

h = 0

stats =

zval = NaN

sign = 5

(wL: i.e. 5 data elements have a value > median)

Exercise 208. (example by Sprent from WikiPediA )
Do the cited example of a sign test for the median of a single sample in Maxima.

Exercise 209. (example by R)
Reproduce the following example from the Rdocumentation in Maxima:

R> x <- c(7.8, 6.6, 6.5, 7.4, 7.3, 7., 6.4, 7.1, 6.7, 7.6, 6.8)

R> SIGN.test(x, md = 6.5)

% Verify:

s = 9, p-value = 0.02148

alternative hypothesis: true median is not equal to 6.5

95 percent confidence interval:

6.571273 7.457455

sample estimates: median of x

7

https://en.wikipedia.org/wiki/Sign_test
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4.9 Two Sample Sign Test

The Two Sample Sign test tests for two paired samples for the same central tendency by
counting the signs that result from the differences between corresponding data items.

Mental image

Figure 34:
Visualization of sign2-test on two samples X and Y with

... = xi − yi.
•: sample X = (7.8, 6.6, 6.5, 7.4, 7.3, 7.0, 6.4, 7.1, 6.7, 7.6, 6.8).
•: sample Y = (7.0, 7.6, 6.5, 9.0, 7.3, 6.0, 4.4, 8.1, 4.2, 7.8, 5.8).

Procedure Two-Sample sign–test

1. Assumptions two samples X = (x1, ..., xn) and Y = (y1, ...yn) with independent
differences D = (x1 − y1, · · · , xn − yn)

2. Null hypothesis H0 : Pr(X < Y ) = Pr(X > Y ) (two-sided)

3. Test statistics

T :=
n∑

i=1

di where di =

{
1, xi − yi > 0,

0, xi − yi < 0.

T for H0 is
∑T

k=0B(k, n, 0.5)-distributed, where B(k, n, p) is the density of the bino-
mial distribution.

The T -Statistic the number of positive differences di > 0 between corresponding data
items in X and Y .

4. Decision Reject H0, if T < Bα/2 =: binINV(α/2) or T > B1−α/2.
Bα is the α-quantile of the binomial B-distribution, i.e. binINV(α) in Maxima.
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Example IQ of twin pairs.

Herrmann [7, p.142] gives the following example of a two-sample sign test: Given the
following observation table of weights and intelligence quotients (IQ) of single twins after
Churchill & Willerman. Test the null hypothesis that the IQ scores of the twins are
independent of their birth weight.
IQℓ designate the lighter twin pairs and IQℏ the heavier twin pairs.

IQ of twin pairs
pair: 1 2 3 4 5 6 7 8 9 10 11 12 13 14

IQℏ: 97 79 100 100 100 124 95 80 91 108 91 90 104 119

IQℓ: 97 70 101 106 85 123 84 70 84 106 97 90 92 104

Use the two-sample-sign-test to analyze the experiment.

◦ Solution and explanation of this example with Maxima :

| IGh : [97,79,100,100,100,124,95,80,91,108,91,90,104,119]$
| IQl : [97,70,101,106,85,123,84,70,84,106,97,90,92,104]$
| signtest2(IGh, IQl, "both");

Interpretation:

T = 9 differences with a positive sign,

i.e. 9 data pairs have a difference greater 0.

probability for T = 8 is p = 0.1459 > 0.05 = α

Result : The null hypothesis, Ho: ”IQ independent of weight”, can not be rejected with a
5 % probability of error.

Solution: step-by-step, example.4.9.1
Solution: automatic, example.4.9.2

General information

General mathematical information about the concept is here ▷ WikipediA : Sign-test
Syntax and semantic of the implementation is here ▷Matlab : signtest

https://net124.reltub.ca/yamwi/index.php?c=1pfhxoaefkkx03ewtdv5o&n=75&mode=4&max=LyogLS0gVG8gY2FsY3VsYXRlIHRoZSBzaWduMi1URVNUIHNjb3JlIHdlIG5lZWQgdGhlIGZ1bmN0aW9ucwogICAtLSBiaW5vUERGKCkgYW5kIGJpbm9DREYoKSBhcyBoZWxwZXI6ICovCQoKY2hvb3NlKG4seCkgICAgOj0gYmlub21pYWwobix4KSQKYmlub1BERihrLG4scCkgOj0gICAgICAgICAgICBjaG9vc2UobixrKSpwXmsqKDEtcCleKG4taykgJApiaW5vQ0RGKGssbixwKSA6PSBzdW0oIGNob29zZShuLGopKnBeaiooMS1wKV4obi1qKSAsIGosMCxrKSAkCgpkaW0oWCkgOj0gbGVuZ3RoKFgpJAoKZnBwcmludHByZWMgOiA1JAoKY291bnRfZ3IoWCxhKSAgOj0gYmxvY2soW3NdLCBzOjAsIGZvciBpOjEgdGhydSBkaW0oWCkgZG8gaWYgKFhbaV0__IDAuMDUuCgotLSBJTlRFUlBSRVRBVElPTjoKLS0gVGhlIG51bGwgaHlwb3RoZXNpcywgSG86ICJJUSBpbmRlcGVuZGVudCBvZiB3ZWlnaHQiLCBjYW4gbm90IGJlIAotLSByZWplY3RlZCB3aXRoIGEgNSAlIHByb2JhYmlsaXR5IG9mIGVycm9yLiAKKi8KMSQ-
https://net124.reltub.ca/yamwi/index.php?c=gj1lbtzzmivtlxu330dc5&n=73&mode=4&max=--
https://en.wikipedia.org/wiki/Sign_test
https://de.mathworks.com/help/stats/signtest.html
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4.9.1 Exercises

Exercise 210. (Fig. 34) Do the sign test for the data of Fig.34, i.e.

X=(7.8, 6.6, 6.5, 7.4, 7.3, 7.0, 6.4, 7.1, 6.7, 7.6, 6.8)

Y=(7.0, 7.6, 6.5, 9.0, 7.3, 6.0, 4.4, 8.1, 4.2, 7.8, 5.8)

a. Check the differences on the plot.
b. How to determine the test statistic T on the graph?

Exercise 211. (Example from MatLab, cf. signtest)
Do the example from the MATLAB documentation in Maximausing the data from section
’Medians of Paired Samples’.
a. Test the hypothesis of zero median for the difference between the two paired samples
using the exact methods.
b. z-Statistic: For a large sample, signtest uses the z-statistic to approximate the p-value.
Program the z-statistic in Maxima.
c. Check the z-statistic for the data of a.

Exercise 212. (example from Octave)
Check the following solution of the example 4.9 using signtest function of statistics
package of Octave.

octave:1> pkg load statistics

octave:2> IQh = [97,79,100,100,100,124,95,80,91,108,91,90,104,119];

IQl = [97,70,101,106,85,123,84,70,84,106,97,90,92,104];

octave:3> [p,h,stats] = signtest(IQh, IQl)

ans =

p = 0.1460

h = 0

stats = scalar structure containing the fields:

zval = NaN

sign = 9

(wL: i.e. 9 data pairs have a difference greater 0)

https://de.mathworks.com/help/stats/signtest.html
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4.10 One Sample Wilcoxon Test

The One Sample Sign test only registers the signs of the differences to the median. The One
Sample Sign Wilcoxon test also considers the absolute values of the differences. These
values are sorted and ranked, and the rank sum of the positive differences is calculated.
This sum represents the Wilcoxon test statistic W.

Mental image

Figure 35:
Visualization of Wilcoxon-One-Sample test on the sample X.
•: sample X = (7.0, 7.6, 6.5, 9.0, 7.3, 6.0, 4.4, 8.1, 4.2, 7.8, 5.8).
i : items with index i = 2, 4, 5, 8, 10 have positive distance to the median.

Procedure One-SampleWilcoxon–test

1. Assumptions one sample X = (x1, ..., xn) symmetrical w.r.t. the median.

2. Null hypothesis H0 : median(X) = x0 (two-sided)

3. Test statistics with di := xi − x0

W :=
n∑

i=1

ci ·Rank(|di|) where ci :=

{
1, xi − x0 > 0,

0, xi − x0 < 0.

4. Decision Reject H0, if W ≤ wα/2 or W ≤ w1−α/2.
wα is the critical value of the tabulated Wilcoxon-distribution, ▷ U-test

https://chem.pg.edu.pl/documents/175361/28234418/U.pdf
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Example median length of pygmy sunfish

We quote the example from PennState Eberly College at ▷ Example 2.2.
Let Xi denote the length, in centimeters, of a randomly selected pygmy sunfish, i = 1, .., 10.
If we obtain the data set 5.0 3.9 5.2 5.5 2.8 6.1 6.4 2.6 1.7 4.3 can we conclude
that the median length of pygmy sunfish differs significantly from 3.7 centimeters?

Solution step-by-step and maybe by hand using 3.7 for the hypothesized median.

1. We construct a table with the item numbers Noi, the items Xi itself, the items
centered around 3.7 i.e. Xi − 3.7, their absolute values | Xi − 3.7 |, the ranked
absolute values Ri and the signed ranked absolute values signedRi:

2. W = sum(signedRi) = 40

3. Check the ▷ w-table; with n = 10, a small sample size, the upper and lower per-
centiles of the Wilcoxon signed rank statistic is: n = 10 : Pr(T >= W = 40) = 0.116

4. Therefore, our P-value is 2× 0.116 = 0.232. Because our P-value is large, we cannot
reject the null hypothesis.

◦ Solution and explanation of this example with Maxima

| X : [5.0, 3.9, 5.2, 5.5, 2.8, 6.1, 6.4, 2.6, 1.7, 4.3]$
| signrank(X, 3.7);

Solution: step-by-step, example.4.10.1
Solution: automatic, example.4.10.2

https://online.stat.psu.edu/stat415/lesson/20/20.2
https://real-statistics.com/statistics-tables/wilcoxon-signed-ranks-table/
https://net124.reltub.ca/yamwi/index.php?c=iyvof6vypyzsufad6kahk&n=4&mode=2&max=_
https://net124.reltub.ca/yamwi/index.php?c=srubaaezijjovysbj06qp&n=8&mode=4&max=_MCkgdGhlbiBaW2ldOjEsCiAgICAgVyAgOiBmbG9hdChaLmNkKSwKICAgICBUICA6IGZsb2F0KChXIC0gbioobisxKS80KS8gc3FydChuKihuKzEpKigyKm4rMSkvMjQpKSwgCiAgICAgcHJpbnQobWF0cml4KFsiVyIsICJUIl0sW1csVF0pKSApJAovKiMjIyMjIyMjIyMjIyMjIyMjIyMjIyMjIyMjIyMjIyMjIyMjIyMjIyMjIyMjIyMjIyMjIyMjIyMjIEVORCAqLwoKZnBwcmludHByZWMgOiA1JAoKWSA6IFs1LjAsIDMuOSwgNS4yLCA1LjUsIDIuOCwgNi4xLCA2LjQsIDIuNiwgMS43LCA0LjNdJApzaWducmFuayhZLDMuNyk7CgoK
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General information
General mathematical information about the concept is here ▷ WikipediA : signrank
Syntax and semantic of the implementation is here ▷Matlab : signrank.

4.10.1 Exercises

Exercise 213. (pygmy sunfish, example from psu.edu)
Check the solution of example.4.10 using wilcox.test() function of f R.

R> X=c(5.0, 3.9, 5.2, 5.5, 2.8, 6.1, 6.4, 2.6, 1.7, 4.3)

R> > wilcox.test(X, mu = 3.7)

Wilcoxon signed rank exact test

data: X

V = 40, p-value = 0.2324

alternative hypothesis: true location is not equal to 3.7

Interpretation: Based on the results of the test, (at the significance level of 0.05) we reject
the null hypothesis.

Exercise 214. (Example at Fig.35)
Calculate the Wilcoxon test statistic W for the sample X with hypothesized median
x0 = 7, where

X = (7.0, 7.6, 6.5, 9.0, 7.3, 6.0, 4.4, 8.1, 4.2, 7.8, 5.8)

from figure.35.

Exercise 215. (placebo-controlled clinical trial, cf. nbisweden)
Let’s imagine we are a part of team analyzing results of a placebo-controlled clinical trial
to test the effectiveness of a sleeping drug. We have collected data on 10 patients when
they took – a sleeping drug and when they took a placebo.
The hours of sleep recorded for each study participant:

X=(6.1, 6.0, 8.2, 7.6, 6.5, 5.4, 6.9, 6.7, 7.4, 5.8) -- drug

Y=(5.2, 7.9, 3.9, 4.7, 5.3, 7.4, 4.2, 6.1, 3.8, 7.3) -- placebo

Before we investigate the effect of drug, a senior statistician ask us: ’Is the median sleeping
time without taking the drug significantly less than the recommended 7 h of sleep?’
For the solution we therefore consider only Y .

https://en.wikipedia.org/wiki/Wilcoxon_signed-rank_test
https://de.mathworks.com/help/stats/signrank.html
https://online.stat.psu.edu/stat415/lesson/20/20.2
https://nbisweden.github.io/workshop-mlbiostatistics/session-rank-tests/docs/wilcoxon-signed-rank-i.html
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4.11 Two Sample Wilcoxon Test

The Two Sample Wilcoxon Test tests for two paired samples X and Y for the same
central tendency by counting the rank sums of their differences. It is a non-parametric
alternative to the paired t-test, used when you have paired or dependent data, such as two
measurements from the same individual.

Mental image

Figure 36:

Visualization of Two Sample Wilcoxon–test on two samples X and Y
•: sample X = (7.8, 6.6, 6.5, 7.4, 7.3, 7.0, 6.4, 7.1, 6.7, 7.6, 6.8).
•: sample Y = (7.0, 7.6, 6.5, 9.0, 7.3, 6.0, 4.4, 8.1, 4.2, 7.8, 5.8).
•: For pair 6 we have d6 = x6 − y6 = 7− 6 = +1.

Procedure Two-SampleWilcoxon–test

1. Assumptions two samples X = (x1, ..., xn) and Y = (y1, ...yn) with
differences D = (x1 − y1, · · · , xn − yn)

2. Null hypothesis H0 : median(D) := d̃ = 0 (two-sided)

3. Test statistics W with di := xi − x̃ is calculated by

W :=
n∑

i=1

zi ·Rank(|di|) where zi :=

{
1, xi − d̃ > 0,

0, xi − d̃ < 0.

4. Decision Reject H0, if W ≤ wα/2 or W ≤ w1−α/2.
wα is the critical value of the tabulated Wilcoxon-distribution, ▷ U-test

https://chem.pg.edu.pl/documents/175361/28234418/U.pdf
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Example Figure.35

We do the two-sample Wilcoxon–test for the data of figure.35.
We have to test the null hypothesis that the median of the differences X − Y is 0, i.e. to
test if the median is the same for the first and second sample.

Solution along the rows of the ’rank’ table:

item number

sample X

sample Y

differences di := xi − yi
rank’ing of |di|

↓ ↓ ↓ ↓ ↓

1. rank’sums: T+ = 4+6.5+10+11+6.5 = 3821 and analog T− = 6.5+9+6.5+3 = 25.

2. test statistic T := min(T+, T−) = min(38, 25) = 25.22

3. tabulated critical value wcrit(0.05; 9) = 6. [n = 11−2 = 9, because of ’ties’ (7.3, 7.3) and (6.5, 6.5)]

4. Because T = 25 > 6 = wcrit, accept H0.

5. Check the plausibility of the decision by Figure.35.

◦ Solution and explanation of this example with Maxima

| X : [7.8, 6.6, 6.5, 7.4, 7.3, 7.0, 6.4, 7.1, 6.7, 7.6, 6.8];

| Y : [7.0, 7.6, 6.5, 9.0, 7.3, 6.0, 4.4, 8.1, 4.2, 7.8, 5.8];

| signrank2(X,Y) ;

Solution: step-by-step, example.4.11.1
Solution: automatic, example.4.11.2

General Information
General mathematical information about the concept is here ▷ WikipediA : rank test
Syntax and semantic of the implementation is here ▷Matlab : signrank(x,y)

21If one or more differences xi − yi = 0, which is the case here, the corresponding observations are not
included in the test, i.e. these pairs are deleted from the sample. Then we get the same value as Octave:
W = T+ = signedrank = 28.

22In contrast to the often used T := min(T+, T−), in our definition in the text only T+ is used to define
W := T+. This seems to be the same choice as in Octave/Matlab.

https://net124.reltub.ca/yamwi/index.php?c=t3p22mjepzhkksniftofl&n=1&mode=2&max=_IHdjKSB0aGVuIHByaW50KCJhY2NlcHQgSDAiKSBlbHNlIHByaW50KCJyZWplY3QgSDAiKTsKCi8qCi0tIEluIG91ciBleGFtcGxlLCBUPTE1IGFuZCB0aGUgc2FtcGxlIHNpemUgaXMgbj0xMCwgd2hlcmUgbiBpcyB0aGUKLS0gbnVtYmVyIG9mIG5vbi16ZXJvIGRpZmZlcmVuY2VzICh3ZSBoYWQgbm9uZSkuIAotLSBBY2NvcmRpbmcgdG8gdGhlIFctdGFibGUsIHRoZSA1JSBwZXJjZW50YWdlIHBvaW50IGlzIGF0IHdjID0gOC4gCi0tIFNpbmNlIFQgPSAxNSA_IDgsIHdlIGNvbmNsdWRlIHRoYXQgb3VyIHAtdmFsdWUgaXMgPiAwLjA1Ci0tIGFuZCB3ZSBkbyBub3QgaGF2ZSBlbm91Z2ggZXZpZGVuY2UgdG8gcmVqZWN0IHRoZSBudWxsIGh5cG90aGVzaXMsIAotLSBpLmUuOiB0aGVyZSBpcyBubyBldmlkZW5jZSBvZiB0aGUgc2xlZXBpbmcgZHJ1ZyB3b3JraW5nLgoqLw--
https://net124.reltub.ca/yamwi/index.php?c=ltnhzmoyapk2voti31eud&n=13&mode=4&max=
https://en.wikipedia.org/wiki/Wilcoxon_signed-rank_test
https://de.mathworks.com/help/stats/signrank.html
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4.11.1 Exercises

Exercise 216. (sleep study, cf.psu.edu)
Going back to our sleep study, now we are ready to examine whether there is enough
evidence to reject a null hypothesis of median of the differences between the paired obser-
vations is equal to 0.
a. Check the solution using wilcox.test() function of f R.

############## check using R - our W is R’s V ;)

R> X=c(6.1, 6.0, 8.2, 7.6, 6.5, 5.4, 6.9, 6.7, 7.4, 5.8)

R> Y=c(5.2, 7.9, 3.9, 4.7, 5.3, 7.4, 4.2, 6.1, 3.8, 7.3)

R>

R> wilcox.test(x = Y, y = X, alternative = "two.sided", mu = 0,

paired = TRUE, exact = F)

Wilcoxon signed rank test with continuity correction

data: Y and X

V = 15, p-value = 0.2213

alternative hypothesis: true location shift is not equal to 0

b. Do the test using Maxima.

Exercise 217. (Example at Fig.36 using Octave)
Check our solution using signrank function of MatLab/Octave.

octave:1> pkg load statistics

octave:2> X = [7.8, 6.6, 6.5, 7.4, 7.3, 7.0, 6.4, 7.1, 6.7, 7.6, 6.8];

octave:3> Y = [7.0, 7.6, 6.5, 9.0, 7.3, 6.0, 4.4, 8.1, 4.2, 7.8, 5.8];

octave:4> [p,h,stats] = signrank(X,Y)

p = 0.5625

h = 0

stats = [...]

signedrank = 28 zval = NaN

https://online.stat.psu.edu/stat415/lesson/20/20.2
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4.12 Mann–Whitney U test

The Mann–Whitney U test is designed for independent samples. Since the sample sizes
no longer necessarily are equal, it is not possible to calculate pairwise differences. Therefore,
the two samples are combined into a single total sample, and the rank values of all sample
items are determined. The test statistic W is then the smaller sum of the ranks from the
two samples.

Mental image

Figure 37:

Visualization of U -test process on sample X : 17, 34, 8, 1, 43, 4, 23.

1: X = (17, 34, 8, 1, 43, 4, 23)
sort−→ (1, 4, 8, 17, 23, 34, 43) = Xsorted.

2: Xsorted = (1, 4, 8, 17, 23, 34, 43)
Rank−→ (1, 2, 3, 4, 5, 6, 7) = Xranked.

Procedure Mann–Whitney U test

1. Assumptions two independent samples X = (x1, ..., xm) and Y = (y1, ...yn)
with m < n and concepts (e.g. median) F resp. G.

2. Null hypothesis H0 : F = G (two-sided)

3. Test statistics

U := W − m ∗ (m+ n+ 1)

2
where W :=

m∑
i=1

Rank(Xi)

4. Decision Reject H0, if U < wα/2 or U > w1−α/2.
wα is the critical value of the tabulated Wilcoxon-distribution, ▷ Wilcoxon :
U-test

https://chem.pg.edu.pl/documents/175361/28234418/U.pdf
https://chem.pg.edu.pl/documents/175361/28234418/U.pdf
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Example Butterflies on sunny vs cloudy days.

Zoefel [22, p.104] gives the following example of a Mann–Whitney U test: As part
of a biological study, butterflies were observed at various times within a fixed timeframe.
The weather conditions were recorded, with a general classification into sunny and cloudy
periods. The results are shown in the following table:

butterflies on sunny vs cloudy days
sunny: 6 15 35 35 62 73 98 112

cloudy: 1 4 8 17 23 34 43

An U test should explain whether the difference between the two median values of the
samples is significant.

Solution along the columns of the rank table:

1. ranksum’s R1 = 81 and R2 = 39.

2. U values
U1 = R1 − n1(n1 + 1) · 0.5 = 11 and
U2 = R2 − n2(n2 + 1) · 0.5 = 45.

3. The tabulated critical value for
U = min(U1, U2) = 11 is 10.

4. Because U = 11 > 10 = Ucrit,
reject H0.

◦ Solution and explanation of this example with Maxima
| X : [6, 15, 35, 35, 62, 73, 98, 112]$
| Y : [1, 4, 8, 17, 23, 34, 43]§
| ranksum(X,Y)$

Solution: step-by-step, example.4.12.1
Solution: automatic, example.4.12.2

General information
General mathematical information about the concept is here ▷ WikipediA : U-test
Syntax and semantic of the implementation is here ▷Matlab : ranksum

https://net124.reltub.ca/yamwi/index.php?c=zui3ogbmu51eykrf5zksq&n=23&mode=4&max=_--
https://net124.reltub.ca/yamwi/index.php?c=whbi3e16ep2dwtdr0d1cm&n=28&mode=4&max=
https://en.wikipedia.org/wiki/Mann-Whitney_U_test
https://de.mathworks.com/help/stats/ranksum.html
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4.12.1 Exercises

Exercise 218. (Redo the Example..4.12 using Octave)
◦ Check the solution using ranksum function of statistics package of Octave.

octave:1> pkg load statistics

octave:2> x=[6, 15, 35, 35, 62, 73, 98, 112];

octave:3> y=[1, 4, 8, 17, 23, 34, 43];

octave:4> [p, h, stats] = ranksum(x, y)

ans : p = 0.050039 h = 0 stats = ranksum = 81

Exercise 219. (Redo the Example..4.12 using R)
◦ Check the solution using wilcox.test function of R.

R> X=c(6, 15, 35, 35, 62, 73, 98, 112)

R> Y=c(1, 4, 8, 17, 23, 34, 43)

R> wilcox.test(x = Y,y = X, alternative="two.sided",

paired=FALSE, exact = F)

Wilcoxon rank sum test with continuity correction

data: Y and X

W = 11, p-value = 0.05598

alternative hypothesis: true location shift is not equal to 0

Exercise 220. (two sorts of alloy, cf. Spiegel [17, p. 447, P454])
See the example in Spiegel w.r.t. two sorts of alloy

A1 = (18.3, 16.4, 22.7, 17.8, 18.9, 25.3, 16.1, 24.2)

A2 = (12.6, 14.1, 20.5, 10.7, 15.9, 19.6, 12.9, 15.2, 11.8, 14.7)

Do a U -test to check if A1 and A2 come from the same population.
Result: reject Ho at the 0.05 level.
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4.13 Pearson’s Chi-squared test & Contingency Tables

Many experimental results can be represented in the form of so called ’four-field tables ’ or
multi-field tables, also called contingency tables. The tests developed for this purpose do
not require any specific parameters of the populations, they are therefore non-parametric
test procedures. A very popular test is the chi-square test for four-field tables.

Mental image

Figure 38:
Visualization of Four-field Table for am experimental outcome.
•: experiment outcome as frequency table T =

(
a b
c d

)
=
(
17 122
31 109

)
.

Procedure Pearson’s independence test

a b
c d

1. Assumptions The frequencies of the dichotomous characteristics A and B are
counted on n = a+ b+ c+ d subjects forming a random sample; the observations are
made independently.

2. Null hypothesis H0 : the characteristics A and B are independent (two-sided)

3. Test statistics

χ2 :=
n · (ad− bc)2

(a+ b)(c+ d)(a+ c)(b+ d)
is approximately χ2

1 distributed.

4. Decision Reject H0, if χ2 > χ2
1;1−α/2 .

▷ U-test

https://chem.pg.edu.pl/documents/175361/28234418/U.pdf
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Example Does vitamin C help against colds?

We do the example in [7, p.153, 160]. Studies by the physician G. Ritzel from 1961, who
tested the influence of vitamin C on cold prophylaxis on skier in a double-blind, randomized
experiment, was given in the following four-field table.

cold no cold
C 17 122
placebo 31 109

Test the null hypothesis Pr[cold] = Pr[no cold] for a 5% probability of significance.

Solution

1. n = 279.

2. test statistic χ = 4.1407.

3. the p-value 1− χ(0.05; 1) = 0.0418.

4. Because p = 0.042 < 0.05 = α, accept H0.

◦ Solution and explanation of this example with Maxima :

| chisqTest(17,122, 31,109);

Solution: step-by-step, example.4.13.1
Solution: automatic, example.4.13.2

General information

General mathematical information about the concept is here ▷ Contingency table
Syntax and semantic of the implementation is here ▷Matlab : crosstab

https://net124.reltub.ca/yamwi/index.php?c=uj04hvaryk2js5cef0cuw&n=5&mode=4&max=
https://net124.reltub.ca/yamwi/index.php?c=mqdg0o60s5wjzhpa1tg64&n=7&mode=4&max=-
https://en.wikipedia.org/wiki/Contingency_table
https://de.mathworks.com/help/stats/crosstab.html
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4.13.1 Exercises

Exercise 221. (red-green color blindness, cf. [7, p.161])
In a red-green color blindness study, the following four-field table was obtained.

male female

normal :[8324 9031]

red-green-blind :[ 725 40]

Check via a chi-squared test statistic for the dependence of blindness on gender.
DECISION: The χ2 test statistic is 640.3.
The associated p-value p of the χ2 distribution is 1.

With a 5color blindness of the gender can just be rejected.

Exercise 222. (Example from MatLab, cf. signtest)
Do the example from the MATLAB documentation in Maximausing the data from section
’Medians of Paired Samples’.
a. Test the hypothesis of zero median for the difference between the two paired samples
using the exact methods.
b. z-Statistic: For a large sample, signtest uses the z-statistic to approximate the p-value.
Program the z-statistic in Maxima.
c. Check the z-statistic for the data of a.

Exercise 223. (check with R)
Check the solution of the example 4.13 using chisq.test function of R.

# Step 1: Creating a contingency table

R> data <- matrix(c(17, 122, 31, 109), nrow = 2)

# Step 2: Applying the chi-square test function

> chisq.test(data)

Pearson’s Chi-squared test with Yates’ continuity correction

data: data

X-squared = 4.1407, df = 1, p-value = 0.04186

or if one only wants the p- value

######## Check with R

R> x <- matrix(c(17, 122, 31, 109), ncol = 2)

> chisq.test(x)$p.value

[1] 0.04186438

https://de.mathworks.com/help/stats/signtest.html


4 TEST STATISTICS 133

4.14 Fisher test

The Fisher test is used for 2× 2 contingency tables where the total frequency is less than
or equal to 40. This test is also called the exact Fisher test because it calculates the exact
probability according to the hypergeometric distribution.

Mental image

height age of 31 US presidents
small (X) 67,79,80,85,90
tall (Y) 53,56,60,60,63,63,64,64,65,66,67,67,68,

70,71,71,72,73,73,74,77,78,78,83,88,90

Sample ≥ x̃ < x̃
X 1 4
Y 14 12

X = sample of small US presidents
Y = sample of tall US presidents
x̃: median of the total sample X ∪ Y is 70.

Figure 39:
Motivation for exact Fisher test w.r.t. the natural death year be-
fore/after median. Is the death independent of age and height?

Procedure Fisher’s independence test

1. Assumptions The frequencies of the dichotomous characteristics A and B are
counted on n := a + b + c + d subjects forming a random sample; the observations
are made independently.

2. Null hypothesis H0 : the characteristics A and B are independent (two-sided)

3. Test statistics given the corner distribution

sum
a b a+b
c d c+d
a+c b+d n

, the test statistics

P is

P :=

min(a+b,a+c)∑
x=0

(
a+c
x

)
·
(

b+d
a+b−x

)(
n

a+b

) =
(a+ b)! · (c+ d)! · (a+ c)! · (b+ d)!

n! · a! · b! · c! · d!

4. Decision Reject H0, if P < hypINV(α/2) or P > hypINV(1− α/2).
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Example Is natural death year independent of age and height?

We do the example in [7, p.163, 160]. There was a random sample of 31 US presidents
drawn, who died of natural causes. The whole sample was divided in tall (X) and small
(Y) persons:

age at year of death
tall: 67 79 80 85 90

small: 53 56 60 60 63 63 64 64 65 66 67 67 68

70 71 71 72 73 73 74 77 78 78 83 88 90

Is the death independent of age and height?

Solution

1. To solve this, both sets of data are combined into a single sample and it is counted
how many elements in the sample are above or below the median x̃ = 70. This yields
the following contingency table:

Sample ≥ x̃ < x̃
X 1 4
Y 14 12

2. Ho: the death is independent of age and height

3. n = 31.

4. median(X ∪ Y ) =: x̃ = 70.

5. test statistic p = 0.1864 (p-value)

6. Because p = 0.1864 > 0.05 = α, reject H0. So the Fisher test tells us that there is
no statistically significant difference in the association of height and age w.r.t. the
natural death.

◦ Solution and explanation of this example with Maxima :

| fishertest(1,4, 14,12, 0.05);

Solution: step-by-step, example.4.14.1
Solution: automatic, example.4.14.2

General information
General mathematical information about the concept ▷ WikipediA : Fisher exact test
Syntax and semantic of the implementation is here ▷Matlab : fishertest

https://net124.reltub.ca/yamwi/index.php?c=1zbawrl3ka2az4h5wdpej&n=11&mode=2&max=_-
https://net124.reltub.ca/yamwi/index.php?c=snq6lqg1prlgw1rigpwlp&n=13&mode=4&max=_-
https://en.wikipedia.org/wiki/Fisher_exact_test
https://de.mathworks.com/help/stats/fishertest.html
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4.14.1 Exercises

Exercise 224. (vitamin C, cf. [7, p.154])
Redo the example 4.13 with the Fisher test.

Cold notCold

Vitamin C:[17 122] a+b 139

Placebo :[31 109] c+d 140

48 231

a+c b+d

fishertest(17,122, 31,109, 0.05);

Exercise 225. (woman exampe, cf. the exact test in woman)
Do the ’woman’ example in wikipedia.

Exercise 226. (students example, cf. students)
Do the ’students’ example in WikiPediA.

Exercise 227. (cancer example in cancer)
Do the ’cancer’ example in WikiPediA.

Exercise 228. (two formulas)
Calculate P for the following four-fields-table.

Men Women Row Total

Studying 0 10 : 10 a=0 b=10

Non-studying 12 2 : 14 c=12 d=2

.................

Column Total 12 12 : 24

Exercise 229. (check with R)
Check the solution of the example 4.14 using fisher.test function of R.

R> fisher.test(rbind(c(1,4),c(14,12)), alternative="less")$p.value

[1] 0.1863799

R> fisher.test(rbind(c(1,4),c(14,12)))$p.value

# default alternative="both.sided"

[1] 0.3325918

https://en.wikipedia.org/wiki/Fisher
https://de.wikipedia.org/wiki/Exakter_Test_nach_Fisher 
https://de.wikipedia.org/wiki/Exakter_Test_nach_Fisher 
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4.15 McNemar test

McNemar’s test is a non-parametric test used to analyze paired nominal data. It is a
test on a 2×2 contingency table and checks the marginal homogeneity of two dichotomous
variables. The test requires one nominal variable with two categories (dichotomous) and
one independent variable with two dependent groups, cf. google ▷ McNemar test

Mental image

Figure 40:

Visualization of McNemar test: first split the outcome ’solved vs. not
solved’ w.r.t. the groups A an B.
Left: experiment outcome as frequency table

(
a′ b′

c′ d′

)
=
(
83 74
17 26

)
.

Right: experiment rearranged as new frequency table
(
a b
c d

)
=
(
63 20
11 6

)
.

⇒: McNemar needs ’splitted’ table [A\B], not ’summary’ table [A|B].

Procedure McNemar’s test

1. Assumptions The frequencies of the dichotomous characteristics A and B are
counted on n := a + b + c + d subjects forming a random sample; the observations
are made independently.

2. Null hypothesis H0 : the characteristics A and B are equal distributed. (two-
sided)

3. Test statistics given the ’splitted ’ frequency table
A

. . . B + -
+ a b
- c d

with n > 40, the test statistics

χ :=
(b− c)2

b+ c
is approximately χ2

1 distributed.

Remark: for b+ c < 40 the Yates correction χ := (|b−c|−1)2

b+c
is used.

4. Decision Reject H0, if χ > chiINV(1; 1− α).
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Example Survey of tea and coffee drinking

We do the example of S. Mangiafico ▷ McNemar test. Consider a survey of tea and
coffee drinking, in which each respondent is asked both if they drink coffee, and if they
drink tea. Is coffee more popular than tea? That is, is it more common for someone to
drink coffee and not tea than to drink tea and not coffee?

Tea

Coffee Yes No

Yes 37 17

No 9 25

Solution

1. a = 37, b = 17, c = 9, d = 25.

2. n = 88.

3. χ = 1.8846.

4. p-value p = 0.1698

5. Because p = 0.1698 > 0.05 = α, we reject H0.

◦ Solution and explanation of this example with Maxima :

| mcnemarTest(37,17, 9,25, "corrected")

Remark. Neither coffee nor tea is more popular, specifically because neither the 9 nor the
17 in the table are large relative to the other.
Ho = 0 means ’reject Ho’.

Solution: step-by-step, example.4.15.1
Solution: automatic, example.4.15.2

General information

General mathematical information is here ▷ WikipediA/GE : McNemar’s test
Syntax and semantic of the implementation is here ▷R : mcnemar.test

https://rcompanion.org/handbook/H_05.html
https://net124.reltub.ca/yamwi/index.php?c=yf04q44tkmbpumkqa5lam&n=10&mode=4&max=--
https://net124.reltub.ca/yamwi/index.php?c=zwajh6gugwjwh6t3gl20d&n=17&mode=4&max=--
https://de.wikipedia.org/wiki/McNemar-Test
https://www.rdocumentation.org/packages/stats/versions/3.6.2/topics/mcnemar.test
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4.15.1 Exercises

Exercise 230. (’disease’ example in wikipedia)
Do the ’disease’ example in wikipedia disease

Exercise 231. (students example in wiki)
Do the example in wikipedia/GE studs

Exercise 232. (Presidents performance)
Redo the Agresti example in R-manual with Maxima : agresti

Exercise 233. (Excel example in real-statistics)
Do the example in real-statistics/EXCEL with Maxima: real.stats

Exercise 234. (McNemar test for Fig.40)
Do a McNemar test for the values of fig.40.

Remark. 1. See the implementation of mcnemarTest in McNemar.
2. The smaller the value of p, the greater the evidence for rejecting the null hypothesis.
3. ibid.: Python code excerpt

chi2_statistic = (abs(n_min - n_max) - corr) ** 2 / (n_min + n_max)

pvalue = chi2.sf(chi2_statistic, 1)

(!) This pvalue is not in coincidence with R, see below.

Exercise 235. (check example.4.15 with R)
Check the solution of the example 4.15 using mcnemar.test function of R.

R> Matrix = as.matrix(read.table(header=TRUE, row.names=1,

text=" Coffee Yes No Yes 37 17 No 9 25"))

R> mcnemar.test(Matrix)

McNemar’s Chi-squared test with continuity correction

McNemar’s chi-squared = 1.8846, df = 1, p-value = 0.1698

https://en.wikipedia.org/wiki/McNemar%27s_test
https://de.wikipedia.org/wiki/McNemar-Test
https://stat.ethz.ch/R-manual/R-devel/library/stats/html/mcnemar.test.html
https://real-statistics.com/non-parametric-tests/mcnemars-test/
https://en.wikipedia.org/wiki/McNemar's_test
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5 Correlation and Bootstrap

We collect the well known measures of correlation using Maxima. We translate the math-
ematical definitions in Maxima code and demonstrate exemplary calls and show examples.

5.1 Pearson’s ρ Correlation coefficient

The correlation coefficient ρ of two random variables X and Y is a measure of their linear
dependence. If each variable has n scalar observations, then the Pearson correlation
coefficient ρ is defined as cov(X,Y )

σX ·σY
.

Mental image

Figure 41:

Visualization of Pearson’s correlation coefficient ρ: 6 typical cases.
row1: from strong negative correlation (’-0.9’) until no correlation (’0’).
row2: from mean positive correlation (’+0.5’) until strong positive cor-
relation (’+1’).

Procedure Pearson’s correlation coefficient for linear correlated samples

1. Assumptions two independent random samplesX = (x1, . . . , xn) and Y = (y1, . . . , yn)
with means X̄ resp. Ȳ

2. correlation ρ coefficient is given by

ρ(X, Y ) :=

n∑
i=1

(xi − X̄) · (yi − Ȳ )√
n∑

i=1

(xi − X̄) ·
√

n∑
i=1

(yi − Ȳ )

=
cov(X, Y )

σX · σY

Remark: for n < 30 the Olkin–Pratt correction ρ := ρ · (1 + (1−ρ)2

2n−6
) is used.
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Example Height and weight of 12 persons

We do the example of Z. Bobbitt from statology/pearson. The dataset below shows the
height and weight of 12 individuals. The scatterplot of this dataset depicts the values of
these two variables. Verify: The Pearson correlation coefficient for these two variables
is ρ = 0.836.

Solution by hand using ρ-formula.

1. X̄ = 67.33 and
Ȳ = 167.25.

2. cov(X, Y ) = 916.

3. σX = 174.67 and
σY = 6874.25.

4. ρ = cov(X,Y )
σX ·σY

=
0.836. Positive corre-
lation: As X variable
increases, the Y tends
to increase as well.

◦ Solution and explanation of this example with Maxima

| X : [60,65,72,70,74,63,66,68,67,69,70,64]$
| Y : [120,140,180,184,190,160,155,158,170,190,210,150]$
| corrcoef(X,Y); | 0.8359

Solution: step-by-step, example.5.1.1
Solution: automatic, example.5.1.2

General Information

General mathematical information is here ▷ WikipediA : Pearson corrcoef
Syntax and semantic of the implementation is here ▷MatLAB : corrcoef

https://www.statology.org/pearson-correlation-coefficient/
https://net124.reltub.ca/yamwi/index.php?c=x5tc2rtych56vu01xyjmz&n=24&mode=4&max=-
https://net124.reltub.ca/yamwi/index.php?c=zba3hqochykm0os0o1uwk&n=35&mode=4&max=--
https://en.wikipedia.org/wiki/Pearson_correlation_coefficient
https://de.mathworks.com/help/matlab/ref/corrcoef.html
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5.1.1 Exercises

Exercise 236. (daily calorie intake, cf. [22, p.125])
Use data from Zoefel:

X=(3113, 3216, 3495, 2021, 1916, 2375, 2751, 2288, 1932, 2166, 2217,

3482, 2036, 2581, 2639)

Y=(68, 74,73,53,59,60,57,47, 46, 50,55, 74,41,71, 67)

In a study of 15 randomly selected countries, using the variables ’daily calorie intake’ X
and ’life expectancy’ Y of men, is their a positive correlation between calorie intake and
life expectancy?
Hint : the test t statistics is

n = length(X)

r = corrcoef(X,Y)

t = abs(r) * sqrt(n-2)/sqrt(1 - r^2)

Exercise 237. (another check)
Verify that the corrcoef of X = (1, 3, 4, 6, 8, 9, 11, 14) and Y = (1, 2, 4, 4, 5, 7, 8, 9) is 0.977.

Exercise 238. (Check Spiegel example 14.12, cf. [17, p.361])
We have X = (20, 5, 8, 10, 13, 7, 13, 5, 25, 14)
and Y = (2.35, 3.8, 3.5, 2.75, 3.25, 3.4, 2.9, 3.5, 2.25, 2.75)
with r = 0.9097.

Exercise 239. (example 4.15 with R and Octave)
◦ Check the solution of the example 4.15 using cor function of R.

R> X = c(60,65,72,70,74,63,66,68,67,69,70,64)

> Y = c(120,140,180,184,190,160,155,158,170,190,210,150)

> cor(X, Y, method = ’pearson’)

[1] 0.8359452

◦ Check the solution using corrcoef() function of Octave:

octave:1> X = [60,65,72,70,74,63,66,68,67,69,70,64];

octave:2> Y = [120,140,180,184,190,160,155,158,170,190,210,150];

octave:3> corrcoef(X,Y)

ans = 1.0000 0.8359

0.8359 1.0000

Remark : (MatLAB) For two input arguments, result is a 2-by-2 matrix with ones along
the diagonal and the correlation coefficients along the off-diagonal.
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5.2 Spearman’s ρS rank correlation coefficient

Spearman ’s rank correlation coefficient ρS is a number ranging from−1 to 1 that indicates
how strongly two sets of ranks(!) are correlated. The difference between the Pearson
correlation ρ and the Spearman ρS correlation is that the Pearson is most appropriate
for measurements taken from an interval scale, while the Spearman is more appropriate
for measurements taken from ordinal scales.

Mental image

Figure 42:

Visualization of Spearman ’s rank coeff. ρS of two samples X and Y
Left: For roughly elliptically distributed data with no prominent out-
liers, Spearman’s ρS and Pearson’s ρ correlation give similar values.
Right: The Spearman correlation is less sensitive than Pearson’s to
strong outliers, because ρS limits the outlier to the value of its rank.
Figures and comments are cited from ▷ WikipediA : Spearman’s ..

Procedure Spearman’s rank correlation coefficient

1. Assumptions two independent random samplesX = (x1, . . . , xn) and Y = (y1, . . . , yn)

2. correlation ρS rank coefficient by Spearman is given by

ρS(X, Y ) :=
cov(cX, cY )

σcX · σcY

where cX resp. cY are the ranks of X and Y corresponding to their sample values.

Remark. If X and Y have no ’ties’, then on uses the simpler formula

ρS := 1− 6 ·
∑n

i=1 d
2
i

n · (n2 − 1)

where di := Rank(xi)−Rank(yi).

https://en.wikipedia.org/wiki/Spearmans_rank_correlation_coefficient
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Example Example from exceldemy

We do the example by R.R. Suprov in ▷ exceldemy with their data sets.
Calculate Spearman’s ρS in two ways using both formulas from above.

Solution along the columns of the ’rank’ table:

1. Rmath ≡ cX and Recon ≡ cY

2. cov(cX, cY ) = −3.45.

3. σcX = 2.8722 and
σcY = 2.8722.

4. ρS = cov(cX,cY )
σcX ·σcY

= −0.4181.

Negative correlation: As X vari-
able increases, the Y tends to de-
crease.

◦ Solution and explanation of this example with Maxima in ▷ Spearman.

| X : [70,78,90,87,84,86,91,74,83,85]$ -- math

| Y : [120,140,180,184,190,160,155,158,170,190,210,150]$ -- econ

| spearman(X,Y); | −0.4182

Solution: step-by-step, example: 5.2.1 - father vs son

Solution: automatic I, example.5.2.2
Solution: automatic II, example.5.2.3
Solution: automatic III using cov, example.5.2.4

General Information

General mathematical information about the concept is here ▷ WikipediA : spearman
Syntax and semantic of the implementation is here ▷Matlab : . . . spearman

https://www.exceldemy.com/calculate-spearman-correlation-in-excel/
https://lindnerdrwg.github.io/stats-52-spearman.html
https://net124.reltub.ca/yamwi/index.php?c=zetcdmgkbz1vwq3sybnir&n=45&mode=4&max=LyojIyBTUEVBUk1BTiByYW5rIGNvcnJlbGF0aW9uIHJobyAgIHdpdGggTWF4aW1hICAgIC0gQ2guIDUuMgogICMjICAgICAgYnkgRHIuIFcuRy4gTGluZG5lciwgTGVpY2hsaW5nZW4gREUsIDIwMiAgICovCgpkaW0oWCkgOj0gbGVuZ3RoKFgpJApTdW0oWCkgOj0gYXBwbHkoIisiLCBYKSQKCi8qLS0gSW4gdGhlc2Ugc2NyaXB0cyB3ZSBkZW1vbnN0cmF0ZSB0aGUgZGV0ZXJtaW5hdGlvbiBvZiBTcGVhcm1hbidzCiAgLS0gcmFuayBjb3JyZWxhdGlvbiBjb2VmZmljaWVudCByaG8gaW4gdGhyZWUgcGhhc2VzOgogIC0tICgxKSB3ZSBjYWxjdWxhdGUgcmhvIM_-
https://net124.reltub.ca/yamwi/index.php?c=4kjmrsivjpxpbgrcrn4ev&n=16&mode=2&max=-
https://net124.reltub.ca/yamwi/index.php?c=fiev156oaxgy36t2cnnwx&n=19&mode=2&max=--
https://net124.reltub.ca/yamwi/index.php?c=pflhrr12pu5neevhaetmv&n=32&mode=2&max=--
https://en.wikipedia.org/wiki/Spearmans_rank_correlation_coefficient
https://de.mathworks.com/help/stats/corr.html
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5.2.1 Exercises

Exercise 240. (redo example.5.2 using octave)
Check the following solution using spearman function of statistics package of Octave.

octave:1> pkg load statistics

octave:2> X = [70,78,90,87,84,86,91,74,83,85];

octave:3> Y = [90,94,79,86,84,83,88,92,76,75];

octave:4> spearman(X, Y)

ans = -0.4182

Exercise 241. (check the Father–Son–example using R)
Check the solution of the example using R.

R> Far = c(65,63,67,64,68,62,70,66,68,67,69,71)

R> Son = c(68,66,68,65,69,66,68,65,71,67,68,70)

R> cor.test(Far, Son, method = "spearman")

Spearman’s rank correlation rho

data: Far and Son

S = 74.285, p-value = 0.005903

alternative hypothesis: true rho is not equal to 0

sample estimates:

rho = 0.7402623

Exercise 242. (significance)
Use the FACT

The test for significance of Spearman’s ρS use the statistics

T =| ρS | ·
√
n− 2√
1− ρ2S

which is t-distributed with df = n− 2.

and do an t test for the significance of the ρS.

Result: T = 2.905
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5.3 Kendall’s τ rank correlation coefficient

Kendall’s τ is a non-parametric rank correlation coefficient that measures the similarity
between two rankings by assessing the number of concordant and discordant pairs. It
ranges from −1 to +1, where +1 indicates identical rankings, −1 indicates the reverse of
the other, and 0 indicates no relationship.Â quote ▷ Kendall.

Mental image

Figure 43:

Visualization of Kendall ’s rank corrcoeff τ of two samples X and Y .
All points in the gray area are concordant and all points in the white
area are discordant with respect to point (X1, Y1). With n = 30 points,
there are a total of

(
30
2

)
= 435 possible point pairs. In this example there

are 395 concordant point pairs and 40 discordant point pairs, leading to
a Kendall rank correlation coefficient of τ = 0.816.
Figures and comments are cited from ▷ WikipediA : Kendall’s ..

Procedure Kendall’s rank correlation coefficient τ

1. Assumptions two random samples X = (x1, . . . , xn) and Y = (y1, . . . , yn)

2. correlation τ rank coefficient by Kendall is calculated by these steps:

a. The data for each sample X and Y is first converted into ranks..

b. Then examine every possible pair of observations to determine if the ranks of
the pair are in the same order (’concordant ’) or a different order (’discordant ’).

c. The final value τ is based on the difference between the number C of concordant
pairs and the number D of discordant pairs:

τ :=
C −D

C +D

Positive correlation: As X variable increases, the Y tends also to increase.

https://en.wikipedia.org/wiki/Kendall_rank_correlation_coefficient
https://en.wikipedia.org/wiki/Kendall_rank_correlation_coefficient
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Example Example : two doctors rank 6 patients.

We do the example from ▷ numiqo. – Suppose two doctors rank 6 patients by descending
physical health. One of the two doctors, in this case the female, is now defined as the
reference (doc1) and the patients are sorted from 1 to 6.
Calculate Kendall’s τ iusing the formula from above.

Solution along the columns of the ’rank’ table in Maxima:

1st column ”-+-++” ↑ gives . . . . . . (p, q) = (3, 2) in row 2 of matrix.

1. Why p = 3? – Because below doc2 = 3 are 3 items greater than doc2 = 3 : 4, 6, 5.

2. Why q = 2? – Because below doc2 = 3 there are 2 items smaller than doc2 = 3 : 1, 2.

3. C := Σp = 3 + 3 + 2 + 2 + 1 = 11. D := Σq = 2 + 1 + 1 + 0 + 0 = 4.

4. τ = C−D
C+D

= 7
15

= 0.4666.

Positive correlation: As doc1 variable increases, the doc2 tends also to increase.

◦ Solution and explanation of this example with Maxima
| X : [1,2,3,4,5,6]$
| Y : [3,1,4,2,6,5]$
| kendall(X,Y)$

Solution: step-by-step, example.5.3.1
Solution: automatic, example.5.3.2

General Information
◦ General mathematical information about the concept is here ▷ WikipediA : Kendall
◦ Syntax and semantic of the implementation is here ▷Matlab : . . . corr()

https://numiqo.com/tutorial/kendalls-tau
https://net124.reltub.ca/yamwi/index.php?c=cwd1idfl04r1mty23bo0e&n=55&mode=4&max=_-
https://net124.reltub.ca/yamwi/index.php?c=b3vlwj000fmubzbakaor3&n=68&mode=4&max=__-
https://en.wikipedia.org/wiki/Kendall_rank_correlation_coefficient
https://de.mathworks.com/help/stats/corr.html
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5.3.1 Exercises

Exercise 243. (example.5.3.1 using R)
◦ Check the following solution using cor(..,"kendall") function of R.

R> X=c(1,2,3,4,5,6)

R> Y=c(3,1,4,2,6,5)

R> cor(X,Y, method="kendall")

[1] 0.4666667

Exercise 244. (league standings by [22, p.129ff])
The following table compares the league standings X of the clubs with their stadium sizes
Y . The aim is to check whether stadium size correlates with league position.

X = (1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18)

Y = (30,72,65,80,72,25,41,45,59,15,70,23,58,24,64,22,26,28) -- in 10^3

[We cite Zoefel, a.a.o.] According to Kendall, the first step is to write down the ranking
of the first variable X in ascending order and assign the other accordingly. In this context, one
speaks of an anchor row X and a comparison row Y . In the example, the league position already
noted in ascending order is the anchor row. The comparison row Y consists of the outermost
positions in terms of stadium size. It is that the largest stadium is assigned to rank no 1.

With a positive correlation, the comparison series is expected to rise in a similarly monotonic
manner as the anchor series. The number of disturbances (’inversion’ w.r.t to this monotonicity)
represents a progression for the strength of the correlation, since such a disturbance occurs when
a lower ranking follows a higher ranking in the comparison series. E.g. this happens ten times for
the club in first place and three times for the club in third place.

The number of inversions is entered in the column labeled I, the number of proversions is entered
in the column labeled P , meaning that in the comparison series, a single-place entry follows –
the higher one.

Now the sums of I and P are calculated and this gives the Kendall τ as τ :=
∑

P −
∑

I

a. Follow the algorithm by hand – but Maxima is your friend.
b. Make a ’video’ a la example.5.3.1.
c. Verify

τ =
99− 53

99 + 53
d. Verify using R: cor(X,Y, method="kendall") gives [1] -0.301641.

Exercise 245. (significance of Kendall-τ)
Use the FACT

The test for significance of Kendall τ use the statistics

Z =| τ |

√
2 · (2 · n+ 5)

9 · n · (n− 1)

which is std.normal-distributed.

and do an F test for the significance of the τ .
Solution should be 1.74 for the Zoefel example.
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5.4 ICC - Intraclass Correlation Coefficient

The intraclass correlation coefficient ICC is a descriptive statistic that measures how
strongly units within the same group are similar to each other. It is used for quanti-
tative measurements organized into groups and is often used to assess agreement between
multiple raters or measurements, with a value between 0 (no agreement) and 1 (perfect
agreement). An ICC helps determine reliability, like in cases where two raters evaluate the
same set of patients or a single rater measures the same subjects multiple times. ▷ Google

Mental image

Figure 44:

Visualization of intraclass correlation coefficient icc.
Left: Suppose we have 6 providers, each with 3 eligible participants for a
pragmatic cluster-randomized trial. The outcome is patient satisfaction
rated on a scale from 1 to 10 with an outcome distribution as shown.
Right: Here no patient provides a satisfaction score above 5, the overall
variability of the data is lower than in the left figure, and there is much
lower between-provider variability in these data. Here, the ICC is lower
because the outcomes across different clusters are not likely to be differ-
ent from each other. – Figures and comments are cited from ▷ NIH : ICC sheet

Procedure icc correlation coefficient

1. Assumptions k correlating variables in n cases with observation matrixX = (xij)
j=1..n
i=1..k

2. correlation icc coefficient is given by

icc(X) :=
MQrow −MQrest

MQrow + (k − 1) ·MQrest

where we use the following 9 terms

Tj :=
∑k

i=1 xij S :=
∑k

j=1 Tj SAQtotal :=
∑k

i=1

∑n
j=1 x

2
ij − S2

k·n
SAQrow := 1

k ·
∑n

j=1 T
2
j − S2

k·n dfrow := n− 1 MQrow := SAQrow

dfrow

SAQrest := SAQtotal − SAQrow dfrest := n · (k − 1) MQrest :=
SAQrest

dfrest

https://dcricollab.dcri.duke.edu/sites/NIHKR/KR/Intraclass_Correlation_Coefficient_Cheat_Sheet_March_15_2020.pdf
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Example Example and text from Zoefel[22, p.133 ff]
Fourteen women were asked about their weight; the given answers were then compared to
the actual measured weight. The measured values yield a mean of 57.6 kg, while the mean
of the estimated values is 54.6 kg. The actual weight values are therefore significantly
underestimated. The icc attempts to combine both aspects, the correlation and the
differences in the means, into a single measure. icc only achieves high values, when both
the direction and the levels of the variables involved match. We have the data

X =

(
48 48 50 50 52 58 63 56 48 63 58 58 52 60
51 50 50 52 53 63 70 70 49 63 59 58 56 62

)
weight estimated

weight measured

Calculate the icc of X using the formulas from above.

Solution along the 9 constituting terms of the icc:

1. k = 2 and n = 14 and T1 = 99, T2 = 98, . . . and S = 1570.

2. SAQtotal = 1131.9.

3. SAQrow = 976.9 and dfrow = 13 and MQrow = 75.1.

4. SAQrest = 155 and dfrest = 14 and MQrest = 11.07.

5. icc(X) = 0.743.

◦ Solution and explanation of this example with Maxima :

| X : [48,48,50,50,52,58,63,56,48,63,58,58,52,60]$
| Y : [51,50,50,52,53,63,70,70,49,63,59,58,56,62]$
| icc(X,Y); | 0.743

Solution: step-by-step, example.5.4.1
Solution: automatic, example.5.4.2

General Information
General mathematical information about the concept ▷ WikipediA : ICC
Syntax and semantic of the implementation ▷R : icc

https://net124.reltub.ca/yamwi/index.php?c=xhj0w5kkc0zqisznxnjtv&n=10&mode=2&max=--
https://net124.reltub.ca/yamwi/index.php?c=ri1vwi2vazbf63tmvql5s&n=17&mode=2&max=-
https://en.wikipedia.org/wiki/Intraclass_correlation
https://www.rdocumentation.org/packages/sjstats/versions/0.17.3/topics/icc
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5.4.1 Exercises

Exercise 246. (early ICC after Pearson/Fisher)
Program the ’early ICC formula’ ▷ iccOld in Maxima and solve our example.5.4 with it.
Compare both solutions.
You may use the following pseudocode:

### ---------------------- ICCp -------------------------

### iccP(X,Y)

### method = Intraclass Correlation after PEARSON/FISHER

### ........................................................

iccP(X,Y, Z,T,S,n) = do(

n = dim(X),

Xbar = 1/(2*n)*sum(i,1,n, X[i]+Y[i]),

sigma2 = 1/(2*n)*( sum(i,1,n, (X[i]-Xbar)^2) +

sum(i,1,n, (Y[i]-Xbar)^2) ),

r = 1/(n*sigma2)*sum(i,1,n, (X[i]-Xbar)*(Y[i]-Xbar)),

float(r))

Exercise 247. (significance of ICC)
Use the fact, that the test for significance of ICC use the statistics

F = MQrow/MQrest

which is F -distributed with (n− 1;n · (k − 1)) degrees of freedom.
Do an F test for the significance of the ICC of example.5.4.

Exercise 248. (Check example.5.4 with R)
Check the solution of example.5.4 using package icc of R.

R> install.packages(’irr’)

R> library(’irr’)

R> data <- data.frame( X = c(48,48,50,50,52,58,63,56,48,63,58,58,52,60),

Y = c(51,50,50,52,53,63,70,70,49,63,59,58,56,62))

R> icc(data, model = "oneway", type = "agreement", unit = "single")

Single Score Intraclass Correlation

Model: oneway Type : agreement

Subjects = 14 Raters = 2

ICC(1) = 0.743

F-Test, H0: r0 = 0 ; H1: r0 > 0; F(13,14) = 6.79 , p = 0.00053

95%-Confidence Interval for ICC Population Values: 0.385 < ICC < 0.909

https://en.wikipedia.org/wiki/Intraclass_correlation


5 CORRELATION AND BOOTSTRAP 151

5.5 regression - the linear regression line

Simple Linear regression models the relation between a dependent, or response, variable
y and an independent, or predictor, variable x and considers the independent variable
using the relation y = ax + b, where b is the y-intercept, and a is the slope (or regression
coefficient), i.e. there is a linear relation between x and y (x ∼ y).

Mental image

Figure 45:

Visualization of linear regression (line):
electrical resistance of a conductor as a function of temperature.
–: regression line y = 0.28 · x+ 70.8 of the measurement X 7→ Y with
◦: (19, 25, 30, 36, 40, 45, 50) 7→ (76.3, 77.8, 79.8, 80.8, 82.4, 83.9, 85.1).

Procedure linear regression line y = ax+ b

1. Assumptions a 2-dimensional sample (X, Y ) with a linear connection yi ≈ a ·xi+b.

2. regression line coefficients a and b are calculated by

a :=

n∑
i=1

(xi − X̄) · (yi − Ȳ )

n∑
i=1

(xi − X̄)2

b :=
1

n
· (Ȳ − a · X̄)

where X̄ resp. Ȳ are the mean values of X = (x1, ..., xn) resp. Y = (y1, ..., yn).
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Example electrical resistance of a conductor as a function of temperature

We do the example of figure.44, cf. [7, p.193]. We have the electrical resistance (Y ) of a
conductor as a function of temperature (X):

Temperature: 19 25 30 36 40 45 50

Resistance: 76.3 77.8 79.8 80.8 82.4 83.9 85.1

Calculate the equation y = ax+ b form the measurement.

Solution

1. n = 7.

2. meanX = 35 and meanY = 80.87.

3. numerator of a = cov(X, Y ) = 210.5

4. denumerator of a = Σ(X −meanX)2 = 732

5. a = numerator
denumerator

= 0.287

6. b = 70.80

◦ Solution and explanation of this example with Maxima in

| X : [19,25,30,36,40,45,50]$
| Y : [76.3, 77.8, 79.8, 80.8, 82.4, 83.9, 85.1]$
| regression(X,Y);

Solution: step-by-step, example.5.5.1
Solution: automatic, example.5.5.2

General Information

General mathematical information is here ▷ WikipediA : Linear regression
Syntax and semantic of the implementation is here ▷R : lm

https://net124.reltub.ca/yamwi/index.php?c=itrpw5q6tslzufzauj056&n=22&mode=2&max=-
https://net124.reltub.ca/yamwi/index.php?c=vu1vzjbofl3v3j4r2epdj&n=28&mode=4&max=
https://en.wikipedia.org/wiki/Linear_regression
https://www.rdocumentation.org/packages/stats/versions/3.6.2/topics/lm
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5.5.1 Exercises

Exercise 249. (example from [17, p.361, P 14.12])
Is there a connection between grade point average (GPA) and hours of TV watched per
week. There is a sample of 10 hight school studs:

TVhours = (20,5,8,10,13,7,13,5,25,14)

GPA = (2.35, 3.8, 3.5, 2.75, 3.25, 3.4, 2.9, 3.5, 2.25, 2.75)

Result: The variable TVhours and GPA are negatively correlated. i.e. as more hours of
TV are watched, the lower is the GPA :(

Exercise 250. (check example.5.5 with R)
Check the solution using lm function of R:

R> temperature <- c(19,25,30,36,40,45,50)

R> resistance <- c(76.3, 77.8, 79.8, 80.8, 82.4, 83.9, 85.1)

R> lm(resistance ~ temperature)

R> plot(temperature, resistance)+abline(lm(resistance ~ temperature))

Call:

lm(formula = resistance ~ temperature)

Coefficients:

(Intercept) temperature

70.8065 0.2876



5 CORRELATION AND BOOTSTRAP 154

5.6 anova1 - One-way Analysis Of Variance

One-way ANOVA is a statistical test used to compare the means of three or more inde-
pendent groups to determine if there is a statistically significant difference between them.
It works by partitioning the total variability in the data into two sources: the variability
between the groups and the variability within the groups. If the variability between groups
is large compared to the variability within groups, it suggests that the group means are
significantly different.

Mental image

Figure 46:

Visualization of One-way Analysis Of Variance test of three groups.
A: A solid black square ”□” is suggested as a general representative
value such as mean of overall data.
B: It looks reasonable to divide the data into three groups and explain
the data with three different means of groups: •, ⋆, △.
C: To evaluate the efficiency or validity of dividing three groups, the
distances from group means to overall mean and the distances from
group means to each data are compared. Distance between group means
and overall mean (solid arrows) stands for the inter-group variance and
distance between group means and each group data (dotted arrows)
stands for the intra-group variances. – Figures and comments are cited from

T.K. Kim ▷ NIH : ANOVA

Procedure One-way Analysis Of Variance

1. Assumptions a data matrix (’table’) X = [xij]
i=1..a
j=1..b, where xij denotes the observa-

tion no. j in group i. The rows of the data matrix are the ’treatments’.

2. Null hypothesis H0 : the variances of all groups are equal (two-sided)

3. Test statistics anova1(X) is F -distributed with df1 = a − 1 and df2 = a · (b − 1)
degrees of freedom and is given by

F :=
MSB

MSW

= anova1(X)

https://pmc.ncbi.nlm.nih.gov/articles/PMC5296382/
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where we use the following ’ANOVA1 table’ to calculate F

calculate from left to right: Variation df Mean square F

Between treatments VB := 1
b
·
∑

j T
2
j − T 2

ab
a− 1 MSB := VB

a−1
F := SSB

SSW

Within treatments VW := V − VB a · (b− 1) MSW := VW

a(b−1)

Total treatments V :=
∑

j,k x
2
jk − T 2

ab
ab− 1 ANOVA1

and the helper terms T :=
∑

i,j xij = the total sum of all values in X
and Tj :=

∑a
i=1 xij = the total sum of all values in the jth treatment (row) of X.

4. Decision Reject H0, if χ > chiINV(1; 1− α).

Example Yields in bushels per acre

We do the example 16.4 of M. Spiegel [17, p.415]. The table shows the yields in bushels
per acre of a certain variety of wheat grown in a particular type of soil treated with
chemicals A,B and C. Do an ANOVA1 analysis of the treatments.

A: 3 4 5 4

B: 2 4 3 3

C: 4 6 5 5

◦ Solution and explanation of this example with Maxima :

| X : [[3,4,5,4],[2,4,3,3],[4,6,5,5]]$
| anova1(X);

Solution: step-by-step, example.5.6.1
Solution: automatic, example.5.6.2

General Information
◦General mathematical information is here ▷WikipediA : One-way analysis of variance
◦ Syntax and semantic of the implementation is here ▷MatLAB : anova1

https://net124.reltub.ca/yamwi/index.php?c=00gwmslse0onidzi2imdi&n=41&mode=4&max=
https://net124.reltub.ca/yamwi/index.php?c=vajrlc4ngz2kwo26zrdpq&n=49&mode=4&max=
https://en.wikipedia.org/wiki/One-way_analysis_of_variance
https://de.mathworks.com/help/stats/anova1.html
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5.6.1 Exercises

Exercise 251. (mineral water company, cf. [22, p.179])
A mineral water company claims that its mineral water lowers cholesterol levels. Eight
test subjects drank this water for three weeks. The values at the beginning of the trial, as
well as after one week, two weeks, and three weeks, are included in the following table.

A =(267,248,321,272,355,264,270,252) -- values at begin of test

W1 =(238,232,307,295,348,260,266,249) -- after 1 week

W2 =(191,246,295,270,330,262,295,220) -- after 2 weeks

W3 =(206,207,282,269,275,281,263,219) -- after 3 weeks

The aim is to determine whether these mean values differ significantly from one another,
i.e., whether the mineral water actually has a significant effect on cholesterol levels. These
are dependent samples.
Result: According to the F-table, this is a significant value at (3, 21) degrees of freedom
(p < 0.05). Therefore, a significant decrease in cholesterol levels is observed over the time
period.

Exercise 252. (blood pressure from numiqo, cf. anova)
Do the example in numiqo.

Exercise 253. (salaries of people from excel-easy, cf. salary)
Do the example in excel-easy.

Exercise 254. (Example from statsdirect, cf. statsdirect)
Do the example in www.statsdirect.com: analysis of variance/one way.

Exercise 255. (Example from geeksforgeeks, cf. anova1)
Do the example in geeksforgeeks.org.

Exercise 256. (Example from kent.edu, cf. signtest)
Do the example in kent.edu : SPSS/OneWayANOVA.

Exercise 257. (Example from statsandr.com, cf. anova-by-hand)
Do the example in statsandr.com: how-to-one-way-anova-by-hand.

Exercise 258. (check with R)
Check the solution of the example.5.6 using using anova1 function of octave.

octave:1> pkg load statistics

octave:2> X=[3,4,5,4; 2,4,3,3; 4,6,5,5]

octave:3> anova1(X)

ANOVA Table

Source SS df MS F Prob>F

------------------------------------------------------

Groups 8.0000 2 4.0000 6.00 0.0221 = p value

Error 6.0000 9 0.6667

Total 14.0000 11

https://numiqo.com/tutorial/one-factorial-anova
https://www.excel-easy.com/examples/anova.html#google_vignette
https://www.statsdirect.com/help/analysis_of_variance/one_way.htm?Highlight=One%20Way%20Analysis%20of%20Variance
https://www.geeksforgeeks.org/machine-learning/one-way-anova/
https://libguides.library.kent.edu/SPSS/OneWayANOVA
https://statsandr.com/blog/how-to-one-way-anova-by-hand/
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5.7 boot1 - the bootstrap method for dependent samples

The purpose of bootstrapping in statistics is to estimate the sampling distribution of a
statistic by repeatedly resampling from the original data. This allows statisticians to
perform hypothesis testing, calculate standard errors, and construct confidence intervals
without needing to make strong assumptions about the underlying data distribution, a
task that can be complex or impossible with traditional methods.

Mental image

• •

Figure 47:

Visualization of bootstrap.
Left: From sample X = {4, 5, 4, 7, 2} with mean X̄ = 4.4 we draw a new
(’bootstrapped’) sample giving X ′ = {4, 2, 7, 5, 7} with mean X ′ = 5.
Middle: From the original sample X we draw (’resample’) a new sample
X ′′ = {4, 5, 5, 2, 2} mean X ′′ = 3.6
Right: From the original sample X we resample again a new sample
X ′′′ = {2, 4, 5, 4, 7} with mean X ′′′ = 4.4.
From the resamples, the statistic T (here: mean) is calculated with
T = mean(X ′, X ′′, X ′′′) = 4.33 to estimate the distribution of T .
▷ Figures are cited from ▷ G.J. Scott: The bootstrap

Procedure the bootstrap

1. Assumptions a data set (sample) X = (x1, . . . , xn)

2. bootstrap The bootstrap method is summarized by the following steps:

Choose a statistics T to be studied, e.g. T := mean.

a. Choose the number n of bootstrap samples to take.

b. For each bootstrap sample, draw a replacement sample Xi of the size n you
selected.

c. Calculate the statistics Ti for the samples Xi.

d. Find a summary statistic T (called a bootstrap statistic) for each of the n
samples Ti.

https://bookdown.org/jgscott/DSGI/the-bootstrap.html
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Example bootstrap the test statistic sd

We follow the toy example of Figure.47. Consider the sample X = {4, 5, 4, 7, 2}. Using the
bootstrap samples X1, X2, X3 from above, estimate the standard deviation of the bootstrap
distribution.

Solution We follow the recipe bootstrap.

1. Choose T = sd =

√∑
(X−X̄)2√

length(X)−1
with length(X) = 5.

2. n = 3

3. T1 := sd(X1) = 2.1213, T2 := sd(X2) = 1.5165, T3 := sd(X3) = 1.8165.

4. T = mean(T1, T2, T3) = mean(2.1213, 1.5165, 1.8165) = 1.8181

◦ Solution and explanation of this example with Maxima

| X : [4,5,4,7,2]$
| boot1(X,1000);

Solution: step-by-step, example.5.7.1
Solution: automatic, example.5.7.2

General Information

General mathematical information is here ▷ WikipediA : Bootstrapping
Syntax and semantic of the implementation is here ▷MatLAB : bootstrp

https://net124.reltub.ca/yamwi/index.php?c=prwxl3cc35ltut5g3bbyb&n=28&mode=4&max=-
https://net124.reltub.ca/yamwi/index.php?c=hpvbm6l4m0cbnzz0gsizl&n=33&mode=4&max=-
https://en.wikipedia.org/wiki/Bootstrapping_statistics)
https://de.mathworks.com/help/stats/bootstrp.html
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5.7.1 Exercises

Exercise 259. (Marihuana, cf. [7, p.205])

”From a given sample, any number of further samples can be drawn using random num-
bers. Compare the number of random samples that meet a given condition with the total
number of samples drawn. This allows a statement to be made about the significance level
of the test.”

The following sample of memory test scores after smoking a regular cigarette and a Mari-
juana cigarette is considered.

person: 1 2 3 4 5 6 7 8 9

cigar: -3 10 -3 3 4 -3 2 -1 -1

marih.: 5 -17 -7 -3 -7 -9 -6 1 -3

The related samples are combinatorially interpreted as follows: First, the memory perfor-
mances X after smoking a regular cigarette and Y after smoking a marijuana cigarette are
combined into a new sample of 18 elements.
In our example, after inputting a sample of size n, 1000 pairs of samples of size n/2 are
drawn, a counter counts the number of sample pairs whose sums S resp. T satisfy the
condition |T − S| >= |D| where D :=

∑
(Xi− Y i).

Use the pseudocode to program a adapted bootstrap method

...

z = 0, -- counter

n = dim(X), -- number of samples

k = n/2,

...

D = abs(sum(T-S)),

test(abs(T[j]-S[j]>D), z=z+1) ),

estT = mean(T), -- bootstrap sample means

estS = mean(S), -- i.e. estimated values

p=0.5*z/IT, -- calculate probability

print(("est.mean", "est.sd","p"),(estT, estS, p ))

...

Result : For the marijuana example dataset, the program randomly returns values around 0.015 as the

significance level. The null hypothesis, that memory performance after smoking ordinary and marijuana

cigarettes differs only by chance, can be rejected with 1.6% probability of error.

Exercise 260. (Bootstrap Samples of Observations from MatLab, cf. bootstrp)
Do two bootstrap examples from MatLab.
a. Take bootstrap samples of patient data, compute the mean measurements for each data
sample, and visualize the results.
b. Create 50 bootstrap samples from the numbers 1 through 6. To create each sample,
bootstrp randomly chooses with replacement from the numbers 1 through 6, six times.
This process is similar to rolling a die six times. For each sample, the custom function
countfun (to be programed by you) counts the number of 1s in the sample.

https://de.mathworks.com/help/stats/bootstrp.html
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5.8 boot2 - the bootstrap method for independent samples

The bootstrap method for independent samples X and Y is a resampling technique that
estimates the sampling distribution of a statistic θ (

e.g.
= mean) without relying on strong

assumptions like normality. It involves repeatedly drawing samples with replacement from
each of the two original, independent samples X and Y , calculating the statistic of interest
like the difference in means for each resampled pair, and using the resulting distribution
of these statistics to e.g. to calculate the estimated difference in means for X and Y ..

Mental image

Figure 48:

Visualization of bootstrap2. We generate new samples Z∗1, Z∗2, Z∗B

directly from the population observations (leftmost histogram; obs).

If we choose θ
p.d.
= mean; then X̄ = 3.83 and Ȳ = 2.1.

We generate the distribution of sample means B-times, e.g. B = 3.
Z∗1: θ∗X1 = X̄1 = mean(5.3, 4.3, 5.3) = 4.96 and θ∗Y 1 = Ȳ 1 = 2.33.
Z∗2: θ∗X2 = X̄2 = 3.9 and θ∗Y 2 = Ȳ 2 = 2.1.
Z∗B: θ∗XB = X̄B = 2.83 and θ∗Y B = Ȳ B = 1.53.

Procedure bootstrap2 method for independent samples

1. Assumptions two data sets (samples) X = (x1, . . . , xm) and Y = (y1, . . . , yn).

2. bootstrap2 The bootstrap2 method is summarized by the following steps:

Choose a statistics θ to be studied resp. estimated, e.g. θ := mean. 23

a. Choose the number B of bootstrap samples to take.

b. Resample with replacement : Create new ’bootstrap’ samples by drawing obser-
vations with replacement from each of your original, independent samples.24

23For independent samples, this is often the difference between the two sample means.
24For example, if you have two samples, one of size m and one of size n, you will create b pairs of new

samples, each with size m and n respectively.
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c. Calculate the statistic: For each of the B pairs of bootstrap samples, calculate
the statistic θi of interest. This gives you a collection of B values for your
statistic.

d. Use the bootstrap distribution: The B calculated statistics form a bootstrap
distribution approximating the true sampling distribution of the statistic θ.

e. Summarize the distribution: Use the bootstrap distribution to estimate the
difference in the means..

Example the bootstrap mean of Figure.46

We follow the toy example of Figure.46.
Calculate the bootstrap statistics θ∗X and θ∗Y and their difference.

Solution

1. The Bootstrap stats: θ∗X = mean(θ∗X1, θ∗X2, θ∗X3) = 3.90

2. θ∗Y = 1.98

3. The difference is d = θ∗X − θ∗Y = 1.92, ergo X and Y are independent.

◦ Solution and explanation of this example with Maxima

| X : [4.3, 2.1, 5.3]$
| Y : [2.4, 1.1, 2.8]$
| boot2(X,Y, 1000)$

Solution: automatic, example.5.8.2

General Information

General mathematical information is here ▷ WikipediA : Bootstrapping
Syntax and semantic of the implementation is here ▷MatLAB : bootstrp
and ▷R : bootstrap

hhttps://net124.reltub.ca/yamwi/index.php?c=6jbn06cvv3pdgs6byda1a&n=8&mode=2&max=--
https://en.wikipedia.org/wiki/Bootstrapping_(statistics)
https://de.mathworks.com/help/stats/bootstrp.html
https://cran.r-project.org/web/packages/bootstrap/bootstrap.pdf
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5.8.1 Exercises

Exercise 261. (31 US presidents, cf. [7, p.207])
There was a random sample of 31 US presidents drawn, who died of natural causes. The
whole sample was divided in tall (X) and small (Y) persons.

X = (85,79,90,67,80)

Y = (67,56,53,77,88,57,63,78,70,

66,83,67,60,74,65,64,73,71,

60,90,63,71,64,78,68,72)

The null hypothesis is: age and height are independent.
Use boot2 to test the hypothesis.

Result: We get values around 0.013. With a 5% probability of error, the null hypothesis,
that age and size differ only by chance, can be rejected.

Exercise 262. (Example from MatLab, cf. bootstrp)
Do an example from the MatLab documentation in Maximausing the data from section
’Medians of Paired Samples’.

https://de.mathworks.com/help/stats/bootstrp.html
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5.9 bootCI - Confidence Interval using bootstrap

Bootstrapping is a statistical resampling technique that uses an existing dataset to estimate
the properties of an estimator, such as constructing an confidence interval. These ’bootstrap
samples ’ are then used to build an approximate sampling distribution for the statistic
of interest, which helps in situations where analytical methods are complex or difficult
to apply. For example, to find a confidence interval, you take an initial sample, then
repeatedly create new bootstrap samples of the same size by randomly drawing from your
original sample with replacement. You calculate the mean for each of these new samples
and use the distribution of these means to find the confidence interval, such as the 2.5th
and 97.5th percentiles for a 95% confidence interval.

Mental image

Figure 49:

Visualization of bootCI: Instead of taking multiple samples directly from
the whole employees population, we only draw a single, representative
sample (5emp). We then generate e.g. 20 ’new’ samples by repeatedly
create new bootstrap samples of the same size. – Picture found at ▷
askpython : bootstrap-sampling

Procedure bootstrap confidence interval

1. Choose a statistics T to be studied, e.g. T := mean.

2. Choose the number n of bootstrap samples to take.

3. For i = 1, ..., n, draw a replacement sample Xi (’bootstrap sample’) of size n.

4. Calculate the statistics Ti for the samples Xi, e.g. Ti := mean(Xi).

5. For the k th percentile with k ∈ {1, ..., 99}, the k percent confidence interval for the
summary statistic T := T1, . . . , Tn

25 of the n resamples Ti is defined by:

CIk :=

(
percentile(T,

100− k

2
), percentile(T,

100 + k

2
)

)
25the ’bootstrap statistic’, e.g. the vector of the bootstrap means Ti

https://www.askpython.com/python/examples/bootstrap-sampling-introduction
https://www.askpython.com/python/examples/bootstrap-sampling-introduction
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Example The ’lemployees’ example from askpython

We follow the example of Figure.48 by hand on the toy example by A. Yadav for the
fictive ages sample 5emp = (25, 30, 35, 40, 45, 50, 55, 60, 65, 70).
Calculate the 95% confidence interval for the mean of 5emp.

Solution We do only n = 3 resamples to show the principle of the procedure.

1. X := (25, 30, 35, 40, 45, 50, 55, 60, 65, 70) = 5emp, n = 3. So we iterate 3-times:

2. X1 = (40, 60, 40, 35, 55, 65, 70, 45, 35, 25), T1 = mean(X1) = 47.

3. X2 = (70, 60, 40, 55, 55, 40, 50, 25, 50, 55), T1 = 50.

4. X3 = (70, 70, 50, 70, 30, 50, 30, 30, 55, 60), T1 = 51.5.

5. T (X) := mean(T1, T2, T3) = mean(47, 50, 51.5) = 51.16.

6. CI95 = (47; 51.5) =:(CI.l,CI.h) – this interval catch 51.16 with no surprise.

◦ Solution and explanation of this example with Maxima.
We check the solution using our function bootci and 100 resamples:

| X : [25, 30, 35, 40, 45, 50, 55, 60, 65, 70]$
| bootci(X,100);

Solution: step-by-step, example.5.9.1
Solution: automatic, example.5.9.2

General Information

Syntax and semantic of the implementation is here ▷R : boot.ci
or here ▷MatLAB : bootci

https://net124.reltub.ca/yamwi/index.php?c=vcymzwsingxn2u4fihzfs&n=23&mode=2&max=-
https://net124.reltub.ca/yamwi/index.php?c=m0rliie1denpry6x34xvb&n=32&mode=2&max=--
https://search.r-project.org/CRAN/refmans/DescTools/html/BootCI.html
https://de.mathworks.com/help/stats/bootci.html
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5.9.1 Exercises

Exercise 263. (Check the solution using R)
Check the solution of example.5.9 using function boot.ci of R and 999 resamples:

R> X <- c(25, 30, 35, 40, 45, 50, 55, 60, 65, 70)

R> library(boot)

R> mean.fun <- function(d, i) { m <- mean(X[i]) }

R> X.boot <- boot(X, mean.fun, R = 999)

R> boot.ci(X.boot, type = c("perc")) # method = "percentile"

BOOTSTRAP CONFIDENCE INTERVAL CALCULATIONS

Based on 999 bootstrap replicates

CALL : boot.ci(boot.out = X.boot, type = c("perc"))

Intervals : Level Percentile

95% (38, 56 )

Calculations and Intervals on Original Scale

Exercise 264. (Example from askPython)
Ten university students were recruited to play the seminal video game pac-man. After
equal amounts of practice the students were then asked to play the first stage and the time
to completion was recorded.
The following data in seconds were recorded.

X = (63.1,64.6,63.4,65.6,63.4,65.7,64.6,63.1,65.9,63.3)

Calculate the 95% confidence interval CI, which catch the true population mean.

◦ The solution using Python is here ▷ AskPython.

Exercise 265. (cytokine responses)
In these data we have reason to believe that the confidence intervals will not always be
symmetric about the mean. Let the data be the cytokine responses (in %) for a sample
measured by 16 laboratories. For the purposes of this example we will assume independence
among the samples.

X = (0.4043, 0.5958, 0.5876, 0.5939, 0.6053, 0.4649, 0.5722, 0.6234,

0.5208, 0.6117, 0.6137, 0.7397, 0.6981, 0.7757, 0.7596, 0.532)

Do a bootCI for X with 100 and 1000 iterations.

Exercise 266. (A 95% Confidence Interval for Movie Run Time, cf. usu.edu)
Do the example ’Movie Run Time’ of the usu.edu.

https://www.askpython.com/python/examples/bootstrap-sampling-introduction
https://www.askpython.com/python/examples/bootstrap-sampling-introduction
https://www.usu.edu/math/schneit/StatsStuff/Inference/confidenceintervals
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Exercise 267. (cholesterol)
Serum cholesterol (mmol/L) measured on a sample of 86 stroke patients (data of Markus
et al., 1995):

X=(3.7, 4.8, 5.4, 5.6, 6.1, 6.4, 7.0, 7.6, 8.7,

3.8, 4.9, 5.4, 5.6, 6.1, 6.5, 7.0, 7.6, 8.9,

3.8, 4.9, 5.5, 5.7, 6.1, 6.5, 7.1, 7.6, 9.3,

4.4, 4.9, 5.5, 5.7, 6.2, 6.6, 7.1, 7.7, 9.5,

4.5, 5.0, 5.5, 5.7, 6.3, 6.7, 7.2, 7.8, 10.2,

4.5, 5.1, 5.6, 5.8, 6.3, 6.7, 7.3, 7.8, 10.4,

4.5, 5.1, 5.6, 5.8, 6.4, 6.8, 7.4, 7.8,

4.7, 5.2, 5.6, 5.9, 6.4, 6.8, 7.4, 8.2,

4.7, 5.3, 5.6, 6.0, 6.4, 7.0, 7.5, 8.3,

4.8, 5.3, 5.6, 6.1, 6.4, 7.0, 7.5, 8.6)

Calculate the CI using bootci(X,100)).

Exercise 268. (CI for correlation coefficient after Efron, cf. [7, p.209 ff])

The bootstrap method was first applied in determining the non-parametric determination
of a correlation coefficient. In 1973, Efron determined the average grades of all law school
graduates (great point average, GPA) and at the law school admission test (LSAT) at 82
American law schools. By means of a random sample with 15 students, the following values
were obtained.

Efron used the data LSAT and GPA

LSAT = (576,635,558,578,666, 580,555,661,651,605, 653,575,545,572,594)

GPA = (3.39,3.30,2.81,3.03,3.44, 3.07,3.00,3.43,3.36,3.13,

3.12,2.74,2.76,2.88,2.96)

◦ Efron developed the idea of repeatedly drawing a random sample from the given sample
to determine the variance. The correlation coefficient of 1000 samples he drew had a
variance of 0.254.

a. First calculate the parametric Pearson correlation coefficient.
b. Second calculate the Confidence Interval CI for rho; remember: we need the inverse of
the standard normal distribution to calculate quantiles.
c. Now define the confidence interval function for Pearson rho: CIrho(rho,n,alpha)
and calculate the CI for rho at level 68.3% for rho = 0.7763.
d. Third calculate the CI using bootstrap method. Therefore define the following special-
ized bootstrap function: bootCIrho(X,Y, rho) and use bootCIrho on the Efron data.
The parametric range of deviation is 0.2347 and the non-parametric bootstrap range is 2*sigma 0.27,

which is a approx. 0.05 greater.
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5.10 jackknife - The Jackknife method

Jackknife is a statistical resampling technique that estimates the bias and variance of a
statistic θ by repeatedly leaving out one observation at a time from the original sample
X = (x1, x2, ..., xn). This creates n smaller subsamples Xi, each with one observation
removed. The statistic of interest is then calculated for each subsample, and the resulting
set of estimates θi is used to derive bias-corrected estimates and confidence intervals for
the original statistic. ▷ Google AI : Jackknife resampling

Mental image

Figure 50:

Visualization of jackknife: The ’leave-one-out’ jackknife algorithm.
Instead of taking multiple samples directly from the population, we only
have a single, representative sample. We then generate ’new’ samples
by repeatedly leaving out one observation at a time from the original
sample. – Picture found at ▷ WikipediA : Jackknife resampling

Procedure jackknife’s resampling
• The jackknife method in words:
A jackknife sample is a ’leave-one-out’ resample of the data. If there are n observa-
tions, then there are n jackknife samples, each of size n. If the original data are X =
(x1, x2, ..., xn), then the ith jackknife sample is Xi := (x1, ..., xi−1, xi+1, ..., xn). You then
compute n jackknife replicates. A jackknife replicate is the statistic of interest (e.g. esti-
mate of the standard error) computed on a jackknife resample.

• The jackknife method is summarized by the following steps:

a. Compute a statistic, θ, on the original sample of size n, e.g. θ = X̄ =mean(X).

b. For i = 1 to n, repeat the following:

▷ Leave out the ith observation xi from X to form the new ith jackknife sample Xi.

https://en.wikipedia.org/wiki/Jackknife_resampling
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▷ Compute the ith jackknife replicate statistic, θi, by computing the statistic on the
ith jackknife sample Xi, e.g. θi := X̄i as estimate of mean X̄ of X

▷ Compute the mean of the jackknife replicates: θ̄i :=
1
n
·
∑n

i=1 θi.
Estimate the bias Ji := nθ − (n− 1)θ̄i, the ’pseudovariable’s.

▷ Estimate the standard error SEθ :=
√

n−1
n

∑n
i=1(θi − θ̄)2

• Test statistics Let σJ be the standard deviation of the pseudovariable’s Ji.
Then we have

T :=

√
n · (Jθ − θ)√

σ2
J

is approximately t-distributed.

Example The ’leave-one-out’ jackknife

We follow the jackknife procedure by hand on the toy example X = (1, 2, 3, 4).
Calculate the standard error of the pseudovariables Ji.

Solution

1. X = (1, 2, 3, 4), n = 4. So we iterate 4-times.

2. stats(y) := mean(y) = ȳ, defines the statistics of interest.

3. θ := stats(X) = mean(X) = 2.5.

4. calculate pseudovariables Ji:

J1 : X1 = (2, 3, 4) → θ · n− (n− 1) · stats(X1) = 2.5× 4− 3× 3 = 1
J2 : X2 = (1, 3, 4) → θ · n− (n− 1) · stats(X2) = 2.5× 4− 3× 8/3 = 2
J3 : 1 2 4 → · · · = 3
J4 : 1 2 3 → · · · = 4

5. J̄ = mean(J1, J2, J3, J4) = mean(1, 2, 3, 4) = 2.5

6. bias = J̄ − θ = 4− 4 = 0

7. SE =
√

variance(J)
4

= 0.6455

◦ Solution and explanation of this example with Maxima

| X : [1,2,3,4]$
| jack(X, 0.05)$
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Solution: step-by-step, example.5.10.1
Solution: automatic, example.5.10.2

General Information

General mathematical information is here ▷ WikipediA : Jackknife resampling
Syntax and semantic of the implementation is here ▷MatLAB : jackknife

5.10.1 Exercises

Exercise 269. (nonparametric ’leave-one-out’ jackknife algorithm in R, cf. jackknifing)
The corresponding R code is partially found at influentialpoints.com:

R> ## The nonparametric ’leave-one-out’ jackknife algorithm in R

R> X <- c(1,2,3,4) # assign data

R> stats <- function(y){mean(y)} # define statistics of interest as mean

R> n <- length(X)

R> theta <- stats(X) # the total mean of all of X

R> # now calculate ’pseudo-values’ (pv)

R> pv = i <- 0; while(i < n){i<-i+1 ; pv[i] <- theta*n - (n-1)*stats(X[-i]);

R> print(X[-i]); print(pv[i])} # show process

R> J <- mean(pv) # estimate statistic as mean of pseudo-values

R> bias <- mean(pv) - th # estimate bias

R> se <- sqrt(var(pv)/n) # estimate standard error SE

R> se

R> # calculate the confidence interval

R> alpha <- 1 - 0.95

R> ci <- qt(alpha/2,n-1,lower.tail=FALSE)*se

R> CI <- c(J - ci, J + ci) # Confidence Interval

R> CI

The nonparametric ’leave-one-out’ jackknife

[1] 2 3 4 # leave 1 out in X=(1,2,3,4)

[1] 1

[2] 1 3 4 # leave 2 out

[2] 2

[3] 1 2 4 # leave 3 out

[3] 3

[4] 1 2 3 # leave 4 out

[4] 4

[5] 0.6454972 SE

[6] 0.4457398 4.5542602 CI

https://net124.reltub.ca/yamwi/index.php?c=0u5svhrfu4mbjcksuzknv&n=11&mode=4&max=-
https://net124.reltub.ca/yamwi/index.php?c=1qhylfpmjso4xae44x6vm&n=15&mode=4&max=-
https://en.wikipedia.org/wiki/Jackknife_resampling
https://de.mathworks.com/help/stats/jackknife.html
https://influentialpoints.com/Training/jackknifing.htm
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Exercise 270. (birth weights from cf. [7, p.212])
The birth weights of 72 boys and 48 girls born in the first half of 1981 at the Freiburg
(Germany) clinic were examined.
The 72 boys data were

X = (3700,3800,3040,3080,3170, .., 2880 ,3150, 3160)

The 48 girls data were

Y = (3700,3800,3040,3080,3170, .., 2880 ,3150, 3160)

The 120 combined data is

Z = (2990,3700,3800, 3040,3080,3350,2930,3355,3360,3170.,

3220,3850,3080,3440,3840,3320,2640,3020,2850,3700,

4630,3670,3400,3580,3270,3360,3600,3220,4060,2670,

3550,3690,2510,1980,3700,3730,3170,3580,3720,2910,

3500,3430,3510,1520,3420,4630,3470,3400,3290,3250,

2420,3580,3100,3480,3830,3050,3680,3330,3650,3200,

3810,3350,3390,3550,3350,3200,4190,3050,4020,2880,

3020,3010,3560,3030,3200,2830,3120,3000,4010,3050,

3980,3530,3245,3415,3660,4350,3740,3220,3350,3350,

3780,3620,3310,3630,3290,3800,4130,3380,3100,3430,

3620,3060,2610,3560,3720,3030,3630,3400,3580,3700,

3470,2810,2330,1960,3300,2880,3660,3150,3160,3300)

From this sample of size 120, there are 120 jackknife samples generated and their mean is
determined. This is intended to provide a non-parametric 95% confidence interval for the
sample mean.
The available point estimate for the mean is 3352.8.
The non-parametric 95% confidence interval for the mean is [3267.9, 3437.7].

Task: verify the results above using
.. 3352.8 jack estimation of mean, theta = jac
.. [3267.88, 3437.71] CI, our code
.. [3267.89, 3437.69] CI jknife, R code
.. [3297.3, 3458.1] parametric CI
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6 Appendix - the statsBox

If you want to run the Maxima functions from chapter 1 – 3 of this book for own work,
you can load them all with
◦ ▷ statsBox.txt in your editor
or with
◦ ▷ statsBox.mac in Maxima or Yamwi.

https://lindnerdrwg.github.io/statsBox.txt
https://lindnerdrwg.github.io/statsBox.mac
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