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Preface

This solution manual presents calculations of

• the surface metric tensor gij

• the 2nd fundamental form hij

• the shape operator A

• the Christoffel symbols Γ of first and 2nd kind

• the Gauss curvature K

• the mean curvature H

• the principal curvatures κi

for most of the surfaces, which are used in the examples and exercises of the main text [2].
Instead of φ the name F (german: ”Fläche” = surface) is used to denote a parameterization.

These calculations were done using the Maple Vr4 packet diffgeo.m form H. Reckziegel,
M. Kriener & K. Pavel [4]. The calculation of the Riemann curvature tensors R of 1st

and 2nd kind or the Ricci tensor Ric and the Ricci curvature scalar R are not implemented
in that packet, but can be calculated with Eigenmath and the functions of the main text.

I hope that this collection is helpful to check your calculations done with Eigenmath,
but: without guarantee for the correctness ;)

Wolfgang Lindner
Leichlingen, Germany
January 2023



1 SADDLE SURFACE φ(U, V ) = (U, V, UV ) 3

1 Saddle surface φ(u, v) = (u, v, uv)



1 SADDLE SURFACE φ(U, V ) = (U, V, UV ) 4

• B Galloway: saddle.
• B Shifrin: p.49.

https://www.math.miami.edu/~galloway/IntroDGnotes.pdf
https://math.franklin.uga.edu/sites/default/files/inline-files/ShifrinDiffGeo.pdf


2 CYLINDER φ(U, V ) = (ACOS(V ), A SIN(V ), U) 5

2 Cylinder φ(u, v) = (a cos(v), a sin(v), u)

More info:
• B Wiki: cylinder

• B MathWorld: cylinder

https://en.wikipedia.org/wiki/Cylinder
https://mathworld.wolfram.com/Cylinder.html


3 CONE φ(U, V ) = (U COS(V ), U SIN(V ), U) 6

3 Cone φ(u, v) = (u cos(v), u sin(v), u)

More info:
• B MathWorld: Cone

• B Wiki: Cone

https://mathworld.wolfram.com/Cone.html
https://en.wikipedia.org/wiki/Cone


4 ELLIPTIC PARABOLOID φ(U, V ) = (U, V, U2 + V 2) 7

4 Elliptic paraboloid φ(u, v) = (u, v, u2 + v2)

More info:
• B MathWorld: Elliptic Helicoid

• B Wiki: Paraboloid

https://mathworld.wolfram.com/EllipticHelicoid.html
https://en.wikipedia.org/wiki/Paraboloid


5 HYPERBOLIC PARABOLOID φ(U, V ) = (U, V, U2 − V 2) 8

5 Hyperbolic paraboloid φ(u, v) = (u, v, u2 − v2)

More info:
• B Wiki: Paraboloid

• B wolfram|alpha: hyperbolic+paraboloid

https://en.wikipedia.org/wiki/Paraboloid
https://www.wolframalpha.com/input?i=hyperbolic+paraboloid


6 ? SURFACE φ(U, V ) = (U + V, U − V, UV ) 9

6 ? surface φ(u, v) = (u + v, u− v, uv)



6 ? SURFACE φ(U, V ) = (U + V, U − V, UV ) 10



7 UNIT SPHERE φ(U, V ) = (COS(U) SINV, SIN(U) SIN(V ),COS(V )) 11

7 Unit sphere φ(u, v) = (cos(u) sin v, sin(u) sin(v), cos(v))

Remark. csgn is a Maple function fo calculate the sign +1
−1 of an real or complex expression.

More info:
• B Wiki: Sphere

• B MathWorld: Sphere

• B wolfram|alpha: Sphere

• B Cox: R

• B Wheeler: p.15

• Banchoff [1, p.226] .

https://en.wikipedia.org/wiki/Sphere
https://mathworld.wolfram.com/Sphere.html
https://www.wolframalpha.com/input/?i=sphere
https://digitalcommons.latech.edu/cgi/viewcontent.cgi?article=1008&context=mathematics-senior-capstone-papers
https://www.reed.edu/physics/faculty/wheeler/documents/Miscellaneous%20Math/Differential%20Geometry/A.%20Surfaces%20in%203-Space.pdf


8 HELICOID φ(U, V ) = (V COS(U), V SIN(U), U) 12

8 Helicoid φ(u, v) = (v cos(u), v sin(u), u)



8 HELICOID φ(U, V ) = (V COS(U), V SIN(U), U) 13

monkey1
More info:
• B Wiki: Helicoid

• B MathWorld: Helicoid

• B wolfram|alpha: Helicoid

https://en.wikipedia.org/wiki/Helicoid
https://mathworld.wolfram.com/Helicoid.html
https://www.wolframalpha.com/input/?i=helicoid


9 CATENOID φ(U, V ) = (C COSH V
C

COSU,C COSH V
C

SINU, V ) 14

9 Catenoid φ(u, v) = (c cosh v
c cosu, c cosh

v
c sinu, v)



9 CATENOID φ(U, V ) = (C COSH V
C

COSU,C COSH V
C

SINU, V ) 15

More info:
• B MathWorld: catenoid

• B Wiki: catenoid

• B wolfram|alpha: catenoid

https://mathworld.wolfram.com/Catenoid.html
https://en.wikipedia.org/wiki/Catenoid
https://www.wolframalpha.com/input/?i=catenoid


10 MONKEY SADDLE φ(U, V ) = (U, V, U3 − 3UV 2) 16

10 Monkey saddle φ(u, v) = (u, v, u3 − 3uv2)



10 MONKEY SADDLE φ(U, V ) = (U, V, U3 − 3UV 2) 17



10 MONKEY SADDLE φ(U, V ) = (U, V, U3 − 3UV 2) 18

More info:
• B MathWorld: MonkeySaddle

• B Wiki: Monkey saddle

• B wolfram|alpha: Monkey saddle

https://mathworld.wolfram.com/MonkeySaddle.html
https://en.wikipedia.org/wiki/Monkey_saddle
https://www.wolframalpha.com/input/?i=monkey+saddle


11 TORUS φ(U, V ) = ((B+ACOS(V )) COS(U), (B+ACOS(V )) SIN(U), A SIN(V )) 19

11 Torus φ(u, v) = ((b+a cos(v)) cos(u), (b+a cos(v)) sin(u), a sin(v))



11 TORUS φ(U, V ) = ((B+ACOS(V )) COS(U), (B+ACOS(V )) SIN(U), A SIN(V )) 20

Remark. csgn is a Maple function fo calculate the sign +1
−1 of an real or complex expression.

More info:
• B MathWorld: Torus

• B Wiki: Torus

• B wolfram|alpha: Torus

• B Cox: R

• Kreyszig: Differentialgeometrie. p. 165.
• Banchoff [1, p.182] .

https://mathworld.wolfram.com/Torus.html
https://en.wikipedia.org/wiki/Torus
https://www.wolframalpha.com/input/?i=torus
https://digitalcommons.latech.edu/cgi/viewcontent.cgi?article=1008&context=mathematics-senior-capstone-papers


12 FUNCTION GRAPH φ(U, V ) = (U, V, F (U, V )). 21

12 Function graph φ(u, v) = (u, v, f (u, v)).

Remark. The expressions for princ-curvature[1](gik(F)) are too complicated to be
useful to print.

More info:
• B Deserno: p.12.
• B Galloway: p.123.
• B Gluck: p.22 ff.
• Banchoff [1, p.201].
• Kreyszig: Differentialgeometrie. p. 383.
• Pressley [3, p.149].

https://www.cmu.edu/biolphys/deserno/pdf/diff_geom.pdf
https://www.math.miami.edu/~galloway/IntroDGnotes.pdf
https://www2.math.upenn.edu/~shiydong/Math501X-4-IntrinsicGeometry.pdf


13 SURFACE OF REVOLUTION φ(U, V ) = (F (U) COS(V ), F (U) SIN(V ), G(U)) 22

13 surface of Revolution φ(u, v) = (f (u) cos(v), f (u) sin(v), g(u))



13 SURFACE OF REVOLUTION φ(U, V ) = (F (U) COS(V ), F (U) SIN(V ), G(U)) 23

More info:
• B MathWorld: Surface of revolution

• B Wiki: Surface of revolution

• B Wheeler: p.16

• B Shifrin: p.52.
• Banchoff [1, p.196, p.205] .
• Pressley [3, p.149] .
• Lipschutz: Differential Geometry. p. 202, Example 10.1.

https://mathworld.wolfram.com/SurfaceofRevolution.html
https://en.wikipedia.org/wiki/Surface_of_revolution
https://www.reed.edu/physics/faculty/wheeler/documents/Miscellaneous%20Math/Differential%20Geometry/A.%20Surfaces%20in%203-Space.pdf
https://math.franklin.uga.edu/sites/default/files/inline-files/ShifrinDiffGeo.pdf


14 RULED SURFACE φ(U, V ) = C(U) + V · E(U) 24

14 Ruled surface φ(u, v) = c(u) + v · E(u)
More info:
• B Wiki: Ruled surface

• B wolfram|alpha: Ruled surface

• B Wheeler: p.18

• Lipschutz: Differential Geometry. p. 225, Ex. 10.30.
• Banchoff [1, p.210] .

https://en.wikipedia.org/wiki/Ruled_surface
https://www.wolframalpha.com/input?i=ruled+surfaces
https://www.reed.edu/physics/faculty/wheeler/documents/Miscellaneous%20Math/Differential%20Geometry/A.%20Surfaces%20in%203-Space.pdf


15 PLÜCKER CONOID φ(U, V ) = (V · COS(U), V · SIN(U), 2 COS(U) · SIN(U)) 25

15 Plücker conoid φ(u, v) = (v · cos(u), v · sin(u), 2 cos(u) · sin(u))



15 PLÜCKER CONOID φ(U, V ) = (V · COS(U), V · SIN(U), 2 COS(U) · SIN(U)) 26

More info:
• B wolfram|alpha: Pluecker conoid

https://www.wolframalpha.com/input?i=Pluecker+conoid


16 BANCHOFF FUNNEL φ(U, V ) = (V COS(U), V SIN(U),LN(V )) 27

16 Banchoff funnel φ(u, v) = (v cos(u), v sin(u), ln(v))



17 SCHERK SURFACE φ(U, V ) = (U, V,LN(COSV
COSU

)) 28

17 Scherk surface φ(u, v) = (u, v, ln(cos v
cosu))



17 SCHERK SURFACE φ(U, V ) = (U, V,LN(COSV
COSU

)) 29



17 SCHERK SURFACE φ(U, V ) = (U, V,LN(COSV
COSU

)) 30

More info:
• B MathWorld: Scherk surface

• B Wiki: Scherk surface

• B wolfram|alpha: Scherk surface

https://mathworld.wolfram.com/ScherksMinimalSurfaces.html
https://en.wikipedia.org/wiki/Scherk_surface
https://www.wolframalpha.com/input?i=scherk+surface


18 ENNEPER SURFACE φ(U, V ) = (13U(1− 1
3U

2 +V 2), 13V (1− 1
3V

2 +U2), 13(U2−V 2)) 31

18 Enneper surface φ(u, v) = (13u(1− 1
3u

2 + v2), 13v(1− 1
3v

2 + u2), 13(u2 − v2))



18 ENNEPER SURFACE φ(U, V ) = (13U(1− 1
3U

2 +V 2), 13V (1− 1
3V

2 +U2), 13(U2−V 2)) 32

Remark. csgn is a Maple function fo calculate the sign +1
−1 of an real or complex expression.

More info:
• B MathWorld: Enneper’s Surface

• B wolfram|alpha: Enneper’s Surface

• B Deserno: p.22.
• B Earl: p.23.
• Banchoff [1, p.197].
• Pressley [3, p.214].

https://mathworld.wolfram.com/EnnepersMinimalSurface.html
https://www.wolframalpha.com/input/?i=enneper+minimal+surface
https://www.cmu.edu/biolphys/deserno/pdf/diff_geom.pdf
https://courses-archive.maths.ox.ac.uk/node/view_material/48844


19 BELTRAMI PSEUDOSPHERE φ(U, V ) = (SINU COSV, ...) 33

19 Beltrami pseudosphere φ(u, v) = (sinu cos v, ...)



19 BELTRAMI PSEUDOSPHERE φ(U, V ) = (SINU COSV, ...) 34

More info:
• B MathWorld: Pseudosphere

• B Wiki: Pseudosphere

• B wolfram|alpha: Pseudosphere

• B Wheeler: p.23

• Banchoff [1, p.202] .

https://mathworld.wolfram.com/Pseudosphere.html
https://en.wikipedia.org/wiki/Pseudosphere
https://www.wolframalpha.com/input/?i=pseudosphere
https://www.reed.edu/physics/faculty/wheeler/documents/Miscellaneous%20Math/Differential%20Geometry/A.%20Surfaces%20in%203-Space.pdf


20 HEXENHUT φ(U, V ) = (α · COSV√
U
, α · SINV√

U
, U) WHERE α2 = 2

3
√
3

35

20 Hexenhut φ(u, v) = (α · cos v√
u
, α · sin v√

u
, u) where α2 = 2

3
√

3



20 HEXENHUT φ(U, V ) = (α · COSV√
U
, α · SINV√

U
, U) WHERE α2 = 2

3
√
3

36

More info: • B Wheeler: p.21 ff

https://www.reed.edu/physics/faculty/wheeler/documents/Miscellaneous%20Math/Differential%20Geometry/A.%20Surfaces%20in%203-Space.pdf


21 HEXE φ(U, V ) = (
√
U · COSV,

√
U · SINV, U) 37

21 Hexe φ(u, v) = (
√
u · cos v,

√
u · sin v, u)



21 HEXE φ(U, V ) = (
√
U · COSV,

√
U · SINV, U) 38

More info: no, it’s a little variant of ’hexenhut’ given by my.



22 BIANCHI SURFACE φ(U, V ) = (2·
√
V 2+1·SIN(U)·COS(−V+ARCTAN(V ))

1+V 2 SIN(U)2
, ... 39

22 Bianchi surface φ(u, v) = (2·
√
v2+1·sin(u)·cos(−v+arctan(v))

1+v2 sin(u)2 , ...



22 BIANCHI SURFACE φ(U, V ) = (2·
√
V 2+1·SIN(U)·COS(−V+ARCTAN(V ))

1+V 2 SIN(U)2
, ... 40



22 BIANCHI SURFACE φ(U, V ) = (2·
√
V 2+1·SIN(U)·COS(−V+ARCTAN(V ))

1+V 2 SIN(U)2
, ... 41



22 BIANCHI SURFACE φ(U, V ) = (2·
√
V 2+1·SIN(U)·COS(−V+ARCTAN(V ))

1+V 2 SIN(U)2
, ... 42

Plot of Bianchi surface with Maple Vr4.
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