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Preface

This solution manual presents calculations of
e the surface metric tensor g;;
e the 2"¢ fundamental form h;;
e the shape operator A
e the CHRISTOFFEL symbols I' of first and 2nd kind
e the GAUSS curvature K
e the mean curvature H
e the principal curvatures k;

for most of the surfaces, which are used in the examples and exercises of the main text [2].
Instead of ¢ the name F' (german: ” Fliache” = surface) is used to denote a parameterization.

These calculations were done using the Maple Vr4 packet diffgeo.m form H. RECKZIEGEL,
M. KRIENER & K. PAVEL [4]. The calculation of the RIEMANN curvature tensors R of 1°
and 2" kind or the RiccI tensor Ric and the RICCI curvature scalar R are not implemented
in that packet, but can be calculated with EIGENMATH and the functions of the main text.

I hope that this collection is helpful to check your calculations done with EIGENMATH,
but: without guarantee for the correctness ;)

Wolfgang Lindner
Leichlingen, Germany
January 2023



1 SADDLE SURFACE ¢(U,V) = (U,V,UV)

1 Saddle surface ¢(u,v) = (u,v,uv)

| STUDENT

>

=

saddle surface (usplc ves 1996) Dr. W, Linduer 472023

Fi=[(u,v]->[u,v a%];

Fuiu v)=r[uvuv]
gik(F) ;

(m, 'i':l—*I['r: +Luv] [ 1'.»1 +111

[ il
a, w2 | O, ||
[!_ o f\lflJ!_u + W 1'|. 4]

hik [F)

ohristoffel List(1) (gik(F}};

ohristoffel list(2] (gik(F)}):
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L H 1-[ La"+w 1-l J
ahristoffel list(gik{F}};
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1
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T
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pring_curvature[2) (F)
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[uzi-'rzi-l}
plot3d{ Fiu,v] ,a=-3..2, v=-2_.%, scalisg=constrained) ;

o
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1 SADDLE SURFACE ¢(U,V) = (U,V,UV)

® > Galloway: saddle.
e > Shifrin: p.49.


https://www.math.miami.edu/~galloway/IntroDGnotes.pdf
https://math.franklin.uga.edu/sites/default/files/inline-files/ShifrinDiffGeo.pdf

2 CYLINDER ¢(U,V) = (ACOS(V), ASIN(V),U)

2 Cylinder ¢(u,v) = (acos(v),asin(v), u)

[ STUDENT
[ STUDENT

:STUDEHT
:STUDEHT
:STUDEHT
:STUDEHT
:STUDEHT

[ STUDENT

[ STUDENT

[ STUDENT

[ STUDENT
[ STUDENT

[ STUDENT

More info:

>
>

assume (a>0) ;
F:=(u,v)->[a *cos(v),a*sin(v),u ];

F:=(u,v)— [acos(v), asin(v), u]
gik (F) ;

(u,v)—> [[1,0], [0, a’]]
hik (F) ;

(u,v) > [[0,0], [0, a]]
christoffel list[1] (gik(F));

(u,v)—>[[0,0],[0,0]]
christoffel list[2] (gik(F));

(u,v)—[[0,0],10,0]]
christoffel list(gik(F));

(u,v) > [[[0,0],[0,0]],[[0, 0], [0, 0]]]
shapecoperator(F) ;

(u,v)—%[[0,0L[O,iJ]

gauss_curvature (F) ;

mean curvature (F) ;
11
(u,v)—+2 .
intrinsic curvature(gik(F)) ;
0
princ_curvature[l] (F) ;

0
prinec curvature([2] (F);

1
(u,v) >~
a

e > Wiki: cylinder
® > MATHWORLD: cylinder


https://en.wikipedia.org/wiki/Cylinder
https://mathworld.wolfram.com/Cylinder.html

3 CONE ¢(U,V) = (U COS(V),U SIN(V), U)

3 Cone

[ STUDENT
[ STUDENT
[ STUDENT

| STUDENT

| STUDENT

" STUDENT
" STUDENT
" STUDENT

| STUDENT

[ STUDENT

| STUDENT

| STUDENT
[ STUDENT

| STUDENT

More info:

>
>
>

o(u,v) = (ucos(v), usin(v), u)

assume (u>0) :assume (x>-P1i/2,x<Pi/2) :

assume (u>0) ;

F:=(u,v)->[u *cos(v) ,u*sin(v) ,u ]1;
F:=(u,v)— [ucos(v), usin(v), u]

gik (F) ;

(u,v) > [[2,0], [0, u’]]

(u, v)—:-[[(), 0],[0,%:{&]}

christoffel list[l] (gik(F));

(u,v) = [[0,0],[0,0]]
christoffel list[2] (gik(F));

(u,v)—[[0,0],[0,0]]
christoffel list(gik(F));

(u,v) = [[[0, 0], [0,0]],[[0,0],[0,0]]]
shapeoperator (F) ;
ﬁﬂ
u

hik (F) ;

b2 | =

(u, V)%[[Us U],[U,

gauss curvature (F) ;

mean curvature (F);

142
(4, v) =77~
4 u
intrinsic curvature(gik(F));
0
princ_curvature[l] (F) ;

0
princ_curvature[2] (F);

Jz

1
() >3-

e > MathWorld: Cone

o > Wiki: Cone


https://mathworld.wolfram.com/Cone.html
https://en.wikipedia.org/wiki/Cone

4 ELLIPTIC PARABOLOID ¢(U,V) =

4 Elliptic paraboloid ¢(u,v)

(U, V,U? +V?)

(u, v, u? + v?)

[ STUDENT > Fr=[u,v]=*[u, v, u*Zsw22 |:
¥ 3
F={wvi=#nv,v +n]
STUDENT > glk(F]:
l:ll_'i:l-"l[]“III:_-I-HI'J_[-I-III'_]“I\:]]
STUDENT > hik(F] :
wn-| oo |
__1‘|-I| +-I'. +| JL 1‘|I||+I'. +|__
STUDENT > christoffel 1ist[L] (gik(F}]:
= . o
{m, 'i]-rllﬂ ﬂ:lll:l -I-—~||
L Jau“+4v wl)
STUDENT > christoffal 1ist[2] (glk{F]]:
fllﬁ]—fllnﬂllﬂ-l- ||
L -I-J.. +-|-1. +1J
STUDENT > christoffel listiglk{F}}:
I |
(w.v)=+|| [0.0)| 0.4 ”I[':' nj|u4—‘ |||
LL L dn” +dv +111L L A 44y 111
STUDENT > shapacparator (F)
::1_ I+dv 8 (TR :—t R = |'--|-J|l:
L, )= & - | -
” . 32 5 = 2 | = . 342 = . 112
LL (l+4v +4u™) (1+4v" +4p5") |;|+-|-|."'a--|-1..":| |;|+-|-1"'+-|-1..";|
ETUDENT > ﬂ-hii_uu:\'-l‘.hf-l"'l -
4
(m w)=e =
* ¥ =
(A" +4d¥" +1)
STUDENT > maan ourvaturs (F)
3 |+IJ..:+}‘1."'
(o, w)=pd 371
3 3 =
(4" +dv" +1)
STUDENT » intrinsic ourvaturs (gik{F)} ;
Q
STUDENT > prino_ourvature(1] (F];
-]
{m, v} =+ 12
¥ T
(1+4v 45"}
ETUDENT > p:ln:_uu:\'-l‘.u:-li‘l iFj}:
&
(m w)=s
¥ ¥
1+d v+ daf
More info:
e > MathWorld: Elliptic Helicoid

> Wiki: Paraboloid



https://mathworld.wolfram.com/EllipticHelicoid.html
https://en.wikipedia.org/wiki/Paraboloid

5 HYPERBOLIC PARABOLOID ¢(U,V) = (U,V,U? — V?)

5 Hyperbolic paraboloid ¢(u,v) = (u,v,u? — v?)

hyperbolic paraboloid . wupie vid 1996) De W, Lindaer 42023

[ STUDENT >
STUDENT > Fi=[u,w]-*[u,v u*2-v*3% |;

¥ 3
F={nv)=#lwvu =v"]

STUDENT > glk([F);

(i, v)= [[L+ 4 u= b uv] [~L v, 1+ 437

STUDENT > hikiF]:

—

11l ]
{m, ;}—-” l]|,||]— T ||
u.. cant JL \l"“' a1
STUDENT > christoffel Llist[1] [gik(F}]:
W 1
:..-.]—r||n u:|||:--4—¥||
A +dv 41 )]

STUDENT > christoffel List[Z){gik(F]]:

“'”"l'“ll':'* ||

atsavian]
STUDENT > christoffel List (gik(F]):

(v | | (000 0.~ — |H|n n]lu:u. |||
LL L du” 4
‘...-l-'!l.l- - - —— - - - s
STUDENT > shapsoparator (F) ;
) ::‘ | sdrt s W :B Wy ‘ 1+das
(m w)=(|2 : i ., =2
( 7 L T T
LL {l+4v +4u™) (144" +407) AL (14+4v 4#4n7) (1+4v+4u™)
ETUDENT > gauss curvatura (F) ;
4
(a, wp—+ =~

y
3 q
(1+dve+du®)
STUDENT > maan_curvaturs(F) ;
y
—\h"i-l."
fuv)—+4 o
* ¥ =
(l+d 5" +4u™)
STUDENT > intrinslo ourvaturs(gik(F}]}:
Q
STUDENT > prino ourvature(1] (F):

2 2 M 4 21 4 M .1 [, & 1.2 4 2 1.2
=2 u —Eu * 1 -Elr = -I-u —Eu '| +4 +|.--|-| *du = dyydu =Ba" v rdvw +l+dv wda v -I-'Illu =B v rdv wlrdv vl u

a2
RO o

- , 31
(1+4v +40")
STUDENT > prine curvaturel2) (F) :

f
4 4 5 N 5 4 5 5 4 4 5 3 8 bl 5 N
T g'[.h.‘_grrn WetedPrdnt saafaat—tuf v st e 1008 v and o 1..|'I4 A T L TTET o g P

(o, wh=s2 373

5 5
(1 +d v +4u™)

More info:
e > Wiki: Paraboloid
® > WOLFRAM|alpha: hyperbolic+paraboloid|



https://en.wikipedia.org/wiki/Paraboloid
https://www.wolframalpha.com/input?i=hyperbolic+paraboloid

6 ¢ SURFACE ¢(U,V)= (U+V,U—-V,UV)

6 ¢ surface ¢(u,v) = (u+v,u —v,uv)

L

[ STUDENT > F:=(u,v)->[u+v,
[ STUDENT > gik (F) ;

" STUDENT > hik (F)

u-v,u*v];

2

el

| STUDENT > christoffel lis

(u,v)—>
" STUDENT > christoffel lis

(u,v)—

" STUDENT > christoffel lis

2P+ 21+ 4 |
t[1] (gik (F)

—

v

r

F=(u,v)—> [u+v,u—v,uv]

(u,v)—}[[2+v2,uv],[uv,2+u1]]

2

v

e ]

| STUDENT > shapeoperator (F) ;

N - :D
L «/2u1+2v2+4 H

24+

0: .l ’U
L v+ lwr+vi+2 ]
t[2] (gik (F));
_D ) U ) Dq_
_ju2+v2+2_’_u2+v2+2’ 1]
t(gik(F));
v ] _[ u _[ u
JU =l 05 > ¥
w+vr+2 L d+v+2 L+ +2

uv

[ 2407

[ STUDENT > mean curvature (

(u,v) » —

(u, v) >

(u,v) > -

1

(24 42) 42 2V 44 (12 4P+ 2) 420812V 14
[ STUDENT > gauss_curvature (F) ;

(uz-l-vz+2]1
F);
uv
(u2+v2+2)‘\/2u2+2v2+4

Page

[ STUDENT > intrinsic curvature(gik(F));

2
(17 4V +2)

uv
(H,U)—) E »
l[(u2+122+2)f\/2u2+2v2+4 (u2+vz+2]q/2u2+2v2+4]

I

i

Maple V Release 4 - |



6

? SURFACE ¢(U,V) = (U +V,U — V,UV) 10

[ STUDENT > princ curvature[l] (F);

(uv)—>— —2uv+1/_\/(2+v)(2+u) 200 +2V +4 0

(@ +V+2)
v u
+ﬁ»\/(2+ M) e
(W + v +2)
+2«/;/\/(2+VZ)(2+I;2)q/2u2+2vz+4]/((u2+v2+2)q;)2u2+2vz+4)
(1 +v' +2)

[ STUDENT > princ curvature[2] (F);

(u,v)e%[z uv+q/;/\/(2+vz)(2+i) N2u 42V 440

(12 +12+2)

+ﬁ/\/(2+‘;)(2+uz) A2t +2V 4407

(W +v+2)

+2{E,b/(2+ﬁﬁ(2+f)qhu2+2f+4]//(uﬁ+#+2) 252 +2V+4)

(u1+vz+2)




7 UNIT SPHERE ¢(U,V) = (COS(U) SIN V, SIN(U) SIN(V'), COS(V)) 11

7 Unit sphere ¢(u,v) = (cos(u)sin v, sin(u) sin(v), cos(v))

[ STUDENT > F:=(u,v)->[cos(u) *sin(v) ,sin(u)*sin(v),cos(v)];
L F=(u,v)— [cos(u) sin(v), sin(u) sin{v), cos(v) ]

[ STUDENT > assume (u>0); assume(v>0);

[ STUDENT > gik (F) ;

L (uﬂ V)—)[[I—C[}S(V)E, U],[O,l]]

[ STUDENT > hik (F) ;

L (u, v) —> [[csgn(sin(v)) — csgn(sin(v)) cos(v)*, 0], [0, csgn(sin(v))]]
[ STUDENT > christoffel list[l](gik(F));

u V]-’HU ~ cos(v) sin(v):| |:_ cos(v) sin(v) U]:|

L ~1 + cos(v)* ~1+cos(v)*
" STUDENT > christoffel list[2] (gik(F)):

L (u,v) = [[—cos(v) sin(v), 0], [0,0]]

[ STUDENT > christoffel list(gik(F));

(%) —>[[|:0, _ cos(v) sin(v) }’[ cos(v) sin(v) 0:”’ ([—cos(v) sin(v), O], [0, [}]]}

t4cos(v)? 'l —1+cos(v)?
[ STUDENT > shapeoperator(F) ;

I (4, v) — [[csgn(sin(v)), 0], [0, csgn(sin(v))]]
| STUDENT > gauss curvature (F) ;

L 1
| STUDENT > mean curvature (F);

L csgn@((u, v) — sin(v))
[ STUDENT > intrinsic_curvature (gik (F));

L 1

[ STUDENT > princ curvature[l] (F) ;

L csgn@((u, v) — sin(v))
| STUDENT > princ_curvature[2] (F) ;

| csgn@( (u, v) — sin(v))

Remark. csgn is a Maple function fo calculate the sign i of an real or complex expression.

More info:

> Wiki: Sphere

> MathWorld: Sphere

> WOLFRAM|alpha: Sphere
> Cox: R

> Wheeler: p.15
BANCHOFF [I], p.226] .


https://en.wikipedia.org/wiki/Sphere
https://mathworld.wolfram.com/Sphere.html
https://www.wolframalpha.com/input/?i=sphere
https://digitalcommons.latech.edu/cgi/viewcontent.cgi?article=1008&context=mathematics-senior-capstone-papers
https://www.reed.edu/physics/faculty/wheeler/documents/Miscellaneous%20Math/Differential%20Geometry/A.%20Surfaces%20in%203-Space.pdf

8 HELICOID ¢(U,V) = (V COS(U), V SIN(U), U)

8 Helicoid ¢(u,v) = (vcos(u), vsin(u), u)

[ STUDENT
" STUDENT

[ STUDENT

[ STUDENT

" STUDENT
" STUDENT
" STUDENT

| STUDENT

[ STUDENT

| STUDENT
| STUDENT

[ STUDENT

| STUDENT

>
>

assume (v>0) :
F:=(u,v)->[v *cos(u),v*sin(u) ,u ];
F:=(u,v)— [vcos(u), vsin(u), u)
gik (F) ;
(u,v) > [[V'+1,0],[0,1]]
hik (F) ;

(, vHHUs ﬁ”ﬁ%lﬂﬂ

christoffel list[l] (gik(F));
(u,v)—[[0,0],[0,0]]

christoffel list[2] (gik(F)):;
(u,v)—>[[0,0],[0,0]]

christoffel list(gik(F));

(4, v) = [[[0,0],[0,0]],[[0,0], [0,0]]]
gauss curvature (F);

(u,v) > —

2
(V' +1)
shapeoperator (F) ;

1 1
(u,v)—|| 0, i ,[ ,I}:H
[! (VZ-I—I] ] ﬂ.l,‘lr‘2+l

mean_curvature (F) ;

0
intrinsic curvature (gik(F));

0
princ curvature[l] (F) ;

(u?v]_}_ 2
v+ 1

princ_curvature[2] (F) ;
1

(4, v) = 7
Page 1t

12

Maple V Release 4 -



8 HELICOID ¢(U,V) = (V COS(U), V SIN(U), U)

STUDENT > plot3d(Fit,s) , t=-2..2 8=-2..2,stylo=PATCH, soaling=oonstrained] ;

monkey1

More info:

° Wiki: Helicoid

e > MathWorld: Helicoid

® > WOLFRAM|alpha: Helicoid

13


https://en.wikipedia.org/wiki/Helicoid
https://mathworld.wolfram.com/Helicoid.html
https://www.wolframalpha.com/input/?i=helicoid

9 CATENOID ¢(U,V) = (C COSH § COSU,C COSH § SINU, V)

9 Catenoid ¢(u,v) = (ccosh cosu, ccosh Zsinu, v)

[ STUDENT
[ STUDENT

" STUDENT
" STUDENT
" STUDENT
" STUDENT

[ STUDENT

[ STUDENT

[ STUDENT
[ STUDENT

| STUDENT

| STUDENT

[ STUDENT

>
>

[ STUDENT > F:=(u,v)->[cosh(v)*cos(u), cosh(v)*sin(u), v];

F:=(u,v)— [cos(u) cosh(v), sinu) cosh(v), v]
assume (u>0) ; assume (v>0) ;
gik (F) ;
(u, v) = [[cosh(v)?, 0], [0, cosh(v)*]]
hik (F) ;
(u, V) - [['1: U]J ['}5 l]]
christoffel list[1l] (gik(F));
(u,v)—>[[0,0],[0,0]]
christoffel list[2] (gik(F));
(u,v) > [[0,0],[0,0]]
christoffel list(gik(F));
(u,v) > [[[0,0],[0,0]], [[
shapeoperator (F) ;
Yo
cosh(v)’

(u,v) > H— cosh(v)”
1

gauss_curvature (F) ;
cosh(v)*

0,0],[0,0]]]

I

(u, v) > -

mean curvature (F) ;
0
intrinsic curvature(gik(F));

0
princ_curvature[l] (F);

(u, v) > -
cosh(v)*
princ_curvature[2] (F);

(% v)= cosh(v)?

plot3d(F(t,s) ,t=-2..2,s8=-2..2,s8tyle=PATCH, scaling=constr
ained) ;

14



9 CATENOID ¢(U,V) = (C COSH § COSU,C COSH § SINU, V)

More info:

e > MathWorld: catenoid

e > Wiki: catenoid

® > WOLFRAM|alpha: catenoid

15


https://mathworld.wolfram.com/Catenoid.html
https://en.wikipedia.org/wiki/Catenoid
https://www.wolframalpha.com/input/?i=catenoid

10 MONKEY SADDLE ¢(U,V) = (U, V,U? — 3UV?)

10 Monkey saddle ¢(u,v) = (u, v, u — 3uv?)

[ STUDENT > F:=(u,v)->[u,v,u*3-3*%u*y~2];
L F=(u,v)> [u,v,u' =3uv’]
[ STUDENT > gik (F);
(u, V) [[1+9u =18 v+ 9, 18 (=" + V) uv], [18 (=" + V) uv, 1 +36 u*v']]
[ STUDENT > hik (F) ;

a

v

(u,v)—>[|: =

6 , —6
qu u'+18ut Vv 491V + 1 '\/5' w18V +9v 41

v

u

-6 . —6
J9u4+18u1v2+9v“+1 J9u4+13u1v2+9v4+1

I

}

[ STUDENT > christoffel list[1] (gik(F));

e

Out + 18V +9v 41

9u' + 18UV +9v 41

I

(u v)—>[|:—18 u (- +v') (- +V)v
' 9ut + 181V +9vi 41 9ut 181V 1 9v 41
(" +v') v u (1’ +v°)

|

[ STUDENT > christoffel list[2] (gik(F));

uv’

(u,v)—>[|:—36 -

36
9ut + 18w vV +9vi41

[35 uy 36
I 0w +18 vV +9vi+ 1’

vl H
9ut + 18wV +9v 41

| STUDENT > christoffel list(gik(F));

9ut + 1817V +9v4 41

|

H

[H u(—uz+vz) (—u2+v2)v
(u,v)— -18— 5 . 18— 2 4
9u'+ 18w v +9vi4+ 1 9u' + 18w v +9v +1
| (—u® + V) v u (<1 +17) }
0wt +1813V+9v + 1 94+ 1843V +9v 4+ 1 |
__36 vuz 6 HVZ ]
9w+ 18V +9vi 41 94+ 181V +9v 41 ]
_35 U . v }]
L 9u4+13u2v2+9v4+1’ 9ut +18 vV +9v + 1 ]

|



10 MONKEY SADDLE ¢(U,V) = (U,V,U3 — 3UV?) 17

| STUDENT > shapeoperator (F);
Page 1 Maple V Release 4 - Student

(u, v) ”6 u(1+18u v+ 18+ P v(1+18& v+ 18 u') ]
U, v)—
B 3/2? 3f2r
(9u'+18u" vV +9v + 1) (9u'+18u V' +9v 4+ 1)
[ ) v(=9u'+1+9v) ) w(9v' = 1-9u'y ”

3/2° 3/2
(9u*+ 18 v + 9V + 1) (9u*+ 182 v+ 91 41)
| STUDENT > gauss_curvature (F) ;

u + 7

(u,v) = =36 5
L (9u'+ 1845V +91v 4+ 1)
[ STUDENT > mean curvature (F) ;

u(—u +2u v +3v%)

(u,v) — 27 T
L (9u*+ 1815V +9v +1)
[ STUDENT > intrinsic_curvature(gik(F)) ;

W+ v
2
(9u'+ 1845V +91v 4+ 1)
STUDENT > princ_ curvature[l] (F);
(U, v) > 3(-9w + 18w vV +27uv' -9 ((81 4" =324 u* V' — 162 u° v + 972 u*H°
+729 62 Vi 4361 + 108 u® v 4 10867V + 412+ 360 + 40F) /

(u, v) - =36

(i + 18249V +1) ) A9u'+ 1817 +9v + 1 4= 18 ((81 u'— 324 u* 1
S 1628 v 9724t VO + 729 uP v 436 48 + 108wtV + 108 4PV + 4P+ 3610+ 407) /

3 1/2
(9u'+18u" vV +9v +1)) f\/9ﬁ4+18u2v2+5‘v4+1 W' —9((81u""-324 4"V
S 1628 v 972 4t VO + 729 1PV 436 48 + 108wtV + 108 PV + 4P+ 3610 +407) /

312
(9u*+18u* v +9v +1)) '\/9u4+18u2vz+9v4+1 Vi ((81u" =324 u*V*
—162 v + 972 1 VO + 729 * VP + 36 u® 4 108 1PV 4+ 108u2v4+4u2+36v6+4v2)/

31/2
(9u'+18u v +9vi+1)) q/9u4+18u2vz+9v4+1)/

3/2
(9u'+18u" v +9v + 1)
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[ STUDENT > princ curvature[2] (F);
(4, v) = 3(9uw +18u vV +27uv' +9((81u'" =324 4" v - 162 u° v* + 9724V
+7296V 3610+ 1086V 4 10867 v + 442136V + 407) /

£ )
(9u'+18u vV +9v+1)) '\x9u4+18u2v2+9v4+1 w18 ((81 ' =324 4%
S 162U+ 972 1tV + 729 WP VP 4 36 48+ 108 u* VA 4+ 10842V + 417 + 365 +47) /

312
(9u*+ 184"V +9v 4+ 1)) q/9u4+18u2v2+5|v4+1 WV 49 ((81u" — 324 u* V7
—162 v+ 972 4" v + 729 05 v + 36 4° + 108 1tV + 108u2v4+4u2+36v6+4v2)/

3 1/2

(9u'+18u vV +9v 4 1)) '\/9u4+18u2v2+9v4+1 V(816" =324 4"V

— 16248V + 9721 VO 4 729 1P VF 4+ 36 4+ 108 'V 4 108 17 v + 417+ 36V 4 4VF) /
3 1/2

(9u*+1812 vV +9v +1)) q/9u4+18u2v2+9v4+1)/

3/2
(9w + 185V +9v 4+ 1)

More info:

e > MathWorld: MonkeySaddle

e > Wiki: Monkey saddle

® > WOLFRAM|alpha: Monkey saddle


https://mathworld.wolfram.com/MonkeySaddle.html
https://en.wikipedia.org/wiki/Monkey_saddle
https://www.wolframalpha.com/input/?i=monkey+saddle

11 TORUS ¢(U,V) = ((B+ACOS(V)) COS(U), (B + ACOS(V)) SIN(U), ASIN(V)) 19

11 Torus ¢(u,v) = ((b+acos(v)) cos(u), (b+a cos(v)) sin(u), asin(v))

[ STUDENT > F:=(u,v)->[((2+1*cos (v)) *cos (u), (2+1*cos(v)) *sin(u) ,l*si
n(v))1;
L F=(u,v) > [(2+cos(v))cos(u), (2 + cos(v)) sin{u), sin{v)]
[ STUDENT > gik (F) ;
L (u, v)—)[[4+4cos(v)+cos(v)2,0],[0,l]]
[ STUDENT > hik (F);
(u,v)—>

L [[-2 cos(v) esgn(2 + cos(v)) — cos(v)” csgn(2 + cos(v)), 0], [0, —csgn(2 + cos(v))]]
[ STUDENT > christoffel list[1] (gik(F)):;

sin(v) sin(v)
I (u’v)_)'[[o’_2+cns(v)}{_2+cos(v)’nﬂ

[ STUDENT > christoffel list[2] (gik(F));

L (u, v) — [[2 sin(v) + cos(v) sin(v), 0], [0, 0]]
[ STUDENT > christoffel list(gik(F));

sin(v) sin( ) . .
i (u,v) > H[E}, ~3 + cos(v) },[— 2+ cos(n)’ OH, [[2 sin{v) + cos(v) sin(v), 0], [0, U]]}
[ STUDENT > shapeoperator (F);

[[ cos(v) csgn(2 + cos(Vv))
L v >|)- 2+ cos(v)
[ STUDENT > gauss curvature (F) ;

, 0], [0, —csgn( 2 + cos( v))]]

(1, v) cos(v)
u,v)y—_— -
L 2+ cos(v)
[ STUDENT > mean curvature (F);

(cos(v)+ 1) csgn(2 + cos(v))
L 2 + cos(v)
[ STUDENT > intrinsic_curvature(gik(F));

cos(v)
2+ cos(v)

(u,v) > —

(u,v)—>
r STUDENT > princ_curvature[l] (F) ;

cos(v) csgn( 2 + cos(v)) + csgn( 2 + cos(v)) + csgn( 2 + cns(;))

2+ cos(v)

(1, v) > -



11 TORUS ¢(U,V) = ((B+ACOS(V)) COS(U), (B + ACOS(V)) SIN(U), ASIN(V)) 20

cos(v) csgn( 2 + cos(v)) + csgn( 2 + cos(v)) — csgn( 2 + cos(v))

U, V) ——

L (.7) 2 + cos(v)

[ STUDENT > plot3d(F(t,s),t=-2..2,s=-2..2,style=PATCH,scaling=constr
ained) ;

Remark. csgn is a Maple function fo calculate the sign ﬂ of an real or complex expression.
More info:

> MathWorld: Torus

> Wiki: Torus

> WOLFRAM|alpha: Torus

> Cox: R

KREYSZIG: Differentialgeometrie. p. 165.

BANCHOFF [I}, p.182] .


https://mathworld.wolfram.com/Torus.html
https://en.wikipedia.org/wiki/Torus
https://www.wolframalpha.com/input/?i=torus
https://digitalcommons.latech.edu/cgi/viewcontent.cgi?article=1008&context=mathematics-senior-capstone-papers

12 FUNCTION GRAPH ¢(U,V) = (U,V, F(U,V)). 21

12 Function graph ¢(u,v) = (u, v, f(u,v)).

STUDENT > Fi=[u.¥)-*[u,v, £lu,v)]:

l function graph - usple ves 1996) D W, Lindoer 42023

Fom(w, w)=o[n, v, fu v)]
STUDENT > glk(F)} :

o vl = [[1+Dy0s, vIE By On0e, ) Dylfide, w3 ). [ 0NCm, ) Dol v, 1+ Balnie, viE])

STUDENT > hik(F} :
ﬂ‘l_ ll'_,l"_l:h. Wl ﬂ‘l_:[,ﬂl;h. ¥] ﬂ'l.:[,r‘ll;p_-.;u I}:. _:l'_,r‘ln;p_-.) M

: .
1‘lful.;r'(”_.12+bmu_.'|t+ 1 1‘,fu,w.,_,;‘z+u:.;m»_.1:+| _ll_ 1'|,l'::,.;,n<»_.11+£:|,.;r-.c»..\xlv i qll."ﬂ,w».nhﬂ_,w».-mh 1 ||
[El‘LI'DI'.N‘I > L:h:i!l‘.uff.l_littlll (gik(F}) :

(i, ;-}_.ii

(¥} =+ [[0.0L.19.01]
STUDENT > christoffel list[2) (gik{F1}:

{m, v = [[0.00.[9.0]]
[EH.I'DI‘.N‘I > shristoffal list{glk(F]]}:

| (m, w3 =+ [[0, 0L [0, 0]]. [(0, 0L [0, 00]]
STUDENT > shapscparator(F);

=Dy UM vy =By U0, v Dylfn, w3 + Dy Un, v) Dy0n, v) Dy U0m, ) Dy 5000w, w340y 90w w3030 v = By, L'}ﬂll;_r'_[b_l]ﬂl-lwy_r}-:

3

r

|

|

| . . g, g 72 T T I
iﬂil‘_.l"l(».ﬂ-+53kl"ﬁv.t'l-+l] [D|Lﬁ.l-.\]*'-ﬂ:w1!.\]*'11

:-—\Dll:,l":l:ll.'\l;lﬂ:wn.\;lnl II'_,I“,ltl-.'-:HD] j;r',l:».t}‘-ﬂl :I’_,I“,ltl-.!-:lﬂ'll'_,l":l;l-.'-:l: DlLI“,-;l-.'-;ID:I'_,I“,ltl-.'\-;IDI :I'_,I“,l;l-.'\-;l—Dl ll;_l",l:b.r}—ﬂ: :L.I":l;l-.'h;lﬂll'_,l':l;l-.'\-:l:-:-
|

3/2 3/2
|_ (DA, v)d + Dy, v)2 + 1) (D0, )2+ Dyl w)2 + 1) |
STUDENT > gauss_curvatura (F]
Dy (e, w3y 50w, v =Dy U e v

m, w)—+ =

IID|I;,J'II-. Wi+ Dy, w32 + 1
STUDENT > AR _Curva tura (F] ;
1 By o0, ) By, v32 + By oUfm, v) = 2 Dy, v Do, v3 Dy pUNw. )+ By (i, v)+ Dy g, v Dyl i, )2

i, 1.:.-.3

&

372
(DIU"L._-. ]2"-:";".-"1'-.‘-]:' 1)

SETUDENT > fntrimsic curvatura (gik([F}):

[smm > prime curvatura[l) (F) :

Remark. The expressions for princ-curvature[1] (gik(F)) are too complicated to be
useful to print.

More info:

® > Deserno: p.12,

o |> Galloway: p.123.

o > Gluck: p.22 ffl

e BANCHOFF [I] p.201].
°

°

KREYSZ1G: Differentialgeometrie. p. 383.
PRESSLEY [3] p.149].


https://www.cmu.edu/biolphys/deserno/pdf/diff_geom.pdf
https://www.math.miami.edu/~galloway/IntroDGnotes.pdf
https://www2.math.upenn.edu/~shiydong/Math501X-4-IntrinsicGeometry.pdf

13 SURFACE OF REVOLUTION ¢(U,V) = (F(U) COS(V), F(U)SIN(V),G(U)) 22

13 surface of Revolution ¢(u,v) = (f(u) cos(v), f(u)sin(v), g(u))

[ STUDENT > F:=(u,v)->[ £(u)*cos(v), £(u)*sin(v), g(u)l;

L F=(u, v) = [f(u) cos(v), f(u) sin(v), g(u)]
[ STUDENT > gik(F);

(1, v) > [[DUA)(u) +D(g)(u)", 0], [0, f(u)]]

" STUDENT > hik (F) ;
. VHH f(u) (D®)N(w) D(g)(w) - (DD)(g)(w) DAHwW) ]
A )’ (DY + D) (w)?)

{ ()’ D(g)(u) H
") (D) + Dg)u))
[ STUDENT > christoffel list[1l] (gik(F)):
(u,v)—;-
Hnm(uJ(D‘”)Lf)(u)+D<g)<u)(9”’)(g)(u) H D(A)(u) () H

I D(f)(u)* + D(g)(u)’ D(f)(u)” +D(g)(u)*
[ STUDENT > christoffel list[2] (gik(F));

D(f)(u)HD(f)(u) ]]
u, v 0

( 3 )_>|:|: 3 f(u) 3 f(u) ’0

[ STUDENT > christoffel list(gik(F));

(u,v)—+[

Hnm(u ) (DD)(A)(1) +D(g)(w) (D2)()(x) HD_ D(/)(w) () H
D(/)(u)’ + D(g)(uY L DOy + Dig)w) 1
H”’ D()(u) Hnmw)j ”m
_ fu) L fu)
[ STUDENT > shapeoperator(F) ;
() Hf(u)((D‘”)mtu)D(g:u(u)+(D“’)(g)<u)nm<u)) ]
(DU + D))/ ) (DY + D))

{ D(g)(1) H
L L W Ruy (o) + Diexw)



13 SURFACE OF REVOLUTION ¢(U,V) = (F(U) COS(V), F(U)SIN(V),G(U)) 23

[ STUDENT > gauss curvature (F) ;
- (D)) D(g)(u) — (D) g)u) D(f)(u)) D(g)(u)
f(u) (D(f)(uY’ + D(g)u)’)

[ STUDENT > mean curvature (F);

(u,v)—

(u,v) >
1 D(g)(u) D(A(u)* + D(g)u)’ - flu) (D)) (u) D(g)(u)+ flu) (D) (2)(u) D(F)(u)

L 2 w/f(“Jz(D(f)(“)2+D(g)(”)2J (D()(u)’ +D(g)(u)")
[ STUDENT > intrinsic curvature(gik(F));

, D)) (D)) D)) + (D)(g)() DA(W))
fu) (DU)(u) + D(g)(u)?)

[ STUDENT > princ curvature[l] (F);

(4, v)

(1,¥) > = (-D(g)(1) DUY(w)? ~ D()(w)’ + ) (D?)(/)(w) D(g)w)
- f(u) (D )(g)(w) D(Y(a) + (
(fu) (D)) () D(g)(1) + D(g)() DUNu)’ + D(g)(w)’ ~ fu) (D)) () DAN(w)Y
"/ () (DU + D)) A ) (DUNw) + Dlg))) DU(w) +(
(f) (D)(f)(w) D()() + D(g)(¥) DUNw)* + D(g)(w)’ - fu) (D)(g)() D))
"/ (5 (DU + D)) ) A Ty (DY + Dig)u)) D(g)w)) / (
Ky (DU + D(g)u)’) (DU)u)’ +D(&)(u)’))

[ STUDENT > princ curvature[2] (F);

(,v) = 3 (D(&)(w) DY)+ D(&)(w) - ) (D)) DigXw)
+ 1) (D®))(g)(u) DUYu) + ((
~D(g)(w) D)’ - D(g)(w)’ - f(u) (D )(f)(w) D()() + ) (D) g)(w) DUA)(w)Y
* /(R (DU +D(g)u) ) A Ru)? (DUIw) + Dlg)u)’) DUw) + ((
~D(g)(#) D(f)(u)* - D(g)()’ ~ f(u) (D)) () D(g)(u) + f(u) (D)) (g)(u) DU (u))"
"/ (P (DU + D)) ) A Kw) (DUYu) + D(g)u)?) D(g)u)?) / (
) (DU + D(g)()’) (DU u) + D(&)(w)’))

More info:
> MathWorld: Surface of revolution

> Wiki: Surface of revolution

> Wheeler: p.16

> Shifrin: p.52.

BANCHOFF [I], p.196, p.205] .

PRESSLEY [3] p.149] .

LipscHUTZ: Differential Geometry. p. 202, Example 10.1.


https://mathworld.wolfram.com/SurfaceofRevolution.html
https://en.wikipedia.org/wiki/Surface_of_revolution
https://www.reed.edu/physics/faculty/wheeler/documents/Miscellaneous%20Math/Differential%20Geometry/A.%20Surfaces%20in%203-Space.pdf
https://math.franklin.uga.edu/sites/default/files/inline-files/ShifrinDiffGeo.pdf

14 RULED SURFACE ¢(U,V) = C(U)+V - E(U)

14 Ruled surface ¢(u,v) = c(u) +v - E(u)

More info:

e > Wiki: Ruled surface

> WOLFRAM|alpha: Ruled surface

> Wheeler: p.18

LipscHuTZ: Differential Geometry. p. 225, Ex. 10.30.
BANCHOFF [I}, p.210] .


https://en.wikipedia.org/wiki/Ruled_surface
https://www.wolframalpha.com/input?i=ruled+surfaces
https://www.reed.edu/physics/faculty/wheeler/documents/Miscellaneous%20Math/Differential%20Geometry/A.%20Surfaces%20in%203-Space.pdf

15 PLUCKER CONOID ¢(U,V) = (V - COS(U), V - SIN(U), 2 COS(U) - SIN(U)) 25

15 PLUCKER conoid d(u,v) = (v - cos(u),v - sin(u), 2 cos(u) - sin(u))

[ STUDENT > F:=(u,v)->[ v*cos(u), v*sin(u), 2*cos(u)*sin(u)];

L F:=(u,v)— [vcos(u), vsin(u), 2 cos(u) sin(u)]
[ STUDENT > gik (F) ;

L (u, v) = [[V' + 16 cos(u)* = 16 cos(u)* +4,0], [0, 1]]
[ STUDENT > hik (F) ;

“ ")_’HS cos(u) sin(u) v , 2 cos(u)’ - 1 ]
’ »Jvz + 16 cos(u)* - 16 cos(u) + 4 j q/v2 + 16 cos(u)* — 16 cos(u) + 4 ,

{ 2 cos(u)’ — 1 H
2 , 0
L 1/v2+16 cos(u)* = 16 cos(u)’ + 4
[ STUDENT > christoffel list[1] (gik(F));
H cos(u) sin(u) (2 cos(u)* — 1) v }
(h’, V)—)' -16 H »
vV + 16 cos(u)' — 16 cos(u)’ +4 v + 16 cos(u)’ — 16 cos(u)’ + 4

v
L 0
{ V' + 16 cos(u)* — 16 cos(u) + 4 H
[ STUDENT > christoffel list[2] (gik(F));

L (u,v) > [[-,0],[0,0]]
[ STUDENT > christoffel list(gik(F));

(u V)—)-[H_lﬁ cos(u) sin(u) (2 cos(u)’ = 1) ) ]
| V' + 16 cos(u)* - 16 cos(u)* + 4 v* + 16 cos(u)" - 16 cos(u)* + 4 |

V
L0 L [[-v0],[0,0
L {V2+16c05(u)4—16c05(u)2+4 H ([ 0] ]]}
[ STUDENT > shapeoperator (F) ;

(u, v)—)-[

L2

[8 cos(u) sin(u) v 2 cos(u)’ -1 ]
(vz+16cc—s(u)4—lﬁcns(u)2+4)”2 (v2+16cos(u)‘*_15cos(u)2+4)m j

{ 2 cos(u)’ — 1 ]
2 , 0

I '\/v2+16 cos(u)* — 16 cos(u)” + 4

| STUDENT > gauss_curvature(F); p...q Maple V Release 4 - Student Edition



15 PLUCKER CONOID ¢(U,V) = (V - COS(U), V - SIN(U), 2 COS(U) - SIN(U))

(u, v) —> —4 (4 cos(u)* — 4 cos(u)* + 1)/(v4+ 32" cos(u)' — 32V cos(u)* + 81

+256 cos(u)* — 512 cos(u)’ + 384 cos(u)* — 128 cos(u)* + 16)
[ STUDENT > mean curvature (F) ;

cos(u) sin(u) v
L (V' + 16 cos(u)' - 16 (:c:;s(:,qr)2+-¢l:|3jrz
[ STUDENT > intrinsic curvature(gik(F));
(u, v) = —4 (4 cos(u)* — 4 cos(u) + 1) /(v4+ 32" cos(u)* — 32V cos(u)* + 8V

+256 cos(u)® — 512 cos(u)° + 384 cos(u)* — 128 cos(u)* + 16)
[ STUDENT > princ_curvature[l] (F) ;

(u,v) >4

(u,v)—> -2 {—2 cos(u) sin(u) v+

/\/vz - 128 cos(u)6+ 96 .::os,(:.r)4 + 4 — 32 cos( u)2 + 64 a::-::ns(ur]H
(v + 16 cos(u)* = 16 cos(u)* + 4)3

AV 416 cos(u)’ - 16 cos(u)> + 4 v + 16

/\/vz - 128 cos(u)6+ 96 .::os,(:.r)4 + 4 — 32 cos( u)2 + 64 a::-::ns(ur]H
(v + 16 cos(u)* — 16 cos(u)* + 4)3

J# + 16 cos(u)* - 16 cos(u)* + 4 cos(u)* - 16

\/1} — 128 cos(u)® + 96 cos(u)* + 4 — 32 cos(u)* + 64 cos(u)"
(V' + 16 cos(u)* - 16 cos(u)* + 4)3

'\/Vz + 16 cos(u)* — 16 cos(u)* + 4 cos(u)* + 4

/\/vz — 128 cos(u)® + 96 cos(u)* + 4 — 32 cos(u)* + 64 cos(u)*
(v + 16 cos(u)* = 16 cos(u)* + 4)3

2

2 4 2 2 4 2 3/
1‘/1; + 16 cos(u) — 16 cos(u) + 4 /(v + 16 cos(u) — 16 cos(u) +4)

More info:
® |> WOLFRAM|alpha: Pluecker conoid

26


https://www.wolframalpha.com/input?i=Pluecker+conoid

16 BANCHOFF FUNNEL ¢(U,V) = (V COS(U), V SIN(U),LN(V))

16 BANCHOFF funnel ¢(u,v) = (v cos(u), vsin(u), In(v))

Banchoff funnel; i« . guage ved 1995 D W, Lindner 22023

STUDEMT > Fi:=(u,¥]->[ v*oos(u), v*ainfu), Laiwl]:

Fo={w, v+ [voos({w), v sin{w}), In(v}]
BTUDENT > gik(F) ;

[ 2 | 241
[Jr.t}—!l [v .I:I].llil.—_|
L L ¥ 44
STUDENT > hiki(F) :
v 10 1 7]
w7l
L v+ Il vyl e L)
STUDENT > christoffel List[1)(gik(F}}:
T 11f1 T
(mvi=|0—=1|=0]|
LL " wllw 1l

STUDEMT »> christoffel list[2)(gik(F)):

I-|- - r 9
1 v { 1
cunroof| -0 o-——]|
LL +#*4+1 JL wiv- +1)]1]
STUDENT > christoffal list{gik(F}]:
[T | A |
[J.._L}—-I--I]I\_-‘_I]“”— A |':|.- = ||

5
vl wivS+ 1)1l

STUDENT > shapsoparator(F);

|
walw +1 ['l-"i-l}
STUDENT > gauss curvatura (F) ;
i, W) == o
" F ]
(v +1)
STUDENT > maan ourvatars (F) ;
1
(m, ¥) ===
3 3/2
wivT +1})
STUDENT > intrimsic curvatura (gik(Fl):
i, W) == -
5 k]
(v +1)
STUDENT > prino_ourvaturs (1) (F]:
f 5 f 5
III| = ® III| o ®
(2ve+1} I (v + 1) 3
14 4 | —L\J‘\‘]l-']“ A | —L-.-.III.'H
A 3 il W | 3
\ ] \ e DO ]
l||'I v+ 1) ¥l + 1)
(a, v)=b==
/2
viv 413

STUDENT > primc curvatura2] (F)
. X
(Xv %1%
 manmanem s sy |

5
—
=1+ ].|I|||,"..I+ I|||—-.-.|\ +1
/\ o p 3 /\ 3 3 3
1 v (v +1) | v v +1)

(wv)=7

ak
(=

3
viv  + 1)

[ sTUDENT > plot3d(Fit, =)  t=0. . 290l e=-0..2 stylo=PATCH,soaling=constrained] ;




17 SCHERK SURFACE ¢(U,V) = (U,V,LN(£357))

17 ScCHERK surface ¢(u,v) = (u, v, In(£22))

COoSUuU
[ STUDENT > F:=(u,v)->[ u, v, ln(cos(v)/cos(u))];

Fi=(u,v)—> [u, v, 1{%)]

[ STUDENT > gik (F) ;

1 sin{u) sin(v) sinf u) sin(v) 1
(u, v) = X

cos(u)zj - cos(u) cos(v) B cos(u) cos(v)’ ccs(vf

[ STUDENT > hik (F) ;
1

(u’ v) _> 2 U »
cos(ur)? /\/_ —cos(v)® + cos(u)* cos(v)* — cos(u)*
cos(u)’ cos(v)”

1
0, -
{ 2/\/ —cos(v)’ + cos(u)’ cos(v)’ — cos(u)” ]
cos(v) -

cos(u)z r:os;(v)2
[ STUDENT > christoffel list[1] (gik(F));

(u V)—>H— sin(u) cos(v)’ 0
' cos(u) (—cos(v) + cos(u)” cos(v)" — ccs(u)l), I

{0 sin(u) cos(u) H
| —cos( vj2 + ln:-;:ns(u)2 COS(V)2 - ::::ns(h:)2
[ STUDENT > christoffel list[2] (gik(F));

(u,v)—>H sin(v) cos(v) D},

—cos( v]l + cos(u)2 cos(v)z - cos(u)z’

{0 cos(u)’ sin(v) H
o cos(v) (—cos(vf + ccs(u)2 cos(vjl— cos(u)z)
[ STUDENT > christoffel list(gik(F)):;
(u v)_)[H_ jin(u) cosgv) 2 2 ,0]’
cos{u) (—cos(v)” + cos(u)” cos(v)” —cos(u))
{0 sin{ 1) cos(u) :H H sin(v) cos(v)

' —cos(v)’ + cos(u)’ cos(v) — cos(u)’

—cos(v)” + cos(u)” cos(v) — cos(u)’ |



17 SCHERK SURFACE ¢(U,V) = (U, V,LN(£25V)) 29

COSU

|:0 - cos(u)’ sin(v) :|H
’ cos(v) (—cos(v)” + cos(u)” cos(v)’ - cos(u)”)

[ STUDENT > shapeoperator (F);

(u,v)—>H
1

B /\/_ —(:(:us(v)2 + COS(H)Z cos(vf - a::(}s(:,;:)2

cos(u )2 cos(v j|2

(—cos(v)” + cos(u)” cos(v)” — cos(u)*)

cos(u) sin(u) sin(v)
cos(v) /\/— —cos(v) + cos(u)’ cos(v) - cos(u) (—c:cns(v)2 + a::(}s(au:)2 »::(}s(v)2 - cos(u)z)

cos(u)* cos(v)*
sin(u) sin{v) cos(v)

cos(u) /\/— —cos(v) + cos(u) cos(v) - cos(u) (—cos(v)” + cos(u)” cos(v)” — cos(u)")

cos(u)* cos(v)*
1
/\/ —cos(v)’ + cos(u)’ cos(v)’ - cos(u)

cos(u)” cos(v)’

(—cos(v)* + cos(u)” cos(v)* — cos(u)*) ”

[ STUDENT > gauss_curvature (F) ;

(u, v) = — cos(u)” cos(v) / (cos(v)* +2 cos(u)* cos(v)" — 2 cos(v)* cos(u )’

— 2 cos(u)* cos(v)" + cos(u)* cos(v)* + cos(u)*)

[ STUDENT > mean curvature (F) ;

0

[ STUDENT > intrinsic curvature (gik(F));

(u, v) = —cos(u) COS(V)E/(COS(V)4+2COS(H)1 cos(v)’ — 2 cos(v)* cos(u)’

— 2 cos(u)* cos(v)” + cos(u)" cos(v)* + cos(u)")

[ STUDENT > princ curvature[l] (F) ;

(u v)_)_/\/ cos(u)” cos(v)”
(—cos(v)* + cos(u)* cos(v) — cos(u)’ )2

[ STUDENT > princ_curvature[2] (F) ;

(4, v) > «:-::;s(ut)2 ms(v)2
(—cos(v)* + cos(u)* cos(v)* — cos(u)* )2



17 SCHERK SURFACE 6(U,V) = (U, V,LN(52V))

More info:

e > MathWorld: Scherk surface

® > Wiki: Scherk surface

® > WOLFRAM|alpha: Scherk surface



https://mathworld.wolfram.com/ScherksMinimalSurfaces.html
https://en.wikipedia.org/wiki/Scherk_surface
https://www.wolframalpha.com/input?i=scherk+surface

18 ENNEPER SURFACE ¢(U,V) = (3U(1-1U?+V?), 1V (1-1v24+U?), L(U? - V?)) 31

18 ENNEPER surface d(u,v) = (3u(l — Fu® + %), 2v(1 — 202 +u?), L (u? —v?))
| STUDENT > F:={u,v)->[ u-1/3*%u*3+u*v*2, v-1/3*v*3+v*u*2, u*2-v*2];

1 |
F:=(u, v)—){u—gu3+uvz,v—gv3+vu2, ul—vz]

[ STUDENT > gik (F) ;

L (g, V) > [[1+25+ 2V +u* + 2V 4%, 0], [0, 1 + 22+ 2V 40 + 2V 0P +1]]
[ STUDENT > hik (F) ;

| (u,v)—)[[2csgn((u2+v2+l)2),[l],[U,—chg—n((u2+vz+l)2)]]
[ STUDENT > christoffel list[1] (gik(F));

[T i v i v u )
u, vy—||2 , 2 L] 2 , =2
L (*v) W+ v+ 1 ﬁ+¥+J w7+ 1 w+vi+1 ]
[ STUDENT > christoffel list[2] (gik(F));

T v u 1 u v
u:v - _2 52 2 2 52
L (v w41 u2+v2+l_{ W+ v+l W+ v+1 ]
[ STUDENT > christoffel list(gik(F));

(k" lr‘)—)|:|:|:2 - ,2 . :|p|:2 . 9_2 - :|:|:
wWavel weviel w41 w4+l

(S et
L WP+l @+ vV +1] L v+l e+l

| STUDENT > shapeoperator (F) ;

(u,v)—

2 2
"2 csgn( (' +v'+1) ) 0”0 X csgn((#* +v 4+ 1)) H
L 142+ 2V a2+ L l+2w +2 v+t + 2V +0*
[ STUDENT > gauss curvature (F) ;

4

(1, v)— - N
L (142 42V 4+ 42V V)
[ STUDENT > mean curvature (F) ;

L 0

[ STUDENT > intrinsic curvature (gik(F));

4

(i, v) > —

2
L (1426 + 2V +u’ + 2V + V) (W +V + 1)
[ STUDENT > princ_curvature[l] (F);



18 ENNEPER SURFACE ¢(U,V) = (3U(1-1U?+V?),1V(1-3iV24+U?), 2 (U* - V?)) 32

csgn( (1 + 1 + vz)z)

(u,v)—> -2 S
L (W +v' +1)
[ STUDENT > princ_curvature[2] (F) ;

cgqu+£+#f)

(u,v)—>2

2
L (F+V +1)
[ STUDENT > plot3d(F(t,s),t=-2..2,s8=-2..2,style=PATCH,scaling=constr
ained) ;

Remark. csgn is a Maple function fo calculate the sign “_L} of an real or complex expression.

More info:
|>> MathWorld: Enneper’s Surface|
> WOLFRAM|alpha: Enneper’s Surface
[> Deserno: p.22.

[ J
[ ]
[ ]
o > Batl p.23
[ J
[ J

BANCHOFF [I}, p.197].
PRESSLEY [3] p.214].


https://mathworld.wolfram.com/EnnepersMinimalSurface.html
https://www.wolframalpha.com/input/?i=enneper+minimal+surface
https://www.cmu.edu/biolphys/deserno/pdf/diff_geom.pdf
https://courses-archive.maths.ox.ac.uk/node/view_material/48844

19 BELTRAMI PSEUDOSPHERE ¢(U,V) = (SINU COSV, ...)

19 BELTRAMI pseudosphere ¢(u,v) = (sinwucoswv, .

[ STUDENT > F:=(u,v)->[ sin(u)*cos(v), sin(u)*sin(v),
cos (u)+ln(sin(u) / (cos(u)+1))];

Frlwne {Si“(”) cos(v), sin(u) sin(v), cos(u) + 1 ﬁ)]

" STUDENT > gik (F);

H cos(u) ] 5 :|
(w,v)—= || -0 [0, 1 —cos(u)]

~1 + cos(u)*’
[ STUDENT > hik (F) ;

(4, v) - H sin(u) csgn(cos(u)) cos(u), 0], [0, sin(u) csgn(cos(#)) cc—s(u)]}
~1 + cos(u)?

r [ STUDENT > christoffel list[l] (gik(F));

" v)—>H sin(u) ] |:U sin(u) (-1 +cos(u)1):H
| cos(u) (-1 + cos(u)?)’ cos(u)

[ STUDENT > christoffel list[2] (gik(F)):

(4, v) > [[D, - cos(u) sinu) }
L ~1 + cos(u)’
[ STUDENT > christoffel list(gik(F)):

u V)—>[H sin(u) 0] |:0 sin(2) (—1 + cos(u)?) H
’ cos(u) (1 +cos(u)’)’ fL~ cos(u) '

|:[0 cos( 1) sin(u)} [ cos(u) sm(u] _]
-1 +cos(u)’ -1+ cos(u)
[ STUDENT > shapeoperator (F) ;

[|: sin(u) csgn(cos(u)) | [ sin(u)csg(cns(u))cns(u)ﬂ
(u,v)—>|| - 0l0

cos(u) sin(u) H

-1 +cns(u)

» il LI

L cos(u) JL -1 +C[}S(H]2
[ STUDENT > gauss curvature (F);

L -1
[ STUDENT > mean curvature (F) ;
(4, v) 1 sin(u) csgn( cos(u)) (2 cos(u)*— 1)
u,v -

2 cos(u) (-1 + cos(u)”)
[STUDENT > intrinsic_curvature (gik(F));

WMo T o ITF P T e A

33
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19 BELTRAMI PSEUDOSPHERE ¢(U,V) = (SINU COSV; ...) 34

L -1
[ STUDENT > princ_curvature([l] (F) ;
(u,v)—> —%(2 sin(u) csgn( cos(u)) cos(u)* — sin(u) csgn(cos(u))

1 1
“A T s eos(w) 4| cos(uf] (cos(u) (-1 +cos(u)))
L sin(u)” cos(u) sin(u)” cos(u) /

[ STUDENT > princ_curvature[2] (F) ;

(u,v)— %(—2 sin(u) csgn( cos(u)) cos(u)” + sin(u) csgn(cos(u))

/ 1 / 1
“Al T Sees(u)rA T cos(u)s} (cos(u) (—1 + cos(u)*))
L sin{u)” cos(u) sin( )" cos(u) /

| STUDENT > plot3d(Pseudosphaere(t,s),t=0..Pi/2,s=0..2*Pi,h style=PATC
H,grid=[20,20] ,orientation=[0,-130]);

[ STUDENT >

More info:

[> MathWorld: Pseudosphere|

[> Wiki: Pseudosphere|

> WOLFRAM |alpha: Pseudosphere|
> Wheeler: p.23|

BANCHOFF [I}, p.202] .



https://mathworld.wolfram.com/Pseudosphere.html
https://en.wikipedia.org/wiki/Pseudosphere
https://www.wolframalpha.com/input/?i=pseudosphere
https://www.reed.edu/physics/faculty/wheeler/documents/Miscellaneous%20Math/Differential%20Geometry/A.%20Surfaces%20in%203-Space.pdf

20 HEXENHUT ¢(U,V) = (- “2¥, a - S0, U) WHERE o = ;%2 35
_ . COSW . sinw 2 2
20 Hexenhut ¢(u,v) = (« Vi \/ﬁ,u) where o = =

[ STUDENT

[ STUDENT

[ STUDENT

[ STUDENT

| STUDENT

[ STUDENT

[ STUDENT

[ STUDENT

[ STUDENT

f STUDENT

(”"’“m‘i%
L 2u(1+2?u3

> C := 2/(3*sqrt(3));

C:=§V‘;

> F:=(u,v)->[ C/sqrt(u)*cos(v), C/sqgrt(u)*sin(v), ul;

Fom(u,v) {Ccos(v) C sin(v) ]

:= HJ v _> ¥ 3 u
T ' A

> gik(F);

1 14274

1r 41
(u,v)—> [[2? T’ I}-,[O, E;H

1 i 2
?0 El D,

> hik (F) ;

(u,v)—=>|| -7
2, |1+274 14274

I

u L u
> christoffel list[1] (gik(F));

u,v)—» - E] » ]
2u(1427u) 1+27

> christoffel list[2] (gik(F));

Lo -5}zl
(4 v) > S i R 7

> christoffel list(gik(F));

sofoarts He-sull-5ie]]

> shapeoperator(F) ;

81 | 27 |
(u, V)—) - ] 0 s 0:_
2 : 1+ 27 u? 1+27u
(1+27u") Iy .
> gauss_curvature (F) ;
2187 u'
(H, V)_}_ 4 2
(1427u)

> mean curvature (F) ;



_ COSV SINV 2 2
20 HEXENHUT ¢(U,V) = (- Ry ,U) WHERE « =37
27 2+27u

(u,v)—>—
4 14274 ,
e (1+274)
u

- STUDENT > intrinsic curvature (gik(F));

2187 ut
4

(u,v) > - B
(1+2‘?u3)

' STUDENT > princ_curvature[l] (F);

(uv)> -7

2
ut (4+274°)

[1+27u |

u
3 4
(1+27u) "

2
u (44270) 1+274

3 4
(1+27u) "

1427w s
—, (1+274)
u

- STUDENT > princ_curvature[2] (F) ;

2-27u + + 27

27
(u,v) >
2 2
227 ut (44274 14274 - ut (4427 u) 14274
=2+ w + + u
3 4 3 4
(1+274) u (1+274) u

3
U

- STUDENT > plot3d(F(t,s),t=-2..2,s=-2..2,style=PATCH,scaling=constr
ained) ;

More info: e > Wheeler: p.21 ff

36


https://www.reed.edu/physics/faculty/wheeler/documents/Miscellaneous%20Math/Differential%20Geometry/A.%20Surfaces%20in%203-Space.pdf

21 HEXE ¢(U,V) = (VU -COSV,VU - SINV,U)

21 Hexe ¢(u,v) = (v/u - cosv,/u-sinwv, u)

| STUDENT > F:=(u,v)->[ sgrt(u)*cos(v), sgrt(u)*sin(v), ul;

Fi=(u, v) = [/u cos(v), /[u sin(v), u]

[ STUDENT > gik (F) ;

1 1+4u
| (u,v)—)|:|:z N ,0],[0,::]]

[ STUDENT > hik (F);

1 1 u
_ S (P i) | G e |

[ STUDENT > christoffel list[1] (gik(F));

1 1 u
| (”"})_’H_zu(1+4u)’0]’[0’_21+4uﬂ

[ STUDENT > christoffel list[2] (gik(F));

[EiEl]
L (#,v) > 2uf 2u’0

[ STUDENT > christoffel list(gik(F)):

G | et Ko 2| o PP

[ STUDENT > shapeoperator (F) ;

2 2
I (H’VHH(I+4u)”’OHD’J1+4uH

[ STUDENT > gauss_curvature (F) ;

4

(mvya(1+4uf

[ STUDENT > mean curvature (F);
2u+1

L (1+4u)"?
| STUDENT > intrinsic curvature(gik(F));

(u,v) > 2

(1, v)—

L (1+4u)
(STUDENT > princ_curvature[l] (F) ;

37



21 HEXE ¢(U,V) = (VU - COSV,VU - SINV,U)

! u
—1-2u+2 ——E——;d1+4u+8 —————?v1+4uu
(1+4u) (1+4u)

(1+4u)y’?

(u,v) > -2

r STUDENT > princ_curvature[2] (F) ;

uz l{l
142u+27 | ————1+4u+84 | ———f1+4uu
(1+4u) (1+4u)

(u,v) =2
L (1+4u)'?
[ STUDENT > plot3d(F(t,s),t=-2..2,s=-2..2,style=PATCH,scaling=constr
ained) ;

More info: no, it’s a little variant of "hexenhut’ given by my.

38



22 BIANCHI SURFACE (U, V) = (27 SREIE0NC T pARCIANTD)

22 BiaANCHI surface ¢(u,v) o sin ()2

[ STUDENT > F:=(u,v)->[ (

2*gqrt (v~2+1) *sin (u) *cos (-v+arctan(v)) )/ (1+v~2*sin (u) ~2)

r

(-2*sqgrt (v*2+1) *sin(u) *sin (-v+arctan(v)) )/ (1+v*2*sin (u)*
2),

In(tan(l/2%u)) + (2*cos(u))/( l+v*2*sin (u)*2
) 1;

5 A v’ + 1 sin(u) cos(—v + arctan(v))

Fen = L+ 2 sin(u)? ’
s A/ V' + 1 sin(u) sin(=v + arctan(v)) \\(tan( D cos(u) ]
1+ sin(u)’ 1+ sin(u)’

[STUDE‘NT > assume (u>0); assume (v>0);
STUDENT > gik (F) ;

(u, v) = | [ (v} cos(u)* = 2v* cos(u) + 2V cos(u)’ =2V +v' + l)/(

v cos(u)" -3y cos(u)" —2v cos(u)" +3v' cos(uf +4v cos( u)2 +cos(u)2 —vio2vio
| —1 + cos(u)’) v’

01| 0,4 ( (u))v H
L 142V =2+ cos(u)® +v* = 2+ cos(u)” + v* cos(u)’*

[ STUDENT > hik (F) ;

(u,v)—> {2(19"{:0&(:1)42 v“cns(u)2+2v2cos(u)22v2+v4+1)vzsin(u)/[(

V¥ cos(u)'" = 5% cos(1)® + 10 v* cos(u)® — 10 v* cos(u)* + 5 v cos(u)* = v — 4v° cos(u)®
+ 16 v° cos(u)® — 24 v° cos(u)* + 16 v* cos(u)* — 4 v° + 6 v* cos(u)® - 18 v* cos(u)’
+ 18 v cos(u)? — 6 v' —4 v cos(u)* + 8 v* cos(u)” — 4 + cos(u)* — 1)

/\/(—v +v" cos(u) +1)4v J,O}[O,Z
(v* cos(u)* —v* - 1)

(v* cos(u)* = 2" cos(u)’ + 2 v cos(u) =2V +v* + 1) sin(u) V* / ((6 v 4+ 12V° cos(u)*

( 2-v/v%+1-sin(u)-cos(—v-+arctan(v))

39
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22 BIANCHI SURFACE (U, V) = (2 HSINUCOSC SARCIARWD)

— 121" cos(u)’ — 4" cos(u)® + 6 v* cos(u)* — 4" cos(u) - 4° cos(u)® +v* cos(u)® + 41°

(=" +V* cos(u)’ + 1)2 Vv

+v 46V cos(u)' —4 v cos(u)’ = 12v* cos(u) + 1 +4v") /\/

)

[ STUDENT > christoffel list[1] (gik(F));
) H sin(u) cos(u) (v* cos(u)* — 2 v* cos(u)? + 4 V¥ cos(u ) + v — 42— 1)
u,v)—
v cos(u)® =3 v cos(u)* + 3 v cos(u)’ = v — cos(u)’ + 1

vi(-1+ ccs(u)z)

(V' cos(u) -V — 1)4

_4 4 4 4 2 4 "
vieos(u) —2v cos(u) +v -1
{_4 v (-1 + cos(u)?) . sin(u) cos(u) (-1 + cos(u)>) V> H
L v cos(u) =24 cos(u)2+v4—l’ v cos(u) =2 v cos(u)? +v = 1

[ STUDENT > christoffel list[2] (gik(F));

(u, v)—y-“

-+ cos(u) + 1 (=v* ++* cos(u)* + 1) cos(u) sin{u)
V(1 +v* = cos(u)? =2V cos(u)? +v* cos(u)*) 1+ = cos(u)® — 2% cos(u)* ++* cos(u)’
] { (=" +v* cos(u)” + 1) cos(u) sin(u) -7 +v* cos(u)’ + 1 ]]
L1 +v = cos(u) =2V cos(u)* + v cus(u)“j B v(v cos(u)’ =V = 1)

[ STUDENT > christoffel list(gik(F));
(. v) = [H sin(u) cos(u) (V' cos(u)* =2 v* cos(u)” + 4" cos(u)’ +v' -4V 1)
’ v cos(u)’ — 3" cos(u)* + 3 v cos(u ) - v* — cos(u)* + 1
v(=1 +cos(u)?) ]

v cos(u)' =2 v cos(u)* +v' =1

{_4 v(=1+ cos(u)?) B sin(u) cos(u) (=1 + cos(u)?) V* H [[
v cos(u) = 2 v cos(u)? +v' =17 v eos(u)t — 2 v cos(u)?+v -1 1]
4V cos(u) + 1 (=" + " cos(u)> + 1) cos(u) sin(u)
V(1 4+ = cos(u)? =2V cos(u)? + ¥ cos(u)*) 1+ — cos(u)’ — 2% cos(u)* +* cos(u)"*
] { (=" +v* cos(u)* + 1) cos(u) sin(u) —v* +v* cos(u)* + 1 ]H
L L1 +v' — cos(u)’ — 2" cos(u): +v* cos(u)“’ B v(v cos(u) = v - 1)

(STUDE‘N‘I' > shapecoperator(F) ;
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22 BIANCHI SURFACE (U, V) = (27 SREIE0NC T pARCIANTD) 41

sin(u) v’

) j
/\/(_V + V" cos(u) +1)4V2 (1+2v = 2v cos(u)® + v' = 2v* cos(u)? + v* cos(u)")
(v cos(u)* = - 1)

1
0 ,!U,zsin(u) (v cos(u) -2 v cos(u)* + 2 v cos(u) — 2 v +v' + 1)/

/\/(—v1+v2 cos(u)” + 1)1 v (
(V' cos(u)* = v — l)4

v eos(u)’ = 3 v cos(u)* = 2V cos(u)* + 3 V' cos(u) + 4 cos(u)* + cos(u)’ —vi =2+ -1

J

[ STUDENT > gauss_curvature (F) ;

[ STUDENT > mean curvature (F);

(u,v) —> —isin(u)(v4c0s(u)4—2v4cos(u)2+6v2 cos(u) +v' — 6V + 1)/

/\/(v1+v2 cos(u)’ + 1)1 Vv (
(V' cos(u)* — v — l)4

v eos()® = 3 v cos(u)* = 2V cos(u)* + 3 V! cos(u) + 4 cos(u)* + cos(u)’ —vi =2+ -1

)

[ STUDENT > intrinsic curvature (gik (F));

L -1
[ STUDENT > princ_curvature[l] (F);

(u,v)— i[sin(u) V! cos(u)* — 2 sin(#) v* cos(u)® + sin(u) v* + 6 sin(u) v* cos(u )’

— 6 sin(u) v + sin(u)

/\/ (vzcos(u)z—vz—l)4 /(v2+vzcos(u)2+l)2v2 . .
+ S oV cos(u)
sin(u)” (=" +v* cos(u)’ + 1) ' /\ (v cos(u) = = 1)




22 BIANCHI SURFACE (U, V) = (27 SREIE0NC T pARCIANTD)

/\/ (vzlr:-::ns(u]z—vz—1)4 \/(vz+v2cns(u)2+l)2v2 . « )4
- 3 4 Vo ocosl i
sin(u)® (= +v cos(u)’ + 1) * (V cos(u) = - 1)
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(v2 cos(uf -v -1
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(v cos(u)’ = v - 1)

)
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(vzcos(u)z—vz—l) (=" +1* cos(u)* +1) v

v* cos(u)”

sm(u)z(—vz+vzcc—s(u)2+l) v (v cos(u) — —1)

("2‘?05(”]2—"2—1) /\/ —V2+VZCBS(H)2+1)2V2 cos(uy
u) (= + " cos(u)* +1) v (1,-2t:.::s(u)1_v2—1)4

W/ i
/\/ (vzcos(u)i—vz—l) —v2+1f'2cn::s,(u!)2+1)2v2 4
sin(u)z(—vz+v2cos(u)2+l) Vv (vzccs(u)z—vz—l)4

2\/ (F cos(u)' ~ - 1) : (—v2+vzcus(u)2+l)24v2 P
sin(u)” (= +v" cos(u)’ + 1) (v cos(u)’ v - 1)
(v* cos(u)* — —1)4 (v2+v2cns(u)2+l)2v2J / [
sin(u)” (=v" + v cos(u) +l)2v2 (vzcns(u)z—v2—1)4
/\/(v2+v2c0s(u)2+1)2 v (
(v cos(u)’ =2 — 1)
v* cos(u)® — 3 v* cos(u)* — 22 cos(u)* + 3 v* cos(u )’ + 4 V7 cos(u)? + cos(u )’ — v =2V - 1

)

Plot of BIANCHI surface with Maple Vr4.
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